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Abstract

As a part of an ongoing effort to study the continuum mechanics effects associated with cryopreservation, the current
report focuses on fracture formation in vitrified thin films of cryoprotective agents. The current study combines experimen-
tal observations with continuum mechanics analysis. Experimental results have been developed using a new imaging
device, termed a “‘cryomacroscope’, which has been recently presented by the current research team. A newly developed
liquid nitrogen-based cooling stage is presented in this paper. The samples under investigation are 0.5 ml droplets of cryo-
protective agents, having a characteristic diameter of 20 mm and a characteristic thickness of 1.5 mm. Tested samples
included dimethyl sulfoxide (DMSO) in a concentration range from 6 to 8.4 M, and the cryoprotectant cocktails VS55
and DP6. Some samples contained small bovine muscle segments, having a characteristic dimension of 1 mm, in order
to study stress concentration effects. Experimental results show that the onset of fracturing in vitrified films of cryoprotec-
tants is very consistent, occurring over a small temperature range. Fracture pattern, however, was affected by the cooling
rate. The presence of tissue segments did not affect the onset temperature of fracture, but affected the fracture pattern. The
continuum mechanics analysis solidified the hypothesis that fracture is driven by thermal stress, not by temperature per se,
and allowed fracture strain to be inferred from observed fracture temperature. In conjunction with the current report,
additional photos of fracture formation in thin films are available at http://www.me.cmu.edu/facultyl/rabin/
Cryomacroscopylmages02.html.
© 2006 Elsevier Inc. All rights reserved.
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One of the many factors that impact the survival
and integrity of living biological tissues during cryo-
preservation is the development of mechanical stress
[6,7,11,34] (also termed “‘thermal stress”). Thermal
stress is driven by the phenomenon of thermal
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expansion [16-18,21-23,27], with fracture formation
as its most dramatic outcome [6,11,24,26,31]. The
study of thermal stress effects in cryobiology can
be classified with respect to the process of freezing:
by crystallization, by vitrification (i.e., glass forma-
tion; vitreous in Latin means glass), or by a combi-
nation of both.

Of those freezing processes, mathematical model-
ing of thermal stress during crystallization (such as
the case in cryosurgery) is the least complex
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[5,19,20]. Here, the material is most conveniently
subdivided into regions according to the phase of
state, where the frozen material is typically assumed
to behave like a linear-elastic material, having a lin-
ear relationship between strain and stress (or
between elongation and load in the special case of
uni-axial loading). The unfrozen material is
assumed to behave like a stationary liquid, incapa-
ble of supporting any shear stress. Additional model
assumptions must be made when phase transition
occurs over a temperature range, which is typically
the case in biological materials. However, experi-
mental evidence on the mechanical behavior of the
material in the phase transition temperature range
is largely unknown.

While the mathematical modeling of thermal
stress during vitrification is largely uncharted, con-
cepts from the general field of continuum mechanics
clearly must be drawn upon. Analysis must account
for the elevation of the viscosity by fourteen orders
of magnitude associated with cooling the material
from room temperature to the so-called glass transi-
tion temperature [15,27]; this dramatic property
change produces a continuous transformation from
a liquid-like material to a solid-like material. Stress-
es in a vitrified material would produce both elastic
(instantaneous) deformation, as well as “creep” or
viscous deformation. In creep, the strain increases
continually under constant stress, where the creep
strain rate is inversely proportional to the viscosity.
Creep is related to stress relaxation, which refers to
the decrease (relaxation) of stress over time when a
material is subjected to a sudden increase in strain.
Creep strain dominates elastic strains at higher tem-
peratures; with a decrease in temperature, the elastic
strain becomes comparable to, and eventually dom-
inates, creep strain.

While complete vitrification can potentially pre-
vent the devastating effect of ice crystallization
[30], the high concentration of the cryoprotective
agents involved in it is potentially very toxic
[7,10,12,32,33]. Cryopreservation subject to a low
concentration cryoprotective agent (CPA) and
sub-critical cooling rates to promote vitrification,
is widely known as classical cryopreservation. In
classical cryopreservation, ice crystals first nucleate
at about the heterogeneous nucleation point for
the specific cryoprotectant composition, while the
concentration of the remaining solution elevates.
The progress of crystal formation, and elevation
of the concentration of the remaining solution, con-
tinues with cooling, until the remaining solution

becomes so viscous as to form glass at the particular
cooling rate [16]. One could view classical preserva-
tion as localized vitrification in small regions, or
“pockets”. The volume fraction eventually occupied
by ice crystals is affected by many factors, and the
coexistence of crystallized and vitrified regions is
an inevitable outcome of classical cryopreservation.

Modeling of classical cryopreservation is a very
challenging task; the formation of pockets of vitri-
fied material are statistical events that are difficult
to predict. It seems that continuum mechanics
effects associated with classical cryopreservation
can be modeled only after cryopreservation by vitri-
fication alone is better understood in the continuum
mechanics sense. Many continuum mechanics
effects in the vitrification of biomaterials are pres-
ently unexplored.

The current study is designed to explore one
aspect of the continuum mechanics of cryopreserva-
tion for vitrifying materials: fracture formation in
thin films. More specifically, the current study seeks
to investigate the repeatability and consistency of
fracture formation in vitrified cryoprotectants, in
the presence and absence of tissue segments. This
study is focused on DMSO in the concentration
range of 6 to 8.4 M, and the cryoprotectant cock-
tails VS55 and DP6. Thermal stress analysis is com-
bined with experimental results to interpret events
associated with thermal stress during vitrification.

Materials and methods

Fig. 1 presents a schematic illustration of the
experimental apparatus. The cryomacroscope setup
has been presented recently [26] and is described
here in brief only, followed by a detailed description
of a cooling mechanism, which was developed espe-
cially for the purpose of the current study. The
experimental apparatus was designed and construct-
ed at the Biothermal Technology Laboratory of the
Department of Mechanical Engineering, at Carne-
gie Mellon University.

