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Abstract

We considertheproblemof computingoptimalsched-
ulesin multi-agentsystems.In theseproblems,actions
of oneagentcanin�uence the actionsof otheragents,
while the objective is to maximize the total `quality'
of the schedule.More speci�cally, we focuson multi-
agentschedulingproblemswith time windows, hard
and soft precedencerelations,and a nonlinearobjec-
tive function. We show how we can model and ef�-
ciently solve theseproblemswith constraintprogram-
ming technology. Elementsof our proposedmethod
include constraint-basedreasoning,searchstrategies,
problemdecomposition,schedulingalgorithms,and a
linearprogrammingrelaxation.We presentexperimen-
tal resultson realisticprobleminstancesto displaythe
differentelementsof thesolutionprocess.

Intr oduction
Multi-agentplanningandschedulingproblemsarisein many
contexts such as supply chain management,coordinating
spacemissions,or con�guring andexecutingmilitary sce-
narios. In thesesituations,the agentsusuallyneedto per-
form certaintasksin orderto achieveacommongoal.Often
theagentsneedto respectvariousrestrictionssuchastempo-
ral constraintsandinterdependency relations.Furthermore,
dependingontheapplicationathand,theseproblemsmaybe
subjectto severaluncertainties,for exampletheactualout-
comeanddurationof executinga task,andchangingenvi-
ronmentalconditions.Multi-agentplanningandscheduling
problemsareamongthemostdif�cult problemsin Arti�cial
Intelligence. While the centralizeddeterministicversionis
alreadyNP-hard,thenon-deterministicdistributedversionis
evenNEXP-complete(Bernsteinetal. 2002).

In this paper we presentan ef�cient method to com-
puteprovably optimal solutionsfor centralizeddeterminis-
tic multi-agentschedulingproblems.Themotivationfor our
work stemsfrom theapplicationstudiedin theDARPA pro-
gramCOORDINATORs. In this application,agentscorre-
spondto military unitsthatneedto achieve a commongoal.
Initially, eachagenthasits own local view of thesituation,
andaninitial scheduleof tasksto execute.Duringthecourse
of action,theactualdurationandqualityof executedtasksas
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well asenvironmentalchangestypically force theagentsto
adapttheir schedule.Becauseof interdependency relations
betweenthetasks,proposedchangesmustbecommunicated
andnegotiatedwith theotheragents.Theaim of theproject
is to automatethe coordinationprocessof negotiationand
reschedulingin adistributedfashion.

Our system,describedin this paper, is able to compute
provablyoptimalcentralizedsolutionsfor deterministicsce-
nariossketchedabove. Within the program,our systemis
appliedin severalways.Most importantly, it is usedto eval-
uatetheperformanceof distributedapproaches.Namely, for
agiven(simulated)problem,wecreateadeterministicprob-
lem by replacingall uncertaintywith the actualoutcomes.
The optimal centralizedsolution to this problemservesas
an upper bound for the performanceof a distributed ap-
proach.To obtainanaverageexpectedperformancebound
to a problem,we averagethe optimal solutionsfor a suf�-
ciently largenumberof samplesinstead.Furthermore,sam-
pling the outcomespacehasalsobeenappliedto evaluate
the test problemsthemselves. Probleminstancescontain-
ing rareoutcomeoutliersresultingin extremelylow or high
solutionquality shouldideally be avoidedfor performance
evaluation. We recognizesuchproblemsby analyzingthe
distributionof optimalsolutionsoveralargenumberof sam-
ples.Finally, oursystemisalsoin usetostudyadaptivealgo-
rithm selectionprocedures(Rosenfeld2007),andaspartof
anenvironmentto simulateuserinteraction(Sarne& Grosz
2007),within this program. Hence,the main requirements
for oursystemareguaranteedoptimalityandcomputational
ef�ciency. As theexperimentswill show, we canoptimally
solve large probleminstancesinvolving 2250 actionsand
100agents,in only 13secondsof computationtime.

