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Abstract

We considerthe problemof computingoptimal sched-
ulesin multi-agentsystems.n theseproblems.actions
of oneagentcanin uence the actionsof otheragents,
while the objective is to maximize the total “quality’
of the schedule.More speci cally, we focuson multi-
agentschedulingproblemswith time windows, hard
and soft precedenceelations,and a nonlinearobjec-
tive function. We shav how we can model and ef -
ciently solve theseproblemswith constraintprogram-
ming technology Elementsof our proposedmethod
include constraint-basedeasoning,searchstratgies,
problemdecompositionschedulingalgorithms,and a
linearprogrammingelaxation.We presenexperimen-
tal resultson realistic probleminstancedo displaythe
differentelementof the solutionprocess.

Intr oduction

Multi-agentplanningandschedulingoroblemsarisein mary
contets such as supply chain managementcoordinating
spacemissions,or con guring and executingmilitary sce-
narios. In thesesituations,the agentsusually needto per
form certaintasksin orderto achieze acommongoal. Often
theagentseedo respecvariousrestrictionssuchastempo-
ral constraintsaandinterdependencrelations. Furthermore,
dependingntheapplicationathandtheseproblemanaybe
subjectto several uncertaintiesfor examplethe actualout-
comeanddurationof executinga task,andchangingervi-
ronmentalconditions.Multi-agentplanningandscheduling
problemsareamongthemostdif cult problemsn Arti cial
Intelligence. While the centralizeddeterministicversionis
alreadyNP-hardthenon-deterministidistributedversionis
evenNEXP-completgBernsteinetal. 2002).

In this paperwe presentan efcient methodto com-
pute provably optimal solutionsfor centralizeddeterminis-
tic multi-agentschedulingproblems.The motivationfor our
work stemsfrom the applicationstudiedin the DARPA pro-
gram COORDINATORSs. In this application,agentscorre-
spondto military unitsthatneedto achieve acommongoal.
Initially, eachagenthasits own local view of the situation,
andaninitial schedulef tasksto execute.Duringthecourse
of action theactualdurationandquality of executedasksas
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well aservironmentalchangedypically force the agentsto
adapttheir schedule Becauseof interdependencrelations
betweerthetasks proposeahangesnustbecommunicated
andnegotiatedwith the otheragents.Theaim of the project
is to automatethe coordinationprocessof negotiation and
reschedulingn adistributedfashion.

Our system,describedn this paper is ableto compute
provably optimalcentralizedsolutionsfor deterministicsce-
nariossketchedabove. Within the program,our systemis
appliedin severalways.Mostimportantly it is usedto eval-
uatetheperformancef distributedapproachedNamely for
agiven(simulated)problem we createadeterministiqprob-
lem by replacingall uncertaintywith the actualoutcomes.
The optimal centralizedsolutionto this problemsenesas
an upperboundfor the performanceof a distributed ap-
proach. To obtainan averageexpectedperformancebsound
to a problem,we averagethe optimal solutionsfor a suf-
ciently large numberof samplesnstead.Furthermoresam-
pling the outcomespacehasalso beenappliedto evaluate
the test problemsthemseles. Probleminstancescontain-
ing rareoutcomeoutliersresultingin extremelylow or high
solutionquality shouldideally be avoidedfor performance
evaluation. We recognizesuchproblemsby analyzingthe
distribution of optimalsolutionsoveralargenumberof sam-
ples.Finally, oursystenis alsoin useto studyadaptve algo-
rithm selectionproceduregRosenfeld?007),andaspart of
anernvironmentto simulateuserinteraction(Sarne& Grosz
2007),within this program. Hence,the main requirements
for our systemareguaranteedoptimalityandcomputational
efciency. As the experimentswill shav, we canoptimally
solve large probleminstancesnvolving 2250 actionsand
100agentsjn only 13 second®f computatiortime.

Our approachis basedon constraintprogrammingtech-
nology This hasseveral adwantages.First, it allows usto
specify the problemin a rich modeling language,and to
applythe correspondinglefault constraint-baserkasoning.
As we will seebelaw, our modelis very closeto the origi-
nal representationf the problem.Secondjn the constraint
programmingframevork we can specify detailed search
heuristics tailoredto the speci ¢ needsof the problem. In
addition, we have implementeda problem decomposition
schemeto further improve our searchprocess. Third, we
have implementedan “optimization constraint”,basedon a
linearprogrammingelaxationof the problem,to strengthen
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Figurel: Exampleof a cTAEMSproblem.QAF standsfor quality accumulatiorfunction, TWfor timewindow A for agent, Q

for quality, and D for duration.

the optimizationreasoning Fourth,we optionally apply ad-
vancedschedulingalgorithms,suchasthe edge- nding al-
gorithm. Theconstraint-basedrchitecturef constrainpro-
grammingallows usto implementall thesetechnologie®f-
ciently in onesystem.

