Some Basic Facts about I[\] Ideal

February 11, 2007

These notes on I[)\] are based on Shelah’s talks in Jerusalem from 12/94
to 3/95, as recorded by James Cummings.

Definition 0.1. Let A be a regular uncountable cardinal. S € I'[\] iff S C A
and there is a sequence (p, : @ < A) and a club £ C X such that

(1) pa € P(a);

(2) Ipal < X;

(3) If € SN E, then there is a C' C ¢ such that
(a) C is unbounded in §;
(b) otp(C) < 6;
(c) for every a € C,C' N € p,.

An example: let SY = {§ < \:cf(§) = w}, then S} € I'[\], where A
is uncountable, E = ), p, = [a]<%. For any € S, take C' to be any
unbounded subset of § of order type w.

Below we will show I'[)\] is a normal ideal. Clearly it is downward closed.
Also if S C X is non-stationary, then S € I'[\]. Under some cardinal arith-
metic assumptions I'[\] contains stationary subsets of X\. For example, let
k be a cardinal, if Yoo < A (Ja|<" < X), then {6 < X :cf(0) <k} € I'[A].
(Why? Simply set p, = [@]<".) On the other hand, if A is a Mahlo cardinal,
then we know some stationary S C X is not in I'[\] (because of 3(b)). How-
ever, if A is merely an inaccessible cardinal but not a Mahlo cardinal, then
A € I'[)\] (hence I'[)] is not a proper ideal). We are not very much concerned
with the properness of I'[\] here. We only want to find some (nice) sufficient
conditions under which I'[)] is not just the non-stationary ideal.

Claim 0.2. (1) If a < X and S; € I'[\] for i < a, then |J,_. S; € I'[\].
(2) I[N is normal.
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Proof. (1) Clear.
(2) Let S = (S, : o < A\, S, € I'[A]). Define

S—5={5:3a<5(S€S)}
Let p*, E, witness S, € I'[\]. Define

E:AQ<AEQI{5:VO{<5(5€EQ)}7
pe={x\7v:7v<e Ja<e(xepl)}.

Clearly F is a club, p. C P(e), and |p.| < A.

Let 0 € SN E, then § € S, N E, for some o < €. So there exists an
unbounded C' C ¢ such that otp(C') < 0 and ¥y € C (C Ny € pg). Let
C =C\ (a+1). Then C is still unbounded below § and otp(C) < §. It is
easy to see that by the definition of p = (p. : € < \) for all v € C' we have
C' N~y €p,. So E, p witness S € I'[)]. O

Lemma 0.3. In the definition of I'[\] we may demand “otp(C) = cf(d) < §
and min(C') > otp(C)” (replacing (3)(b) there).

Proof. Let p, E witness S € I'[\]. We shall refine p and produce a C as
required in the lemma. For each limit ordinal o < A choose a club p, C «
with otp(p,) = cf(a). Define

pr={z\v:v<e zept,
pfzpiu{x[”o‘]:a<min(0), pri},

where zlPel = {3 €z :otp(CNP) € po}. Clearly p. C p! C p? C P(e),
P2 < A.

Now let § € SN E, then there exists an unbounded C' C § such that
otp(C) < d and Vy € C (C N~y € py). If otp(C) = cf(d) < 6, then clearly
C\ (cf(0) + 1) is as required. Otherwise cf(d) < otp(C) < §. Let Cy =
C\ (otp(C) + 1), o = otp(Ch), Co = C). S0 otp(Cy) = cf(a) = cf(5) < 6.
Also otp(Cs) < otp(C) < min(Cy) < min(Cy). Finally, if v € Cs, then
Cony = (Crny)eel. Since C1Ny = [C\ (otp(C) +1)] Ny € pl, CoNy € p2,
and we are done. ]

Lemma 0.4. Define I?[\] by replacing “for every a € C, CNa € p,” by “for
every « € C, CNa € Ug5pp” in the definition of I'[]. Then I*[A] = I'[A].



Proof. Clearly I'[\] C I*[)].

Conversely, let p, F witness S € I?[\]. Without loss of generality we may
assume o < 3 = p, C pg and p, is closed under initial segments for all < A.
(Why? Simply replace each old p, by J,<g{z N7z € ps and v < §}.)

Given a set of ordinals z, define a function

min{§ < A:xz N~y €ps} if it exists,
f:c(’y) - .
1] otherwise.