With reference to Fig. 1, the cryomacroscope
comprises a 12 in. rigid borescope (Gradient Lens
Corporation, Inc., model Hawkeye Slim HHI12-
AF, 42° view angle), a light source (Gradient Lens
Corporation, Inc., Mini-Maglite®), a video coupler
lens (Gradient Lens Corporation, Inc., model Lux-
xor 35mm FL), a Hyper HAD CCD camera
(Costar, Inc., model SI-M350, 768 x 494 pixels), a
time/date stamp generator (Crest Electronics, Inc.,
model TDG/2001), a video grabber (Hewlett-Pack-
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Fig. 1. Schematic illustration of the cryomacroscope setup.

ard, Inc., model dc5000), a personal computer, and
a USB data acquisition module for thermocouple
temperature measurements (OMB-DAQ-55, Omega
Engineering, Inc.). The borescope, light source,
optical coupler, and the CCD camera are mounted
on a frame, with the additional support of a delrin
sleeve. That assembly can be moved in the vertical
direction, to adjust the magnification of imaging.
The combination of the camera resolution of
768 x 494 pixels, a depth of field of 28 mm (the
height of the cooling chamber in Fig. 2), and a view
angle of 42°, makes each pixel of the CCD camera

equivalent to a 28 um diameter circle on the cooling
stage surface. This defines the smallest fracture
observable by the specific cryomacroscope setup,
which is a few orders of magnitude smaller than
the typical length of fracture in the current samples.

The cooling mechanism comprises an air pressure
source of 30 psi, a vacuum insulated liquid nitrogen
container, a cooling stage, and two nitrogen flow
valves. The combination of the air pressure source
and the liquid nitrogen container provides a con-
stant heat sink on demand. To create various ther-
mal histories for experimentation, the actual
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Fig. 2. Schematic illustration of the cooling stage: (a) a general view, (b) a horizontal cross section through the heat exchange, and a
vertical cross section through the cooling stage with (c), and without (d), a substrate (a thin sheet of glass or plastic).

nitrogen flow rate through the cooling stage is con-
trolled by the two-valve configuration. Below the
heterogeneous nucleation point of the sample, vitri-
fication requires a cooling rate higher than some
threshold rate, depending on the material proper-
ties. The threshold cooling rate is inversely propor-
tional to the sample’s viscosity, and since the
viscosity value increases exponentially with decrease
in temperature, the same threshold cooling rate
decreases exponentially with the decrease in temper-
ature. The two-valve setup illustrated in Fig. 2 is
designed to create two different ranges of cooling
rates during the experiment. The main valve is com-
pletely opened at the initiation of cooling, leading to
a maximum cooling rate of the cooling stage. Once
the main valve is turned off, a preset opening of the
needle valve dominates the nitrogen flow rate and,
thereby, the cooling rate. In the current study, the
main valve was turned off when the sample temper-
ature reached —120 °C. The relationship between
the needle position of the valve and cooling rate
was studied in a sequence of training sessions, prior

to obtaining the experimental results reported in
this study. The relationship between the cooling rate
and the onset of fracturing is one of the effects
analyzed in this study.

The sample

The sample in this study is a 0.5 ml cryoprotec-
tant droplet resting on a flat surface, which natural-
ly formed a circular thin film with a typical
thickness of 1.5mm and a typical diameter of
20 mm (thin in the continuum mechanics sense
where the diameter is more than 10 times the thick-
ness). The current study includes experimental
observations on DMSO in a concentration range
of 6-8.4 M, as well as the cryoprotectant cocktails
DP6 and VS55. DP6 is a cocktail of 234.4 g/l
DMSO (3 M), 228.3 g/l propylene glycol (3 M),
and 2.4 g/l HEPES in a EuroCollins solution.VS55
is a cocktail of 242.14¢g/l DMSO (3.1 M),
168.38 g/l propylene glycol (2.2 M), 139.56 g/l form-
amide (3.1 M), and 2.4 g/l Hepes in a EuroCollins
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solution. The two cocktails are similar, except for
the exclusion of formamide from DP6. In return,
the DP6 contains a higher concentration of propyl-
ene glycol [17,23]. For comparison purposes, the
specific DMSO concentration of 7.05 M was stud-
ied, which contains the same overall mass of solutes
as in the cocktail of VS55 [17]. The VS55 and DP6
cocktails were prepared at Cell and Tissue Systems,
Inc. (Charleston, SC).

In order to gain insight into the effect of tissue
samples on fracture formation, a few bovine muscle
segments were further immersed in selected cryopro-
tectant samples. Those tissue segments had typical
lineal dimension of 1 mm, and they were permeated
with the cryoprotectant for at least 24 h prior to
experimentation. At the end of the permeation peri-
od, and as a part of sample preparations, the tissue
segments were immersed in a new droplet of cryo-
protectant, to eliminate dilution of the cryoprotec-
tant droplet.

The cooling stage

With reference to Fig. 2, the cooling stage compris-
es a multi channel heat exchanger made of copper.
Typical dimensions of the heat exchanger are
60 mm x 60 mm x 9.5 mm, and the channel diameter
is 3 mm. The cooling chamber is created by a 28 mm
thick plexiglass plate, having a cylindrical hole of
35 mm in diameter at its center, enclosed between
the upper surface of the heat exchanger and the lower
base of the delrin sleeve (bottom of Fig. 1).

Since direct temperature measurements by
immersing a temperature sensor into the sample
may affect fracture formation, and due to the fact
that copper has an extremely high thermal conduc-
tivity (which further increases with the decrease in
temperature), a four thermocouple array, surround-
ing the sample from all sides, was used to measure
the cooling stage temperature. Four holes were
drilled in the plexiglass plate for that purpose,
at the four corners of an imaginary square,
35x35mm in size. The average temperature of
the four thermocouples is estimated to be the sam-
ple temperature. Due to the extremely high value
of thermal resistance to heat transfer by convection
from the sample to the air, when compared with the
resistance to heat transfer by conduction across the
film, the temperature variation across the film is
negligible.

The driving mechanism for fracture formation in
the sample is the thermal expansion difference

between the cryoprotectant and the heat exchanger,
and the constraint imposed by the heat exchanger
on the cryoprotectant. In order to obtain additional
evidence as to the driving mechanism for cracking, a
series of additional experiments were carried out in
which sample substrates of various materials were
used (Fig. 2¢): 1 mm glass plate (microscope cover
slide), 150 um glass plate (microscope cover slide),
120 pm plastic film (transparency of an overhead
projector), and 30 pm plastic film (plastic wrap for
food storage). The analysis of this effect is discussed
in the continuum mechanics analysis section below.
To obtain reliable temperature measurements when
a substrate of a different material was placed
between the copper heat exchanger and the cryopro-
tectant sample, four additional identical substrates
were placed between the contact point of each ther-
mocouple and the copper heat exchanger, with the
goal of creating similar thermal conditions for the
thermocouples and the sample.