In thefollowing sectionwe provide a detaileddescription
of the problemclassthatis the subjectof this paper There-
after, we presentour constraintprogrammingmodel. This
is followedby a descriptionof the solutionprocessFinally,
we presenextensive computationatesults.

Problem Description

The problemsthatwe considerin this work consistof a set
of agentsthat may executecertainmethods Eachexecuted
methodcontritutesan amountof quality to a hierarchical
objective function. Furthermorethe problemscontaintem-
poral constraintandinterdependencrelationsthatneedto
berespectedThegoalisto nd for eachagentaschedulef
methoddgo executeata certaintime, suchthatthetotal qual-
ity is maximized.To representheseproblemswe make use
of the modelinglanguageTAEMS: a frameawvork for Task
Analysis, EnvironmentModeling, and Simulation(Horling
etal. 1999).In fact,we considera subsebf thisframework,
calledcTAEMS, which is particularly suitableto represent
coordinationproblems(Boddyetal. 2007).

In cTAEMS, a problemis representetly tasksandmeth-
ods whicharelinkedto eachotherin a hierarchicalvay. An
exampleis depictedin Figure 1, consistingof 9 tasksand
13 methods. A methodi is ownedby a singleagentAfJi].
Eachagentis restrictedto executeat mostonemethodat a
time. If amethodi is executed,it generates certainqual-
ity Q[i], while its executiontakesa durationD[i]. A taskis

not ownedby anagentbut senesto accumulateguality via
its subtaskgor submethods)This is donevia a quality ac-
cumulationfunction or QAF. The possibleQAFsare: min,
max, sum sync-sumexactly-one andsum-and Heremin,
max and sumrepresenthe minimum, maximum,or sum,
respectrely. The sync-sunrepresentshe sum of all sub-
tasks(or submethodsihataresynchronizedi.e., startingat
the sametime. The exactly-onerestrictsat mostone sub-
task (or submethod}o have positive quality. The sum-and
requiresall subtaskgor submethodsfo have positive qual-
ity, or none. The accumulatiorof quality only takesplace
aftera methodhasbeencompleted.Thetotal quality of the
problemis representethy theroot task(called TaskGroupl
in Figurel). Thegoalis to executea subsebf methodssuch
that the quality of the root taskis maximized. For exam-
ple, Figure2 presentanoptimalsolutionfor the problemin
Figurel.

The executionof a methodtakesplacefrom its starttime
until its endtime The integer time representatiofis such
thatthe durationincludesthe startandendtime. For exam-
ple,in Figure2, Method6startsat time 7, endsat time 10,
and hasa durationof 4. The startand endtime of a task
areinheritedrecursvely from the startandendtime of its
children. Both methodsandtasksmay be subjectto atime
window representinghe earlieststarttime and latestend
time (denotedby TW in Figurel). Time windows alsoap-
ply to the tasksandmethodsunderneatta task. Hencethe
time window of a methodis de ned by the intersectionof
the time windows of all taskson the pathfrom the method
to theroot taskof the hierarcly.

Finally, there may exist precedencerelations between
tasksand/omethods Thepossibleprecedenceelationsare:
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Figure2: Theoptimalschedulefor theagentscorresponding
to the problemof Figure 1, with total quality 34.

enable disable facilitate, andhinder. A precedenceela-
tion in uences the executionof the target, proportionalto
the quality of the sourceat thetime of executionof thetar
get. An enablerelationstateghatwe may only executethe
targetfrom the momentthatthe sourcehaspositive quality.
For example,in Figure 1 we may executeMethod1lafter
Task2hasaccumulatedsome)positive quality. A disable
relationforbidsthe executionof thetamgetfrom themoment
thatthesourcehaspositive quality. Thefacilitate andhinder
relationsare’soft' enablinganddisablingrelations andhave
acoefcient 0 ¢ 1. Supposéhesourcecanmaximally
accumulatemaxQ quality. If the sourcehasaccumulated
quality g at the time of executionof the target, a facilitate
relationdecreasethe duration,andincreaseshe quality, of
the tamgetwith afactorc g=maxQ. For a hinderrelation,
this factoris usedto increasethe durationandto decrease
the quality of the target. By de nition, facilitate and hin-
der relationsonly affect the durationof methodswhile the
“duration’ of ataskis unde ned.