Our approachis basedon constraintprogrammingtech-
nology. This hasseveral advantages.First, it allows us to
specify the problem in a rich modeling language,and to
applythecorrespondingdefault constraint-basedreasoning.
As we will seebelow, our modelis very closeto theorigi-
nal representationof theproblem.Second,in theconstraint
programmingframework we can specify detailed search
heuristics,tailoredto the speci�c needsof the problem. In
addition, we have implementeda problemdecomposition
schemeto further improve our searchprocess. Third, we
have implementedan“optimizationconstraint”,basedon a
linearprogrammingrelaxationof theproblem,to strengthen
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Figure1: Exampleof a cTAEMSproblem.QAF standsfor quality accumulationfunction,TWfor timewindow, A for agent,Q
for quality, andD for duration.

theoptimizationreasoning.Fourth,we optionallyapplyad-
vancedschedulingalgorithms,suchasthe edge-�ndingal-
gorithm.Theconstraint-basedarchitectureof constraintpro-
grammingallows usto implementall thesetechnologiesef-
�ciently in onesystem.

In thefollowing sectionweprovideadetaileddescription
of theproblemclassthat is thesubjectof this paper. There-
after, we presentour constraintprogrammingmodel. This
is followedby adescriptionof thesolutionprocess.Finally,
wepresentextensive computationalresults.

ProblemDescription
Theproblemsthatwe considerin this work consistof a set
of agentsthatmayexecutecertainmethods. Eachexecuted
methodcontributesan amountof quality to a hierarchical
objective function. Furthermore,theproblemscontaintem-
poralconstraintsandinterdependency relationsthatneedto
berespected.Thegoalis to �nd for eachagentascheduleof
methodsto executeatacertaintime,suchthatthetotalqual-
ity is maximized.To representtheseproblems,wemakeuse
of the modelinglanguageTAEMS: a framework for Task
Analysis,EnvironmentModeling,andSimulation(Horling
etal. 1999).In fact,weconsiderasubsetof this framework,
calledcTAEMS, which is particularlysuitableto represent
coordinationproblems(Boddyetal. 2007).

In cTAEMS, a problemis representedby tasksandmeth-
ods, whicharelinkedto eachotherin ahierarchicalway. An
exampleis depictedin Figure1, consistingof 9 tasksand
13 methods.A methodi is ownedby a singleagentA[i ].
Eachagentis restrictedto executeat mostonemethodat a
time. If a methodi is executed,it generatesa certainqual-
ity Q[i ], while its executiontakesa durationD [i ]. A taskis

not ownedby anagent,but servesto accumulatequality via
its subtasks(or submethods).This is donevia a quality ac-
cumulationfunction, or QAF. ThepossibleQAFsare: min,
max, sum, sync-sum, exactly-one, andsum-and. Heremin,
max, andsumrepresentthe minimum, maximum,or sum,
respectively. The sync-sumrepresentsthe sum of all sub-
tasks(or submethods)thataresynchronized,i.e., startingat
the sametime. The exactly-onerestrictsat mostonesub-
task(or submethod)to have positive quality. The sum-and
requiresall subtasks(or submethods)to have positive qual-
ity, or none. The accumulationof quality only takesplace
aftera methodhasbeencompleted.Thetotal quality of the
problemis representedby theroot task(calledTaskGroup1
in Figure1). Thegoalis to executeasubsetof methodssuch
that the quality of the root task is maximized. For exam-
ple,Figure2 presentsanoptimalsolutionfor theproblemin
Figure1.

Theexecutionof a methodtakesplacefrom its start time
until its end time. The integer time representationis such
that thedurationincludesthestartandendtime. For exam-
ple, in Figure2, Method6startsat time 7, endsat time 10,
andhasa durationof 4. The start andend time of a task
are inheritedrecursively from the startandendtime of its
children. Both methodsandtasksmaybesubjectto a time
window, representingthe earlieststart time and latestend
time (denotedby TW in Figure1). Time windows alsoap-
ply to the tasksandmethodsunderneatha task. Hence,the
time window of a methodis de�ned by the intersectionof
the time windows of all taskson the pathfrom the method
to theroot taskof thehierarchy.