Let z = ran(f;). So 1 C 29 = 1 C Ty. Let 6 € SN E, and choose C
unbounded in ¢ such that otp(C) < ¢ and Vy € C' (C N~y € Uz 5pp)- Define

ps={xNd:x€ps}.

Now, clearly Vy € C (fo(y) < 6) and otp(C) < otp(C) < 6. Notice
that C* = C'N§ is unbounded in § (simply because C' is unbounded in §).
Hence it is enough to show Vy € C* (C* Ny € p}). Let v € C*, and fix a
B € C such that fo(8) = v (such a [ exists because fo(C) is the first and

the last ordinal in C' that is not smaller than ). Let a = C NG € p,. So
a=CNE=(C*"Ny)U{y},s0C*Ny=anyep. O

We can improve the definition of I'[\] in the sense that |p,| is lowered to
1 and (ps : o« < A) is “coherent”.

Definition 0.5. Let A be a regular uncountable cardinal. S € I[A] iff S C A
and there is a sequence (p, : @« < A) and a club £ C X such that

(1) pa € a (not necessarily closed) and otp(p,) < «;

(2) (Coherence) 5 € po = pg = pa N G;

(3) 0 € SNE = =sup(ps) & cf(§) = otp(ps)-

Theorem 0.6. I[\] = I'[)\].

Proof. Clearly I[\] C I'[)].

Conversely, let p, E witness S € I'[\]. By Lemma 0.3 we may as-
sume r € p, = otp(z) < « for all @ < A\. We may also assume [ €
T € po = xNPB € pg, since we can find a new witness 7 by setting

ro ={r €py: 0 €x=2Np € psg}. Define
<5)}.

Elz{éeE:vfy<5(v+

U»

e<y
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E; is a club because |p| < X and A is regular. Let (J¢ : & < A) be the
canonical enumeration of E;. Since V¢ (J¢ + }Ueg(sg Pe| < 8e11), we can fix a
surjective function fe : SuccN[dg, d¢1) — Uegag Pe. Also fix a g¢ such that
Je o ge =id.
Now define p! by cases:
Case 1: « is a successor. So 3¢ (0 < a < 0¢q1). Let a = fe(), s
@ € U.cs, Pe. For each n such that n +1 < £ and a N [0, 0y41) # 0, let
a

Bn) = min(a \ 6y). So a N G(n) € paw) € U, Pes 50 9n+1( npBm) €
Succ N[0y11, 0y12) (notice 0,10 < J¢). Let

Po = {gnr1(aN B(n)) :n+1<& & anoy,dy) # 0}

Clearly otp(py) < otp(a) < d¢ < a.

Case 2: a € SN E,, where £y = lim(E;). As a € SN E we have an
unbounded a C « such that otp(a) = cf(a) and Vy € a (aNy € p,). Use a
to define p, exactly as in Case 1. Notice that, as a is an accumulation point
in F; and a is unbounded in «, p), is also unbounded in « and otp(pl) =
otp(a) = cf(a) < «

Case 3: Otherwise set p!, = (.

Clearly we only need to check “coherence”. So let v € pl. So v is a
successor, So p# is defined in Case 1. Let a be the subset of a from which p},
is constructed. So v = g,41(a N B(n)) for some 7. So v € SuccN[dy41, dy+2)-
Since fy41(7) = a N B(n), it is clear py Ny = p!. So “coherence” holds and
p' = (pl :a < \), By witness S € I[)]. O

o

The next two theorems show that in many cases, without any assumption

on cardinal arithmetic, I[\] (= I'[\] = I*[)\]) contains stationary subsets of
A

Theorem 0.7. If \ is a reqular uncountable cardinal, then I*[\] contains
a stationary subset of AT, namely {6 < AT :w < cf(8) < A} € I?[A\T]. More-
over, the subset C' C ¢ as required in the definition can be made closed and
unbounded in 6 (so in particular C' is a club in § if § is uncountable).

Proof. For each a € [\, A) fix an increasing sequence (ag : £ < \) such that
(1) lag] < X;
(2) ag is closed;
(3) a= U£<)\ ag.