As a nal remark,cTAEMS allows the datato be speci-
ed by meansof probability distributionsratherthan x ed
numbers.In this work we restrictourselhesto deterministic
data,however. If necessarywe replacethe distributionsby
their minimum, maximum,expected or sampledvalue.

RelatedWork

In the last decadetherehasbeenan increasinginterestin
centralizedanddistributed approacheso solve multi-agent
planningand schedulingproblems. In the contet of dis-
tributed multi-agentsystemsrepresentablevith cTAEMS,
several approacheshave been developed. In those ap-
proachesthe maintargetis the coordinationproblemunder
changingervironmentalconditions. Naturally eachof the
approachealsoincludesa “schedulerto computeandeval-
uatealternatve solutions.

Oneapproachintroducedby (Muslineretal. 2006),rep-
resentshenon-deterministicTAEMS problemasaMarkov
decisionprocess(MDP). When computinga schedule(in
factapolicy), theMDP s only partially “unrolled'in orderto
keepthe computationatompleity undercontrol. Another
approachproposedy (Szelely etal. 2006),appliesa se-
lective combinationof differentheuristicsolutionmethods,
including a partially-centralizedsolutionrepair andlocally
optimizedresourceallocation. Finally, (Smithetal. 2006)
represent TAEMS problemsasSimpleTemporaNetworks,
andapply constraint-basetkasoningo computea solution
to the deterministicversionof the problem. However, none

of the above methodscomputesprovably optimal solutions
to (non-)deterministicTAEMS problems.Themaincontri-
bution of thiswork is to presenthe rst scalablesolver that
efciently computesptimalsolutionsto thecentralizedde-
terministiccTAEMS problem.

Constraint Programming Model
Variables

Foreachmethod , weintroducethefollowing decisionvari-
ables abinaryvariablex; representingvhetheror noti is
executedandanintegervariablestart; representinghestart
time of i. Togetherthey determineary potentialschedule.
Furthermore,we male use of the following auxiliary
variables For eachtaski we introducean integer vari-
ablestart;, representingts startingtime. For eachtaskor
methodi we introduceanintegervariableend representing
theendtime of i, anda oating-point variablequal, repre-
sentingthequality of i. For eachmethodi we furtherintro-
ducea oating pointvariabledur; representingts duration.
Finally, for eachprecedenceelationr we introduce oating
pointvariablesQfactor, andDfactor, representinghefac-
tor of r appliedto modify quality andduration respectiely.

Temporal Constraints

Thetemporalconstraintareexpressedasfollows. For each
methodi with durationD [i] andtime window [L; U]:

duri = D[i] xi; Q)

startj + dur; 1= end; (2)
start; L; 3)

end U: (4)

In casemethod is thetargetof facilitate or hinderrelations,
we needto augmenequation(1), whichis describedelow.

Resource Constraints

Theresourceonstraintensurahatthemethodf anagent
donotoverlap(eachagentcorrespond$o aunaryresource).
For eachagenta andeachtwo differentmethods andj with
Ali]= AJj] = a, westate:

(start; > end ) _ (start; > end):

Alternatively, we can group togetherall non-overlapping
constraintdor eachagentin oneUnaryResoure constraint.
This allows to reasonover all disjunctionstogethey for ex-
ampleusingthe edge- nding algorithm (Carlier & Pinson
1994;Vilim 2004).For eachagenta, we thenstate

UnaryResowre(S,; Ea;Ra);

whereS, = fstart; j A[i] = ag representshe startvari-
ables,E, = fend j A[i] = ag the endvariables,and
Ra = fX; j A[i] = ag the“requirement’variablesof meth-
odsi with Afi] = a.