Finally, there may exist precedencerelations between
tasksand/ormethods.Thepossibleprecedencerelationsare:
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enable, disable, facilitate, andhinder. A precedencerela-
tion in�uences the executionof the target, proportionalto
thequality of thesourceat the time of executionof the tar-
get. An enablerelationstatesthatwe mayonly executethe
target from themomentthat thesourcehaspositive quality.
For example,in Figure1 we may executeMethod11after
Task2hasaccumulated(some)positive quality. A disable
relationforbidstheexecutionof thetargetfrom themoment
thatthesourcehaspositivequality. Thefacilitateandhinder
relationsare`soft' enablinganddisablingrelations,andhave
a coef�cient 0 � c � 1. Supposethesourcecanmaximally
accumulatemaxQ quality. If the sourcehasaccumulated
quality q at the time of executionof the target, a facilitate
relationdecreasestheduration,andincreasesthequality, of
the target with a factorc � q=maxQ. For a hinder relation,
this factor is usedto increasethe durationandto decrease
the quality of the target. By de�nition, facilitate andhin-
der relationsonly affect thedurationof methods,while the
`duration'of a taskis unde�ned.

As a �nal remark,cTAEMS allows the datato be speci-
�ed by meansof probability distributionsratherthan�x ed
numbers.In this work we restrictourselvesto deterministic
data,however. If necessary, we replacethedistributionsby
theirminimum,maximum,expected,or sampledvalue.

RelatedWork

In the last decadetherehasbeenan increasinginterestin
centralizedanddistributedapproachesto solve multi-agent
planningand schedulingproblems. In the context of dis-
tributed multi-agentsystemsrepresentablewith cTAEMS,
several approacheshave been developed. In those ap-
proaches,themaintargetis thecoordinationproblemunder
changingenvironmentalconditions. Naturally, eachof the
approachesalsoincludesa`scheduler'to computeandeval-
uatealternative solutions.

Oneapproach,introducedby (Muslineret al. 2006),rep-
resentsthenon-deterministiccTAEMS problemasaMarkov
decisionprocess(MDP). When computinga schedule(in
factapolicy), theMDPisonlypartially`unrolled' in orderto
keepthecomputationalcomplexity undercontrol. Another
approach,proposedby (Szekely et al. 2006),appliesa se-
lective combinationof differentheuristicsolutionmethods,
includinga partially-centralizedsolutionrepair, andlocally
optimizedresourceallocation. Finally, (Smith et al. 2006)
representcTAEMS problemsasSimpleTemporalNetworks,
andapplyconstraint-basedreasoningto computea solution
to thedeterministicversionof theproblem.However, none

of theabove methodscomputesprovably optimalsolutions
to (non-)deterministiccTAEMS problems.Themaincontri-
bution of this work is to presentthe�rst scalablesolver that
ef�ciently computesoptimalsolutionsto thecentralizedde-
terministiccTAEMS problem.

Constraint Programming Model

Variables

For eachmethodi , weintroducethefollowing decisionvari-
ables: a binaryvariablex i representingwhetheror not i is
executed,andanintegervariablestart i representingthestart
timeof i . Together, they determineany potentialschedule.

Furthermore,we make use of the following auxiliary
variables. For eachtask i we introducean integer vari-
ablestart i , representingits startingtime. For eachtaskor
methodi we introduceanintegervariableendi representing
theendtime of i , anda �oating-point variablequali repre-
sentingthequality of i . For eachmethodi we furtherintro-
ducea �oating point variabledur i representingits duration.
Finally, for eachprecedencerelationr we introduce�oating
pointvariablesQfactorr andDfactor r representingthefac-
tor of r appliedto modify qualityandduration,respectively.