Experimental results and discussion

Table 1 presents a summary of experimental
results from 97 experiments on various concentra-
tions of DMSO, 52 experiments on VS55, and 41
experiments on DP6. The number of fractured sam-
ples, ng, out of the total number of tested samples,
ny, 18 also listed in Table 1 for each set of experimen-
tal conditions. However, n¢ is only an indication of
whether fracture formation took place, not the
intensity of fracturing. Not only did fractures occur
in only one half of the samples placed on the 30 um
plastic substrate, but the intensity of fractures in
those experiments was also dramatically lower,
when compared with, for example, experiments on
a 120 um plastic substrate. It is acknowledged that
the term “fracture intensity” is used here as a qual-
itative measure only, where quantification of this
effect is yet not established.

The fracture temperature, 7%, listed in Table 1 is
the average temperature of the four thermocouples
located at the four corners of the cooling stage.
The reason for the temperature variation is the pat-
tern of flow in the heat exchanger, where the highest
temperature is near the inlet, and the lowest temper-
ature is near the outlet. The maximum temperature
difference is a function of the boiling regime in the
channels, as well as of the mass flow rate of the
liquid nitrogen. The maximum temperature differ-
ence between these thermocouples is listed as AT§,.
Since the typical diameter of the sample is 20 mm
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Table 1

Summary of experimental work, where ¢ is the number of fractured specimens, #, is the total number of experiments, 7 is the fracture
temperature, ATy, is the maximum temperature difference along the cooling stage at the onset of fracturing, and AT} is the estimated
temperature difference along the sample at the onset of fracturing (uncertainty in the table is represented as one standard deviation)

Cryoprotectant Substrate Muscle segments ng/n, Ty, °C ATy, °C ATy, °C
6.5M DMSO None — 8/8 —143.74+1.9 26+13 1.5+£0.7
None + 6/6 —1423+1.2 30+1.4 1.7+£0.8
7.05M DMSO None — 11/11 —141.74+1.9 32412 1.8 £0.7
None + 5/5 —14224+1.2 35420 20+£1.1
1 mm Glass — 6/6 —14524+2.2 11.7+34 6.7+19
150 pm Glass — 9/9 —159.1+54 54+25 3.1+14
120 pm Plastic — 4/10 —164.3 +3.0 52431 30+1.8
30 um Plastic 3/7 —144.0 +3.2 6.3+3.0 3.6+1.7
8 M DMSO None — 10/11 —141.1 +1.7 29+1.5 1.7+0.9
None + 6/6 —138.0+0.8 24+13 1.4+0.7
8.4 M DMSO None — 12/12 —142.8 £3.5 27+14 1.5+0.8
None + 6/6 —138.5+1.8 26+1.5 1.5+0.9
VS55 None — 17/18 —134.74+2.1 25+1.1 1.4+£0.6
None + 10/10 —1355+2.7 50418 2941.0
1 mm Glass — 4/6 —144.8 +13.0 6.0+13 34407
150 pm Glass — 8/10 —158.6 9.6 8.1+3.6 4.6 +2.1
120 pm Plastic — 0/3 — — —
30 um Plastic — 4/5 —134.0+1.0 52404 3.0+0.2
DP6 None — 6/6 —133.24+3.2 5.5+1.0 3.1+0.6
None + 0°/6 — — —
1 mm Glass — 6/7 —137.5+6.9 18.5+10.3 10.6 £5.9
150 um Glass — 7/7 —160.7 + 6.6 7.7+£3.7 44421
120 pm Plastic — 3/7 —154.5+10.1 87+22 5.0+1.3
30 um Plastic — 3/8 —155.84+0.7 5.7+1.3 33407

* All samples crystallized.

and the typical distance between the thermocouples
is 35 mm, ATy represents an estimated upper limit
for temperature difference along the cryoprotectant
sample (i.e., AT, scaled down by a ratio of 20 to
35). It is noted that the typical uncertainty in ther-
mocouple measurements is 0.5 °C, and that it is
smaller than the maximum temperature difference
along the cooling stage in most cases. In general,
the authors of this paper find it somewhat surprising
to have such small values of standard deviation in
the fracture temperature, for any given set of exper-
imental conditions. It is noted that the onset of frac-
turing is commonly considered to be a statistical
event, especially in highly brittle materials. This
observation may be very useful in modeling and pre-
dicting fracture formation in cryoprotectants.

The maximum temperature difference along the
cooling stage, ATy, increased when substrates
made of either glass or plastic were used, as a result
of the introduction of contact resistance between the
substrate on the heat exchanger. A common way of
reducing contact resistance (which is mostly attrib-

uted to surface roughness and air voids between
two solid surfaces) is by filling in the gaps with more
highly conductive material, such as a commercial
thermal grease, water, or even the cryoprotectant
itself. However, such added material would freeze
or vitrify at cryogenic temperatures, bonding the
substrate to the heat exchanger, and thereby defeat-
ing the purpose of including a substrate material in
the first place, as discussed in the continuum
mechanics analysis section below.

A wide selection of images from the experiments
summarized in Table 1 is available on a website
published in conjunction with the current paper
[25]. A representative selection of images from those
experiments is presented in Figs. 3-8, where the
fracture parameters associated with these experi-
ments are listed in Table 2. Fig. 9 presents the ther-
mal history of each of the samples presented in Figs.
3-7, calculated as the average temperature measure-
ment by the four thermocouples of the cooling
stage. It can be seen from Fig. 9 that the initial
phase of cooling, at the maximum achievable rate
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Fig. 3. Fracture formation in a vitrified 6.5 M DMSO sample on a copper base. The thermal history is presented in Fig. 9 and fracture

parameters are listed in Table 2.

down to —120 °C, is very repeatable (when the main
nitrogen valve is open, Fig. 1). It is further noted
that cooling rate control with the needle valve,
below —120 °C, is less repeatable than the cooling
rate control in the initial stage of cooling.