For o« < (3 define a function g,3 : A — X as follows: for each € € A let
ga5(€) be the least ordinal such that a® C o’ (o and a?NaC g - Let

9a,B\€
Eop=1{0:gapld] C6}. So Eygisaclubin \. Sod € E,p= af =dj Na,
and if 4 is big enough then a € af. For each 3 € [\, A1) define

pp={agNy:vy<a<pf&E<A}.

For 3 < X let pg be any subset of 3. Clearly |pg| < AT for all 5 < AT.

Now we claim that for all 6 € [A\,AT) with w < c¢f(d) < A there is an
unbounded C' C § such that otp(C) < A <dand Vy € C (CNy € Ugspp)-
To see this, fix an unbounded a C ¢ with otp(a) = cf(d). As |a|] < A,
E = ﬂggg E,p3 is a club in A, and we can find a £ € E such that a <

6 & a, BEG:ag:agﬂa&QEQ? Let C = U, a¢. Clearly C C 0
and |C| < A. Since a C C, C' is unbounded in 6. Now Let v € C. Let f € a
be the least such that v < 3. Since f < a = af =agNpforal a € a, we
have v € af. SoCNy= (Uaea&?) Ny = afﬂfy € ps.

Also, given any increasing sequence of ordinals @ C C' with sup(a) < 0,

let 5 € a be the least such that sup(a) < 3, then a C a?, since a? is closed,

we have sup(@) € a? C C. So C is closed and unbounded in . O
More generally:

Theorem 0.8. Let k, A be reqular cardinals. If k™ < X, then there is a
stationary S C S = {6 < X : cf(8) = k} such that S € I?|\]. And, again, the
subset C' C O as required in the definition can be made closed and unbounded
nd.

Before we prove the theorem, we need to recall a combinatorial principle:

Definition 0.9. If S C )X is stationary, then we say S carries a club guessing
sequence if there is a sequence (Cs : 0 € S, Cs C § closed and unbounded)
such that for every club D C X there exists some ¢ € S with Cs C D.

Fact 0.10. (Club Guessing) For every reqular r, if A is a cardinal with
cf(\) > wk*t, then any stationary S C S carries a club guessing sequence
(Cs : 6 € S) such that otp(Cs) = cf(9), and the set {6 € S :Cs CC} is
stationary for all club C' C .

For a proof of this fact see e.g. Abraham and Magidor [1].
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Proof of 0.8. If k™ = X, then by Theorem 0.7 S2, € I?[)\]. Clearly the
method used in the proof there also works for S}.

So w.lo.g. kTt < A. Let S = 57", By Fact 0.10 fix a guessing sequence
(Cs : 0 €8). Forall « < A\ & cf(a) = 7, let aq, € « be closed and
unbounded with otp(a) = k**. Define

pa:{a[ﬂc“]ﬂvrvéﬂga,ées},

St = {a < A:cf(a) = K, and there is a closed and unbounded C' C «

with otp(C) = k such that Vy € C (C’ Ny € U pg) }

B<a

Manifestly S* € I*[A]. So it will suffice to show S* is stationary. Let D C A
be a club. Define an increasing and continuous sequence (ag : £ < k™) C D
as follows:

(1) ap = min(D);

(2) ae =sup{a, : v < ¢} for € limit;

(3) Having defined ag, let be = {a, : 7 <&} and Ae = {b[gc‘ﬂ :6€S}. So
[ Ae| < w7 <A sofixa fe < Asuch that AcNUJ, .\ py = AeNU, <4, Py-
Let a1 = min(D \ Ge).

Let p = sup{a, :v < w*}. Since cf(p) = x7, let (a5 : & < k™) be the
canonical enumeration of a,. Define

E={o¢: £ <k &ag=0a}}.

Clearly £ C pis a club. Since £ C a,, there is a § € S such that C' =
{ozf) : £ € Cs} C E. Let p* = sup(C). We claim that C' witnesses p* € S*.

To see this, let o, € C. Since o = ozg for all ae € C, it follows C'Na,, =

Na, = aEJC‘S] Na, € p,. But o, 11 < p* < p, so by the choice of a1

b[voé}
there is a 8 with ay < 8 < ay41 < p* such that bL,C‘S] € pg. Since pg is closed
under initial segments, C' N ay € pg. So p* € S*. Since p* € D, it follows

that S* is stationary. O

Theorem 0.11. Let x, 0, and X be reqular cardinals with k™ < 6 < X\. Then

there is a sequence (po, : @ < A, po C «, otp(ps) < k) and a stationary
S C 82 with S € I[\| such that



(1) 6 € S = sup(ps) =0 &y € ps (s Ny = py);
(2) {6 < X:cf(6) =0, SN is stationary} is stationary.