Temporal Constraints

Thetemporalconstraintsareexpressedasfollows. For each
methodi with durationD [i ] andtimewindow [L; U]:

dur i = D[i ] � x i ; (1)
start i + dur i � 1 = endi ; (2)

start i � L; (3)
endi � U: (4)

In casemethodi is thetargetof facilitateor hinderrelations,
weneedto augmentequation(1), which is describedbelow.

ResourceConstraints

Theresourceconstraintsensurethatthemethodsof anagent
donotoverlap(eachagentcorrespondsto aunaryresource).
For eachagenta andeachtwo differentmethodsi andj with
A[i ] = A[j ] = a, westate:

(start i > endj ) _ (start j > endi ):

Alternatively, we can group togetherall non-overlapping
constraintsfor eachagentin oneUnaryResourceconstraint.
This allows to reasonover all disjunctionstogether, for ex-
ampleusing the edge-�nding algorithm(Carlier & Pinson
1994;Vilim 2004).For eachagenta, we thenstate

UnaryResource(Sa ; Ea ; Ra);

whereSa = f start i j A[i ] = ag representsthe startvari-
ables,Ea = f endi j A[i ] = ag the end variables,and
Ra = f x i j A[i ] = ag the“requirement”variablesof meth-
odsi with A[i ] = a.



Quality Accumulation
Next we considertheconstraintsto link togetherthequality
of thetasksandthemethods.For eachmethodi with quality
Q[i ] westate:

quali = Q[i ] � x i : (5)
For eachtask t with subtaskss1; : : : ; sk andquality accu-
mulationfunctionf 2 f min; max; sumg westate:

qualt = f i =1 ;::: ;k qualsi
: (6)

If thequalityaccumulationfunctionis sync-sumwestate:

qualt =
P

i =1 ;:::;k qualsi
; (7)

(xsi = 1) ) (start si = start t ) for i = 1; : : : ; k: (8)

If thequalityaccumulationfunctionis exactly-onewestate:

qualt = maxi =1 ;:::;k qualsi
; (9)

(xs1 = 1) + : : : + (xsm = 1) � 1: (10)

If thequalityaccumulationfunctionis sum-andwestate:

qualt =
P

i =1 ;:::;k qualsi
; (11)

((xs1 = 1) ^ : : : ^ (xsm = 1)) _ (qualt = 0): (12)

In casethemethodor thetaskis thetargetof precedence
relations, we needto augmentthe correspondingquality
constraints.This is describedbelow.

Theobjective functionvalueis representedby thequality
of the root task,qualro ot . Hence,to maximizeits quality,
weaddthe`constraint':maximizequalro ot .

PrecedenceRelations
Firstwemodeltheeffectof precedencerelationsto thequal-
ity variables.If methodi is thetargetof precedencerelations
r 1; : : : ; r m , we replaceequation(5) by:

quali = Qfactorr 1
� : : : � Qfactorr m

� Q[i ] � x i :

If taskt is thetargetof precedencerelationsr 1; : : : ; r m , and
hasaqualityaccumulationfunctionf , wereplacethecorre-
spondingquality constraint(6), (7), (9), or (11)by:

qualt = Qfactorr 1
� : : : � Qfactorr m

� f i =1 ;::: ;k qualsi
:

Thedurationvariablesaresimilarly updated.If methodi is
thetargetof facilitateand/orhinderrelationsr 1; : : : ; r m , we
replaceequation(1) by:

dur i = Dfactor r 1 � : : : � Dfactor r m � D [i ] � x i :

Next wedescribehow wemodelthefactorvariables.Re-
call that the precedencerelationsdependon the quality of
the sourceat the start time of the target. For a precedence
relationr fromsourcei to targetj (with coef�cient cr , where
applicable),westate:

Qfactorr = (QExpr( i; start j ) > 0) (enable);

Qfactorr = 1 � (QExpr (i; start j ) > 0) (disable);

Qfactorr = 1 + (cr � QExpr(i; start j )=maxQi ) (facilitate);

Dfactor r = 1 � (cr � QExpr( i; start j )=maxQi ) (facilitate);

Qfactorr = 1 � (cr � QExpr(i; start j )=maxQi ) (hinder);