Two values of cooling rates are listed in Table 2,
H, which is the average cooling rate between —120
and —150 °C, and H,, which is the average cooling
rate at the onset of fracturing, calculated between
Ty —10°C and T;+ 10°C for each experiment.
The observations that H, is greater than H; in many
experiments (Table 2), and that the temperature of
the sample does not decay exponentially with time
to some steady state value (Fig. 9), may be counter
intuitive if a simple convection regime is assumed in
the channels of the cooling stage. If the heat transfer
coefficient by convection in the channels is constant,
and most of the cooling effect of liquid nitrogen is
applied to cool the cooling stage, one could expect
the system to behave like a lumped capacity system.
Such a system is characterized by an exponential
decay of temperature with time, down to the liquid
nitrogen boiling temperature. However, heat

transfer by boiling is a complex process, which goes
through several regimes of boiling. The first regime
is film boiling in the channels, which is the most
inefficient regime for convective heat transfer during
boiling, where a thin film of nitrogen gas always
exists between the liquid nitrogen and the solid wall.
The second phase of boiling is nucleate boiling,
where progressively larger areas of the wall become
wetted by liquid nitrogen. It is at that point where
the cooling rate increases spontaneously. In the cur-
rent experimental system, nucleate boiling starts to
develop at about —150 °C.

It can be seen from Table 1 that the fracture tem-
perature is not a strong function of the concentra-
tion of DMSO. For example, for experiments on a
copper base in the absence of tissue segments, the
difference between the average fracture temperature
from all samples, and the average fracture tempera-
ture from a group of experiments with specific con-
centration, is less than one standard deviation in
measurements from the same group. For a specific
DMSO concentration, the difference in fracture
temperature for samples in the presence and absence
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Fig. 4. Fracture formation in a vitrified 7.05 M DMSO sample on a copper base. The thermal history is presented in Fig. 9 and fracture

parameters are listed in Table 2.

of tissue segments is less than two standard devia-
tions in measurement, but with no definitive trend
(a sample with tissue segments resulted in either
lower or higher fracture temperature). This indi-
cates an inconclusive effect of the presence of tissue
segments on the fracture temperature.

It is noted that the standard deviation presented
in Table 1 for any specific experimental conditions
represents a wide variety of cooling rates. More
cooling rate information is listed in the opening
table on the associated website [25]. The effect of
the cooling rates on the fracture temperature is dis-
cussed in more detail in the continuum mechanics
analysis section.

It can be seen from Table 1 that the fracture tem-
perature of VS55 and DP6 are comparable in the
absence of tissue segments, and that on average it
is about 8 °C above the fracture temperature of
DMSO. Note that the glass transition temperature
is —133.4°C for 6 M DMSO [17], —132.0 °C for
7.05M DMSO [17], —127.6 °C for 8.4 M DMSO
[17], =123 °C for VSS55 [14], and —119 °C for DP6
[26,31]. However, these glass transition values were

obtained with a differential scanning calorimetry
technique (DSC), with a standard protocol charac-
terized by a low cooling rate of about 1°C/min
when approaching the glass transition temperature.
Furthermore, these values represent the mid-point
of glass transition upon rewarming (see Angell [1]
for a review of common definitions for the glass
transition temperatures), while the fracture temper-
ature reported in the current study refers to the
cooling phase only. In general, the glass transition
during rewarming is expected to be at a higher tem-
perature than the glass transition during cooling for
the same material. Furthermore, the glass transition
is expected to take place at a lower temperature for
a higher cooling rate, where all the experiments of
the current study were performed at higher cooling
rates than those typically used in DSC
measurements.

Fig. 3 presents results from a 6.5M DMSO
experiment at higher cooling rates. Two scales of
fractures are observed here, long linear fractures,
with a characteristic length similar to the radius of
the droplet, and second generation fractures,
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Fig. 5. Fracture formation in a vitrified 7.05 M DMSO sample containing seven bovine muscle segments on a copper base. The thermal
history is presented in Fig. 9 and fracture parameters are listed in Table 2.

extending from the main fractures, having an order
of magnitude shorter characteristic length. Note
that the maximum cooling rate achievable by the
current heat exchanger setup (~100 °C/min) was
not fast enough to vitrify 6 M DMSO.

Fig. 4 presents results from a 7.05M DMSO
experiment at lower cooling rates. Fractures here
are circular, with the first fracture always occurring
at a larger diameter. Fracture formation progresses
in a similar pattern to smaller radii as the tempera-
ture decreases. Comparable results were obtained in
many low cooling rate DMSO experiments.

Fig. 5 presents results typical of DMSO at
7.05M or higher concentrations, when subject to
high cooling rates. The initial development of frac-
tures may appear random, but progressive fractur-
ing creates imaginary ‘‘cells”, where the typical
cell diameter decreases with the decrease in temper-
ature. (The pattern is akin to mud cracking or
cracking in ceramic glazes. The progressive shrink-
ing in the cell size with temperature is akin to the
reduction in linear crack spacing in thin films bond-
ed to ductile substrates as strain increases [3]). No

relationship between the bovine muscle tissue seg-
ments and the pattern of fractures is demonstrated
in Fig. 5.

Fig. 6 presents results from an 8 M DMSO exper-
iment at low cooling rates in the presence of tissue
segments. It can be seen from Fig. 8 that the first
fracture occurred at a larger radius than the location
of the tissue segment, in a pattern resembling the
first fracture in Fig. 4. The effect of the tissue seg-
ments becomes noticeable only when fractures con-
tinue to develop at smaller radii. Then, it appears
that the fractures are being either initiated at or
arrested by the tissue segments. Note how the tips
of the fractures are diverted inward, towards the tis-
sue segments, rather than continuing on roughly the
same radius. As the cooling process progresses,
more and more fractures develop perpendicular to
the initial circular fracture, first at larger radii, and
eventually populating the entire sample.

Fig. 7 presents results from an 8.4 M DMSO
experiment at low cooling rates, in the presence of
tissue segments. It appears that the tissue segments
in this case are responsible for the specific pattern
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Fig. 6. Fracture formation in a vitrified § M DMSO sample containing five bovine muscle segments on a copper base. The thermal history

is presented in Fig. 9 and fracture parameters are listed in Table 2.

of fracturing, where fractures are likely to be initiat-
ed or arrested at all five segments. No circular pat-
tern of fracturing is observed in this experiment.
Despite the similar conditions of the experiments
presented in Figs. 6 and 7 (see also Table 2 and
Fig. 9), the fracturing pattern is distinctly different,
yet the fracture temperature deviates by only 1.3 °C.

It can be concluded from Figs. 5-7, as well as
from other experiments with tissue segments, that
the presence of these tissue segments does not
change significantly the fracture temperature. How-
ever, once fractures start to develop, the pattern of
fracture formation is definitely affected by the pres-
ence of tissue segments.