0.11(1) is a direct consequence of Thereom 0.8. Why? Fix a stationary
S* C S8 as given by Thereom 0.8. By Theorem 0.6 and Lemma 0.4 S* € I[)].
Let p, E witness this. Define S = S*NFE and ¢, = pt[f} for all o < A. Clearly
S, q are as required. In fact, under the assumptions of Thereom 0.8, it can
be proved directly that there is a stationary S C S2 such that S € I[).
The proof involves the use of internally approachable chains of submodels.
Below we will give a very brief description of this technique, and will use it
to prove 0.11(1), (2).

Let A= (H,, €, <) be a model of everything that have been said so far
in this paper, where Y is a cardinal that is much larger than the cardinals
used in this paper (except x, of course, which is also used in this paper).
For a regular uncountable cardinal £ and an ordinal v with cf(y) = &, an IA
chain of substructures of A of length k at v is a continuous and increasing
sequence (M; : i < k) of elementary substructures of A4 such that

(1) M, contains whatever objects we want it to contain (in practice exactly

what My contains should be clear in context);
2) |M;| < k for all i < k;
3) Minyexforalli<g,and J,_, M;iNy=";
4) 1f7—/<; then |M;| < k for all i < k;
) (M; i <j)€e M foral j <k (sojCMand M; € M, ifi < j).

(
(
(
(5

(Abusing notation standardly “M” refers to both the structure and the uni-
verse of the structure, and “|M|” refers to the cardinality of the universe of
M.) These five requirements are sufficient for our purpose. The interested
reader can find more about IA chains in [3] Chapter 4.

Proof of 0.11. Let C' = (Cs : § € S% be a club guessing sequence. Let
(M; : i < )A) be an TA chain of length X\ at A such that C, § C M, and
A€ My. Let M = J,_, M;, e, = M;N A Let (a; : i < A) be an enumeration
of all the bounded subsets of A in M such that a; C a; = ¢ < j. Define

bi={j<A:3a€ca (e;Na=a;)}
if otp(a;) < k. So b; C i for all i < A (if defined). Clearly the set

E={y<Xe=7& (@ eM,=i<~)}
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is a club in \. Let

S ={y€ ENS): thereis a closed and unbounded D C ~ with
otp(D) = k such that every d C D is in M, },

where “d C D” stands for “d is a proper initial segment of D”.

Now, if v € S, fix a D C v as required above, then Vd T D (d = a;) for
some j < 7. Obviously the set C ={j <~v:3dC D (d = a;)} is unbounded
in 7. (Why? Otherwise all initial segments of D are contained in some M.
with v* < =, since Kk C M.+, this is impossible.) Clearly Vj € C' (CNj = b;).
Set b, = C. So (b; : i < A), S exemplifies (1). Clearly S € I[A]. So it is
sufficient to prove (2).

For (2), suppose for a contradiction that the set

A={6<X:cf(d) =0, SN is stationary in §}

is non-stationary in A\. Fix a club D C F such that DN A = (). We may
build an IA chain (N; : j < ) of length 6 such that (M, : i < X), A € Ny,
C, 0 C Ny, |[Nj| =6 forall j <0, and § = sup(U;.g NN A) € D. So SN§
is not stationary in 9.

Let o; = sup(N;NA). So (o, : i < j) € N4y forall j < 6, and the o;’s are
increasing, continuous, and cofinal in §. Choose (v; : j < 6) € Mj,; increas-
ing, continuous, and cofinal in 0. Let e = {j < 6 : 0; = 7;}. Since e is a club
in # and C is a club guessing sequence, the set G = {j eSl.C;U{j} e e}
is stationary. Pick any j € G, let ¢ = {0, : i € C;} = {7, : i € C}}. So every
proper initial segment of ¢ can be computed from C; and a proper initial
segment of {o; : ¢ < j}, so it is in N;; similarly it is also in Ms;;. Now let
d C ¢, so N; knows that d € M, so N; knows that d € M; for some [ € Nj,
since [ < 0, it follows that d € M,,. So ¢ witnesses that o; € 5. So SNJ is
stationary, contradicting the assumption above. Il
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