Dfactor r = 1 + (cr � QExpr( i; start j )=maxQi ) (hinder);

whereQExpr( i; start j ) is a recursive expressionrepresent-
ing the quality of i at the start time of j , and maxQi
is the maximum possiblequality of i . The expression
QExpr( i; start j ) contains both temporal conditions and
quality accumulationfunctionsfollowing from the subtree
rootedat thesourceof the relation. For example,if r is an
enablerelationfrom methodi to methodj , wehave

Qfactorr = ((endi � start j ) > 0):

Linear Programming Constraint
The objective function is composedof the functionsmin,
max, sum, and complex nonlinear expressionsfollowing
from the precedencerelations. In order to potentially im-
prove theoptimizationreasoningof theconstraintprogram-
ming solver, we have additionally implementeda (redun-
dant) optimizationconstraint, basedon a linear program-
ming relaxationof theproblem.Westatetheconstraintas:

LP-constraint(x; start ; end; qualro ot );

wherex, start andend areshorthandsfor the arrayscon-
sistingof thevariablesx i , start i andendi for all methodsi ,
andqualro ot representsthequality variableof theroot task.
Eachtime theLP-constraint is invoked,it builds aninternal
linear programmingmodel, taking into accountthe whole
cTAEMS problemstructure.Basedon thecontinuoussolu-
tion of thismodel,theupperboundof qualro ot is potentially
improved.Furthermore,we applyreduced-costbased�lter -
ing to remove inconsistentvaluesfrom the domainsof the
variablesx i (Focacci,Lodi, & Milano 1999).

Solution Techniques
Search Strategy
In constraintprogramming,thevariableandvalueselection
heuristicsdeterminethe shapeof the searchtree,which is
usually traversedin a depth-�rst order. We have experi-
mentedwith severaldifferentheuristics,andreportherethe
mosteffective strategy, following from ourexperiments.

Our modelconsistof two setsof decisionvariables;the
assignmentvariablesx i and the start variablesstart i for
eachmethodi . We apply a two-phasedepth-�rst search,
consistingof a selectionphaseanda schedulingphase. In
the selectionphase,we assignall assignmentvariables,in
a greedyfashion. Namely, we choose�rst the variablex i
(for methodi ) for which thequality Q[i ] is lowest(tiesare
brokenlexicographically).As avalueselectionheuristic,we
�rst choosevalue0, andthenvalue1. By applyingthisstrat-
egy to thedepth-�rstsearch,westartwith anemptyschedule
thatis graduallyaugmentedwith methodshaving thehighest
quality.

In theschedulingphasewe assignthestartvariables.As
variableselectionheuristicwe choose�rst thevariablewith
thesmallestdomainsize(tiesareagainbrokenlexicograph-
ically). As valueselectionheuristicwechoose�rst themin-
imumvaluein thedomain.

ProblemDecomposition
Whencertainpartsof a problemare independent,onecan
decomposethe problemandsolve the partsindependently.



aggregateoverall instances base no decomposition LP constraint disjunctions bestknown
optimalsolutions 100% 99.0% 100% 100% 74.7%*
averagetime (s) 0.03 0.75 1.28 0.03
mediantime (s) 0.02 0.02 0.44 0.02
averagebacktracks 78.3 4253.2 71.7 82.4
medianbacktracks 59 103 58 59

* noproofof optimality

Table1: Computationalresultson problemsetI. Thebasesettingsof our solverare: applyproblemdecomposition,omit the
LP-constraint, andapply theUnaryResourceconstraint. Time limit is setto 300seconds.The`bestknown' columnrefers to
thepreviouslybestknownsolutions.(Average andmedianvaluesare takenoveroptimallysolvedinstancesonly.)

In constraintprogramming,independentsubproblemsare
usuallydetectedby meansof the constraint (hyper-)graph.
In the constraintgraphof a model,the nodesrepresentthe
variables,while relationsbetweenvariables(theconstraints)
arerepresentedby (hyper-)edges.Independentsubproblems
are equivalent to connectedcomponentsin the constraint
graph,which thusrepresentdistinctsubsetsof variablesand
their correspondingconstraints.As the connectedcompo-
nentscanbe found in linear time (in thesizeof thegraph),
problemdecompositioncanbeveryeffective.