Fig. 8 provides four snapshots of various effects
in VS55 and DP6. Partial crystallization is observed
in the top two images: VS55 on the top-left and DP6
on the top-right. Crystals appear as darker spots in
the transparent surroundings near the edge of the
DP6 sample. The center of the DP6 samples appears
completely opaque, with significantly more crystals.
No fractures can be observed in the DP6 sample. Ice
crystals are a bit more difficult to observe in the

VS55 sample (more evident near the top-left of the
sample). Four tissue segments are even more diffi-
cult to observe in that image, due to partial cryopro-
tectant crystallization. The partially crystallized
VS55 sample shows a significant number of
fractures.

The bottom images in Fig. 8 present fracture
formation in VS55 on a glass substrate, having a
thickness of 1 mm (bottom-left) and 150 pm (bot-
tom-right). The glass substrate is square; as a result
the cryoprotectant droplet is typically not as circu-
lar as in the experiments shown in Figs. 3-7, and
the resulting fractures pattern is typically non-circu-
lar. Fractures on glass tend to form polygonal frac-
ture cells, rather than the circular cells, as shown in
Fig. 5 for example. In general, and as can be seen
from Table 1, the presence of glass substrates reduc-
es the fracture temperature. A thinner glass sub-
strate reduces the fracture temperature more than
a thicker glass substrate. The presence of a 120 um
plastic substrate reduces the fracture temperature
further, and eliminates them altogether for VSS55.
However, results are not as conclusive for 30 um
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Fig. 7. Fracture formation in a vitrified 8.4 M DMSO sample containing five bovine muscle segments (indicated by arrows) on a copper
base. The thermal history is presented in Fig. 9 and fracture parameters are listed in Table 2.

plastic substrates, and it is likely to be associated
with difficulties in sample handling under those con-
ditions. Results from the 30 pm plastic substrate
define the limitation of the current experimental
work in terms of substrate thickness.

Finally, the experimental setup is designed to
study fractures in thin films, where the diameter of
the droplet is an order of magnitude greater than
its thickness. While an effort was made to make
the droplet contour perfectly circular, variation
from the circular shape can be observed in Figs.
3-8 and in the companion images [25]. The observa-
tion that the temperature to fracture is found in a
narrow range for imperfectly circular droplets sug-
gests that the droplet behaves like a thin film in
the continuum mechanics sense, where end effects
are not dominant. Furthermore, while the pattern
of fracturing may be affected by the shape of the
droplet, the presence of uniformly distributed
“cells” of fracture in some figures (Fig. 5 for exam-
ple) also supports the interpretation that the droplet
behaves like a thin film; here, the diameter of the cell
is proportional to the propagation distance of end

effects. These observations serve as key elements in
the continuum mechanics modeling in the next
section.

Continuum mechanics analysis

The objective in this section is to combine ther-
mal stress analysis with experimental results, to
study whether fractures are consistent with ther-
mal stresses predicted during vitrification. These
mathematical results will be used as building
blocks for prediction of continuum mechanics
effects in future studies, in more complex geome-
tries, and subject to a variety of thermal condi-
tions. The mechanism of stress development for
a droplet adhering to a substrate has been pre-
sented in [31]. The droplet deforms due to temper-
ature changes and due to stress (tension); stress
produces both elastic deformation and viscous
(creep) deformation. The wusual assumption is
adopted that elastic, viscous, and thermal contri-
butions to strain superpose [13]. The total tensile
strain-rate ¢ under conditions of uniaxial stress is
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Fig. 8. (Top-left) fracture formation in a partially vitrified VS55 sample containing four bovine muscle segments (indicated by arrows) on
a copper base. (Top-right) a partially vitrified DP6 sample on a 30 pm plastic substrate. (Bottom-left) fracture formation in a vitrified VS55
sample on a 1 mm glass substrate. (Bottom-right) fracture formation in a vitrified VS55 sample on a 150 pm glass substrate.

Table 2

Summary of results for the experiments presented in Figs. 3-9, where T} is the fracture temperature, ATy is the estimated variation of
temperature along the sample, H, is the cooling rate between —120 and —150 °C, and H, is the cooling rate between 77— 10 and

T+ 10°C

Experiment No. Cryoprotectant Muscle segments Substrate T;, °C ATy, °C H,, °C/min H,, °C/min
2 (Fig. 3) 6.5 M DMSO - Copper —145.9 1.5 35.9 44.8
11 (Fig. 4) 705M DMSO ~ — Copper -139.6 1.3 6.2 7.7
3 (Fig. 5) 7.05M DMSO + Copper —143.2 3.1 47.8 61.2
8 (Fig. 6) 8 M DMSO + Copper —138.3 0.6 5.4 8.1
6 (Fig. 7) 8.4 M DMSO + Copper —139.6 0.4 4.8 6.6
7 (Fig. 9) VS55 + Copper 1367 2.6 559 50.0
4 (Fig. 9) DP6 — 30 pm Plastic None N/A 100.3 N/A
12 (Fig. 9) VS55 — 1 mm Glass —126.2 3.4 77.7 57.4
3 (Fig. 9) VS55 — 150 um Glass —152.7 4.1 49.5 27.5

then the sum of the elastic strain-rate, the viscous
strain-rate, and the thermal strain-rate:

t=——+—+p—+— (1)
n
where o is the tensile stress, E is the elastic modulus,

n is the shear viscosity, and f is the coefficient of
thermal expansion. The elastic and thermal

contributions may be more familiar in the forms
Eelastic = 0/E and &germa = PAT, which are differen-
tiated with time in Eq. (1). The material is assumed
to respond isotropically; consequently, the elonga-
tional viscosity is three times the shear viscosity,
which explains the factor of 3 in the denominator
of Eq. (1). The thermal strain rate is significant at
all temperatures. The elastic modulus is essentially
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Fig. 9. Thermal history of the experiments shown in Figs. 3-7. The fracturing parameters associated with these experiments are listed in

Table 2.

constant with temperature, while the viscosity
increases by orders of magnitude; thus, the viscous
strain rate is important at high temperatures and
unimportant at low temperatures.

Two different methods of solution are used to
compute the stress in the CPA in the current study.
The first ignores the influence of deformations due
to stress on the substrate entirely, and is applicable
to the case of a thick substrate, such as the copper
heat exchanger. Here, the stress in the circular drop-
let of the cryoprotectant is approximated as uniform
(which is nearly true except for the edges). The ten-
sile stresses in the plane of the sample are equal in
all directions, and the stress perpendicular to the
sample is zero. Given the thermal history of the
sample, the stress can be found by time integration
of the following equation [13]:

l-vde o dr dr
+ i — 2
E dr 611 ﬁCPA dr ﬁSubstrate dr ( )

The Poisson ratio, v, of the CPA, and the extra fac-
tor of 1/2 in the viscous strain-rate term enter to ac-
count for stress acting in all directions in the plane
of the sample (see Appendix A for more details).
The integration must account for the temperature
dependency of both the viscosity and the thermal
expansion.

In the second method, a finite element numeri-
cal technique (ANSYS 8.1) is used, and the defor-
mation and stress in both the droplet and the
substrate are computed. This method is required
when the substrate is thin, and the overall force

applied by the CPA to the substrate is high enough
to bend the substrate. Here, the CPA is still mod-
eled with Eq. (1), but the substrate is modeled as a
linear elastic material. The domain (shown in the
inset in Fig. 13) consists of a circular disk of
CPA bonded to a circular disk of substrate, with
zero forces on their outer surfaces. The mesh for
the case of the sample on copper is modeled with
8-noded axi-symmetric Planel183 elements, 400 in
the droplet, and 250 in the copper. To include
the functional dependencies of viscosity on temper-
ature discussed below, a special purpose user-de-
fined creep function was employed. To facilitate
the time integration, the viscosity was set not to
fall below 1.9x10%Pa-s at high temperatures,
and not to exceed 10%° Pa-s at low temperatures.
These limits were determined to have minimal
impact on the numerical results.

Typical physical properties of the CPA and the
substrate are listed in Table 3. The elastic moduli
of cryoprotectants are unknown, and a value of
1 GPa has been selected for the current study, which
is typical of organic materials. The implication of
this choice on the results is straightforward, as
explained below.

The viscosity of DMSO at various molar concen-
trations has been measured in the temperature range
of 20 to —45 °C with falling ball viscometry [29]; the
authors are unaware of viscosity measurements of
DMSO at lower temperatures, or of VS55 and
DP6 at all. Moreover, the viscosity of DMSO in
the temperature range of interest (in the vicinity of
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Table 3
Typical physical properties for the CPA and substrate

Bx10%, °C™! v E, GPa
Copper 17 [8] 0.33 [8] 120 [8]
Glass 4 (4] 0.2 [4] 70 [4]
Plastic 20 .. 80 [9] 0.4 [9] 2.4109]
VS55 0.4024 T+184.1 23] 0.2° 1™
DP6 0.7798 T+193.5[23] 0.2° 1™
7.05M DMSO  0.5634 T+208.4 23] 0.2° 1™

8

* Typical value for brittle materials [28].
** Typical value for organic materials [2].

glass transition) is orders of magnitude higher than
that in the range of available experimental data [29].
While T, is commonly measured with differential
calorimetry techniques (DSC), an alternative defini-
tion of glass transition is the temperature at which
the viscosity reaches 10'? Pa-s (10'® Poise). In the
absence of viscosity data at low temperatures, the
following functional behavior is assumed [29]:

n(T) = nyexp (T_])T()) [Pa — s];

—b
o = 10" exp <Tg—To) (3)
Eq. (3) yields a viscosity value of 10'? Pa-s at the
glass transition temperature (measured with DSC),
and the parameters Ty and b are chosen to fit to
the available experimental data at higher tempera-
tures [29].

Mathematical results and comparison with
experimental observations

Variation of stress with temperature

Typical stress results in the droplet as a function
of temperature are shown in Fig. 10, which displays
the case of DMSO on copper subject to a constant
cooling rate of 5 °C/min. The viscosity function pre-
sented in Eq. (3), with » =8.607, T = —162.1 °C,
and T, = —132°C, best fit the experimental data
at high temperatures [29] and is designated as the
baseline viscosity. The CPA tends to shrink with
cooling at a higher rate than the substrate, because
of the difference in thermal expansions. Due to
adherence, however, the substrate seeks to prevent
the CPA from shrinking by applying stress to it.
When the temperature is high and the viscosity of
the CPA is low, creep deformation can readily com-
pensate for the thermal mismatch with very low
stresses. As the temperature decreases and the
CPA viscosity increases, compensating for the mis-
match requires higher stresses, which now produce
creep and elastic deformation of comparable magni-
tude. If the cooling rate is decreased, then the com-
pensating strain-rate due to stresses is lower, and the
material can be cooled to lower temperatures before
stresses become significant. Eventually, the CPA
responds like an elastic solid: the stress increase at
low temperatures depends on the difference in the
thermal expansions and on the elastic properties
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Fig. 10. Typical stress results in a DMSO droplet vitrified directly on the copper heat exchanger, subject to a constant cooling rate

of 5 °C/min.
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of the CPA. For practical purposes however, the
build-up in stress only begins below some tempera-
ture threshold. We define a “set-temperature”
(Fig. 10) as the extrapolation of the linear portion
of the theoretically computed stress vs. temperature
curve to zero stress. As discussed further below, the
set temperature inferred from the calculations will
depend on the variation of CPA viscosity with
temperature.

From the observed temperature of fracture, one
can infer the apparent fracture stress from the curve
presented in Fig. 10. For the parameters used to
generate that curve, the fracture stress correspond-
ing to the mean temperature of cracking for 7.05
DMSO with no tissue, 7y = —141.7 °C (Table 1),
is 3.2 MPa. If the elastic modulus had been different
(since £=1GPa was merely a guess), the stress
would have changed nearly in proportion. However,
the ratio of the stress at fracture to the elastic mod-
ulus, also defined as the fracture strain, is essentially
independent of the choice of elastic modulus value.
Note that a fracture strain of 0.0032, deduced from
the above calculations for 7.05 M DMSO, is within
the range of values typical of brittle plastics.

Dependence on viscosity
Since the variation of viscosity at low tempera-

tures is uncertain, the sensitivity of the predicted
stress to the viscosity is of interest. Several viscosity
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functions were investigated, as presented in Fig. 11,
and predictions for the resulting stress are plotted in
Fig. 12, all for 7.05 M DMSO on copper subject to a
cooling rate of 5 °C/min. It can be seen from Fig. 12
that only the set temperature varies between the dif-
ferent viscosity cases, where the linear portion of
each curve is associated with the same elastic mod-
ulus and thermal expansion. Since the stress remains
practically zero down to about 10 °C above T, the
shape of the viscosity function is significant only
near T,. Moreover, the set temperature decreases
with increase in the slope of the viscosity near T,
(values are listed in Fig. 12). If one discounts the
rather implausible curve, identified with “*” in
Fig. 12 (representing a linear variation of loga-
rithm(viscosity) with decreasing temperature, rather
than an exponential function), then the set temper-
ature might vary over a range of 3.5 °C. Therefore,
the fracture strain of 7.05 M DMSO is likely to
range from 0.28% to 0.36%.