In ourcase,it suf�ces to build theconstraintgraphon the
decisionvariablesx i andstart i for all methodsi . In fact,
we cansimply groupthemtogetherandcreateonenodefor
eachmethodi . Weaddanedgebetweentwo nodesi andj if
thereis a constraintinvolving methodi andj . For example,
if methodsi andj belongto thesameagent,andtheir time
windows overlap,thenon-overlappingconstraintwill place
anedgebetweenthenodesrepresentingi andj . Naturally,
at most one edgeneedsto be maintainedfor eachpair of
nodes.

Unfortunately, all decisionvariablesare linked together
via theobjectivefunctionandthequalityconstraints.Hence,
the constraintgraphconsistsof oneconnectedcomponent,
which preventsthe applicationof problemdecomposition.
We have circumventedthis restrictionby decomposingthe
objective functionmorecarefully. Namely, aswe aremaxi-
mizing,theargumentsof thefunctionssumandmaxmaybe
evaluated(andmaximized)independently, while preserving
optimality. For themin functionthis is not thecase,because
its argumentsaredependentin caseof maximization.Con-
sequently, while building theconstraintgraph,we consider
thequality accumulationfunctionsof theobjective function
individually. Whenthisfunctionis amin, sync-sum, exactly-
one, or sum-and, we addan edgebetweenall methodsun-
derneaththis function. We don't addany edgeswhen the
function is a sumor a max. Doing so,we areableto effec-
tively decomposetheproblemin many cases.

Experimental Results
Our model is implementedin ILOG CP Solver 6.3, and
usesthe default constraintsand correspondingdomain�l-
teringalgorithms,whereapplicable.We have implemented
our two-phasesearchstrategy, the problemdecomposition,
andtheLP-constraint within ILOG CPSolver 6.3. For the
LP-constraint we useILOG CPLEX 10.1 to solve the lin-

earprogrammingrelaxation.TheUnaryResourceconstraint
appliesthe edge-�ndingalgorithmof ILOG Scheduler6.3.
All ourexperimentsarerunona3.8GHzIntel machinewith
2GB memory, andwe applya time limit of 300secondsper
instance.

We have performedexperimentson benchmarkinstances
originating from the DARPA programCOORDINATORs.
They representrealisticproblemscenariosthataredesigned
to evaluatedifferent aspectsof the problem, such as the
tightnessof time windows, thenumberandtypesof prece-
dencerelations,and different quality accumulationfunc-
tions.ProblemsetI consistsof 2550smallto medium-sized
instances,containing8 to 64 methods(up to 128 decision
variables),and2 to 9 agents.Wehaveusedthissetto evalu-
atetheperformanceof our differentsolutionstrategies. Ta-
ble1 presentsthecomputationalresultsfor thisproblemset,
aggregating the resultsover all 2550 instances.We report
themedianandaveragetimeandnumberof backtracks,and
the percentageof problemsthat could be optimally solved.
We compareour resultswith thepreviously bestknown so-
lutions,computedby aheuristicsolverdevelopedby Global
InfoTek, Inc.1 (unfortunatelywewerenotableto determine
thecorrespondingrunningtimes).