Dependence on cooling rate

To study the cooling rate effect on the developing
stress, Eq. (2) was solved again for the best fit vis-
cosity curve illustrated in Fig. 11, over a cooling rate
range of 0.5-500 °C/min. If one presumes that
fracture occurs at a fixed stress, independent of
the strain rate, one can predict the variation of frac-
ture temperature with cooling rate. The fracture
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Fig. 11. Assumed dependency of viscosity on temperature for the purpose of parametric studies in 7.05 M DMSO (T, = —132 C). The

functional behavior and parameters are shown in the figure, except for the extreme case marked with

7 =1.234x 10" ()%, The solid line represents the best fit with experimental data.
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, which is modeled as
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Fig. 12. Predicted stress versus temperature at a cooling rate of 5 °C/min, for a 7.05 M DMSO film, and for the various viscosity functions

presented in Fig. 11.

temperatures for various cooling rates listed in
Table 4 are based on the observed fracture temper-
ature of —142 °C, which was taken to correspond to
a cooling rate of 5 °C/min. The set temperature is
also given in Table 4; since the set temperature is
based on extrapolating the linear stress versus tem-
perature down to zero stress, the difference between
fracture temperatures at two cooling rates is equal
to the difference between their respective set temper-
atures. It can be seen that the fracture temperature
increases by only 7.2 °C as the cooling rate increases
by three orders of magnitude; 0.5 and 500 °C/min
bound the practical cooling rates for cryopreserva-
tion via vitrification. The modest variation in frac-
ture temperature with large changes in cooling
rate that is predicted is consistent with the lack of
any systematic variation over the more limited rang-
es of cooling rates achieved in the experimental
results reported here.

Table 4

Predicted set temperatures, Ty, fracture temperatures, 7., and
derivative of viscosity with respect to temperature, for various
cooling rates

H,°C/min Ty, °C  Tpae °C |dy/dT], Pa-s/°C R
0.5 —129.2 —144.1 3.73-101° 1.49
5 —127.1 —142.0 3.66:10° 1.46
50 —124.7 —139.6 3.55108 1.42
500 —122.0 —136.9 3.48:107 1.39

The parameter R is defined in Eq. (7), and is associated with the
set temperature.

A simple argument is now presented to estimate
the set temperature, and to rationalize the stress
dependence on cooling rate. For high temperatures,
the elastic contribution is negligible, and the first
term in Eq. (2) can be neglected. For a constant
cooling rate and thermal expansion coefficient, Eq.
(2) can be rearranged to estimate the increase in
stress with time:

do dy a7
a = 65 |:(ﬂSubstrate - ﬁCPA) dt:| (4)

For low temperatures, by contrast, the viscous con-
tribution [second term in Eq. (2)] is negligible, and
Eq. (2) can be rearranged to estimate the increase
in stress with time:
do E dr
E = m |:(ﬂSubstrate - ﬁCPA) E:| (5)
The set temperature can be viewed as the tempera-
ture where the material response transitions from
viscous dominated to elastic dominated. This
should take place when the estimates from Egs.
(4) and (5) are comparable, that is:
E dn dn dT

~NO—=0—— 6
1—v dr dT dt (6)
With E, v, and dT/ds remaining constant, and 5
varying smoothly with temperature, Eq. (6) implic-
itly defines a single temperature, which we argue
should be close to the set temperature inferred from

extrapolating the numerical results, as described
above.
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To test this relation, we extracted the set temper-
ature from the numerical results of integrating Eq.
(2), and then computed dn/dT at this temperature
from the viscosity function (Fig. 11). The ratio of
the right term to the left term of Eq. (6) can be rear-
ranged in the form:

#= (o )/ ()

[ e () U)o

It can be seen from Table 4 that R at T equal to the
set temperature is 1.44 + 3.5% for cooling rates
varying over three orders of magnitude, which con-
firms the explanation for the determinants of the set
temperature. Moreover, one now has a simple way
of estimating the set temperature: given values of
cooling rate and elastic modulus, the set tempera-
ture satisfies Eq. (7). The set temperature is seen
to be relatively insensitive to elastic modulus and
to cooling rate: To keep the ratio R constant with
even a substantial change in cooling rate requires
only a small change in the set temperature, because
the viscosity function is so dramatically dependent
on temperature.

Dependence on substrate

To provide additional evidence that cracking is
indeed tied to thermal stress and not to temperature

per se, droplets of CPA were cooled on substrates
that were placed upon, but not bonded to, the cop-
per heat exchanger. As discussed above, fracture
temperature was indeed observed to change signifi-
cantly as the substrate was changed. Finite element
calculations were conducted to determine the stress
in the CPA associated with different substrates.
Fig. 13 presents the variation in the circumferential
stress through the droplet thickness along its center
line, at —142 °C, for different substrate conditions
(in the absence of a more specific data, two extreme
sets of thermoelastic parameters for the plastic were
chosen). In the case of the copper, the prediction
based on Eq. (2) and the finite element calculations
are essentially the same. The elastic deformation of
the copper is negligible, and thermal strain of cop-
per dictates that of the CPA. For the cases of the
thin glass and plastic substrates, the stress in the
CPA varies from tensile at the substrate surface to
compressive (negative) on the free surface.

Besides the important effect of the thermal
expansion difference between the CPA and the sub-
strate, these results indicate that lower levels of
stress are produced when the substrate is more flex-
ible, either by being thinner or having a lower elastic
modulus. Greater flexibility means less resistance to
the contraction of the CPA and hence lower stress.
While precise predictions of the actual temperature
to fracture with such non-uniform stress distribu-
tions requires much additional work, the general
trend of diminished stress for the different substrates
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Fig. 13. Predicted stress across the droplet thickness, along its center-line, for various substrates, for a cooling rate of 5 °C/min and best fit

viscosity (Fig. 11). The thickness of the droplet, L, is 1.5 mm.
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Fig. 14. Predicted circumferential stress for different cryoprotectants vitrified directly on the copper heat exchanger, subject to a cooling
rate of 5 °C/min; viscosities of VS55 and DP6 fit to their T}, and to viscosity of DMSO at higher temperatures.

is consistent with the observed decrease in fracture
temperatures, supporting the hypothesis that ther-
mal stress governs fracture.

Results for VS55 and DP6

Calculations were also carried out for stresses in
VS55 and DP6 vitrified on copper, using viscosity
functions which best fit the measured values of T,
(=123°C and —119 °C, respectively) and experi-
mental data for DMSO at higher temperatures (in
the absence of specific viscosity data for these cock-
tails). The same elastic modulus of 1 GPa was pre-
sumed. Comparison with the stress in DMSO is
shown in Fig. 14. As expected, the set temperature
increases as T, increases. The different slopes reflect
the different thermal expansion coefficients. Using
the observed mean fracture temperatures, one infers
a fracture strain in VS55 and DP6 of 0.23% and
0.18%. These are also in the range of brittle organic
materials, but somewhat lower than that of pure
DMSO, as discussed above. There is somewhat less
certainty in these predictions, given the lower cer-
tainty in viscosity. Nevertheless, inferences as to
the failure strains in these other cryoprotectants
are proving useful in ongoing studies of fracture.

Summary and conclusions

Fracture formation in thin films of vitrified cryo-
protectants has been investigated experimentally,

and concepts from the theory of continuum
mechanics were applied to explain the experimental
observations.

Experimental results show that the onset of frac-
turing in vitrified films of cryoprotectants is very
consistent, occurring over a small temperature
range. This observation is a bit surprising to the
authors of this paper, and it will have a direct
impact on future continuum mechanical analyses
of cryopreservation.

For DMSO in the concentration range of 6.5 and
8.4 M, the onset of fracture was found to be insen-
sitive to the concentration. The fracture pattern,
however, varied between different DMSO concen-
trations, once fracturing started to progress. Exper-
imental results indicate that the onset temperature
of fracture, as well as the intensity of fracture prop-
agation, decreased with the decrease in stiffness of
the substrate carrying the cryoprotectant sample.
This evidence further solidifies the hypothesis that
fracture is driven by thermal stress not with temper-
ature per se.

Fracture pattern was also affected by the cool-
ing rate. At low cooling rate, initial fractures were
found to be long and circular, with the first frac-
ture always occurring at a larger diameter. Frac-
ture formation progressed in a similar pattern to
smaller radii as the temperature decreases. At high
cooling rates, the initial development of fractures
appeared random, but progressive fracturing
formed imaginary circles or cells, where the
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typical diameter of the cell decreases with the
decrease in temperature.

The presence of small tissue segments appeared
not to affect the onset temperature of fracturing.
The effect of the tissue segments becomes noticeable
only when fractures continue to develop. Then, it
appeared that fractures are initiated at, or arrested
by, the tissue segments.

From continuum mechanics analysis, a simple
picture of stress development in cryoprotectant
droplets vitrified on substrates has emerged. With
cooling, the stress is nearly zero until a “set” tem-
perature is reached; the stress builds up linearly
thereafter with diminishing temperature. The set
temperature, which is on the order of 5-10 °C above
T,, is determined principally by how rapidly the vis-
cosity increases with temperature near 7. Viscosity
as a function of temperature for DMSO was
approximated by fixing it to 10'* Pa-s at T, and fit-
ting to experimental data for temperatures in the
range of 20 to —45 °C. Stresses were predicted for
the best fit viscosity and for other viscosity functions
having milder and sharper variations with tempera-
ture. From the observed temperature to fracture,
one can infer the stress or strain at fracture; strains
to cause fracture in DMSO are likely to be in the
range of 0.28-0.36%, typical of brittle organic
materials.

The reasonableness of predicted values of frac-
ture strain supports the thermal stress theory for
the origin of cracking in vitrified CPA. Additional
evidence for this explanation of cracking is provided
by observations of diminished cracking tendency on
thin substrates. Stress analyses confirm that the
stress in the CPA is markedly less when the cooling
occurs on a thin substrate that can bend and not ful-
ly restrain the contracting CPA. Analyses also shed
light on the effect of cooling rate: the fracture tem-
perature is predicted to increase by approximately
2 °C with every decade increase in cooling rate. Pre-
dictions of stress were likewise made for VS55 and
DP6 (using the T, for those CPAs and high temper-
ature viscosity data for DMSO); comparisons with
fracture temperature place the fracture strains at
0.23% and 0.18%, respectively.

In general, vitrifying CPA in contact with a mate-
rial with much lower thermal expansion leads to
stress and cracking, even if the temperatures are uni-
form, as studied here. Temperature gradients within
CPA or tissue are another mechanism whereby
stresses are generated; such gradients are likely to
be a factor when vitrifying not thin layers but more

bulky specimens. Such issues are also worthy of
closer investigation.
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Appendix A

The approximate solution for stresses in the axi-
symmetric droplet, presented in Eq. (2), is based on
a uniform stress state of ¢, = 0y =0 in the r and z-
directions, and o. = 7, = 0. This stress state satisfies
the stress equations of equilibrium precisely, and the
boundary condition of zero force (¢. = 1,. =0) on
the upper surface. It does not satisfy the zero force
condition on the outer edge; however, this simplified
solution approximates the complete solution to a
high degree of accuracy several thicknesses away
from the free edge. Indeed, the finite element analy-
sis, which makes no assumption on the thinness of
the layer, confirms that this stress state is reached
away from the edge. (In the complete solution, the
tension is transferred to the droplet by shear stresses
exerted by substrate over a small zone of contact
near the outer edge.) Furthermore, the uniform
stress state gives rise to uniform compatible strains
that are consistent with the substrate, if the sub-
strate contracts uniformly under the presumed uni-
form temperature, and if the substrate deformation
due to stress is neglected.

With an isotropic elastic response, the elastic
strains reduce to:

(1—-v)o

o, —v(og+a,)

& elastic — E = E (Al)
o9 — V(o, + 0, 1 —v)o
&0 elastic = ‘ (E ) = ( E ) (Az)

With an isotropic viscous response, viscous strains
are associated with shear stresses or, in the general
case, with deviatoric stresses (s, and sg), which are
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defined as the actual stress components minus the
hydrostatic part of the stress:

s,  o.—1/3(a,+ 09+ a.)

.rviscous =5 — A3
& 25 25 (A3)
. so  oa9—1/3(0, + 09+ 0a.)

viscous — A — A4
&, 2 2 (A.4)

Using the simplified stresses, one finds:

. . 2
€f,viscous = Er,viscous = & (AS)
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