The column `base' representsthe results for our base
settings: apply problemdecomposition,omit the LP-con-
straint, andapplytheUnaryResourceconstraint.With these
settingswe obtainthe bestresults:all problemsaresolved
to optimality, in the fastesttime. The column`no decom-
position' shows the resultsif we omit the problemdecom-
position. In thatcase,only 99%of the instancesaresolved
optimally (within the time limit of 300 seconds),while the
time and numberof backtracksincreasedrastically. The
next column,̀ LP constraint'showstheresultswhenweacti-
vatetheLP-constraint. Althoughwe cansolve all problems
within thetime limit, andthenumberof backtracksslightly
decreases,the applicationof this constraintis too costly in
termsof runningtime,for theseinstances.However, wenote
that for instancescontainingmore sumfunctions (not re-
portedhere),theLP-constraint canbecrucialto computean
optimal solutionef�ciently . Finally, column`disjunctions'
shows theresultswhenwe replacetheUnaryResourcecon-
straintwith the disjunctive representation.In otherwords,
the edge-�nding algorithm is replacedby individual non-
overlappingconstraints. The resultsindicatethat the two

1http://www.globalinfotek.com/



aggregateoverall instances Cornell Smith et al.

optimalsolutions 49% 20%*

bestlowerbound 70% 50%

resultson largestinstances Cornell Smith et al.

instance #methods #agents obj. value time (s) obj. value time (s)

big1001s 2250 100 2050.25(opt) 12.6 2050.25* 3.7

big100EVA1 2250 100 2046.50(opt) 12.9 2046.50* 4.2

big100EVA2 2250 100 2059.25(opt) 12.4 2059.25* 4.0

big100EVA3 2250 100 2110.00(opt) 13.9 2110.00* 4.0

big100EVA4 2250 99 2040.25(opt) 13.0 2040.25* 4.4

big100EVA5 2250 99 2041.75(opt) 12.7 2041.75* 4.4

big701s 1350 70 1314.12 (lb) 300.0 1303.83 3.0

big70EVA1 1350 70 1312.00(opt) 83.5 1298.04 3.3

big70EVA2 1350 70 1310.81(opt) 109.7 1293.34 3.1

big70EVA3 1350 69 1321.87 (lb) 300.0 1307.34 3.3

big70EVA4 1350 70 1309.00 (lb) 300.0 1293.75 3.0

big70EVA5 1350 70 1298.38(opt) 238.0 1278.19 2.8

* noproofof optimality

Table2: Computationalresultsfor problemsetII. Columns
`#methods'and`#agents'denotethenumberof methodsand
agents,respectively. Thecolumnsunder`Cornell' represent
the objectivefunction,optimality, and running time of our
method,respectively. The`Smithet al.' columnsreferto the
objectivefunctionvalueandcorrespondingrunningtimeof
the previouslybestknownsolutions,as computedby Smith
etal. (2006).Timelimit is setto 300seconds.

approachesarecomparablefor theseinstances.
Finally, we have testedour solver on large problemin-

stancesto testits robustnessandscalability. For thisweused
problemsetII, thatconsistsof 66 medium-sizedto largein-
stances,containing135 to 2250methods(up to 4500deci-
sion variables),and8 to 100agents.We have solved these
problemswith our basesetting(with andwithout decompo-
sition),andpresenttheexperimentalresultsin Table2. The
upperpart of Table2 shows aggregatedresultsover all in-
stances,while thelowerpartpresentsdetailedresultson the
largestinstances.For theseinstances,wealsoreportwhether
thesolutionis optimal(opt) or a lowerbound(lb). We com-
pareour methodwith the previously bestknown solutions,
whichwerecomputedusingthemethodproposedby (Smith
etal. 2006)(thatdoesnot takeinto accountoptimality, how-
ever). In many casesoursolverisabletocomputeanoptimal
solution,andto improve or meetthe currentbestsolution.
Moreover, even for the largestinstances,our runningtimes
areoftenvery fast.Theseresultsindicatethatourmethodis
bothrobust,ef�cient andscalable.

Conclusion
Wehave presentedanef�cient andscalablemethodto com-
puteoptimal solutionsto multi-agentschedulingproblems,
basedon constraintprogramming.We have focusedin par-
ticular on problemsthat arerepresentableby the cTAEMS
language. Our systemcomputesdeterministiccentralized
optimal schedulesto suchproblems,andhasbeenapplied

successfullyto evaluatedistributedapproaches,to analyze
problem structure,to designadaptive algorithm selection
procedures,andto simulateuser-interactionin multi-agent
systems.
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