Quality Accumulation

Next we considerthe constraintdo link togetherthe quality
of thetasksandthemethods For eachmethod with quality
Ql[i] we state:

qual; = Q[i] xi: ()
For eachtaskt with subtaskss;;:::;sx andquality accu-
mulationfunctionf 2 f min; max sung we state:
qual, = fi=1 . x qualg,: (6)
If the quality accumulatiorfunctionis sync-sunwe state:
qual, = ;... qualg; @)

qual, = maxi=1 ;:x quals ; 9)
(Xs; = )+ 1014+ (Xs,, = 1) Lt (10)
If thequality accumulatiorfunctionis sum-andve state:
qual = . Qualg; 11
((Xs, = )N i (Xs, = 1)) _ (qual, = 0): (12)

In casethe methodor thetaskis thetarget of precedence
relations, we needto augmentthe correspondingquality
constraintsThis is describedelow.

The objective functionvalueis representedly the quality
of the root task, qual,, ;. Hence,to maximizeits quality,
we addthe "constraint':maximizequal, o -

PrecedencdRelations

Firstwe modeltheeffectof precedenceelationsto thequal-
ity variables.If method is thetargetof precedenceelations

ri;:::;rm, wereplaceequation(5) by:
qual = Qfactor, ::: Qfactor, ~ QIi] x;:
If taskt is thetargetof precedenceelationsr;:::;rm, and

hasa quality accumulatiorfunctionf , we replacethecorre-
spondingquality constraint(6), (7), (9), or (11) by:

qual, = Qfactor, ::: Qfactor, ~ fi=1 . kqualg :

Thedurationvariablesaresimilarly updated.If methodi is

replaceequation(1) by:

dur; = Dfactor,, Dfactor,,, DI[i] x;:

Next we describehow we modelthefactorvariables.Re-
call thatthe precedenceelationsdependon the quality of
the sourceat the starttime of the target. For a precedence
relationr from source totargetj (with coefcient ¢, , where
applicable)we state:

Qfactor, = (QExpr(i; startj) > 0) (enablg;
Qfactor, = 1 (QExpr (i; start;) > 0) (disable;
Qfactor, = 1+ (¢, QExpr(i; start; )=maxQ;) (facilitate);
Dfactor, = 1 (¢ QExpr(i; startj)=maxQ;) (facilitate);
Qfactor, = 1 (¢ QExpr(i; start; )=maxQ;) (hindep;
Dfactor, = 1+ (¢, QExpr(i; startj)=maxQ;) (hinde;

whereQExpr(i; start; ) is arecursie expressiorrepresent-
ing the quality of i at the start time of j, and maxQ;
is the maximum possible quality of i. The expression
QExpr(i; start;) contains both temporal conditions and
quality accumulatiorfunctionsfollowing from the subtree
rootedat the sourceof therelation. For example,if r is an
enablerelationfrom methodi to methodj , we have

Qfactor, = ((end; start;) > 0):

Linear Programming Constraint

The objective function is composedof the functions min,
max sum and complex nonlinear expressionsfollowing
from the precedenceelations. In orderto potentiallyim-
prove the optimizationreasoningof the constrainfprogram-
ming solver, we have additionally implementeda (redun-
dant) optimizationconstaint, basedon a linear program-
ming relaxationof the problem.We statethe constrainias:

LP-constaint(x; start; end; qual,, o );

wherex, start andend are shorthanddor the arrayscon-
sistingof thevariablesx;, start; andend for all methods,
andqual,, o representshequality variableof theroottask.
Eachtime the LP-constaint is invoked, it builds aninternal
linear programmingmodel, taking into accountthe whole
CcTAEMS problemstructure.Basedon the continuoussolu-
tion of this model,theupperboundof qual,,  is potentially
improved. Furthermorewe applyreduced-codbased Iter -
ing to remove inconsistentvaluesfrom the domainsof the
variablesx; (Focacci,Lodi, & Milano 1999).

Solution Techniques
Search Strategy

In constraintprogrammingthe variableandvalueselection
heuristicsdeterminethe shapeof the searchtree, which is
usually traversedin a depth- rst order We have experi-
mentedwith severaldifferentheuristicsandreportherethe
mosteffective stratey, following from our experiments.

Our modelconsistof two setsof decisionvariables;the
assignmentvariablesx; and the start variablesstart; for
eachmethodi. We apply a two-phasedepth- rst search,
consistingof a selectionphaseanda schedulingphase In
the selectionphase we assignall assignmentariables,in
a greedyfashion. Namely we chooserst the variablex;
(for methodi) for which the quality Q[i] is lowest(tiesare
brokenlexicographically).As avalueselectiorheuristicwe

rst choosevalueO, andthenvaluel. By applyingthis strat-
egy tothedepth- rstsearchyve startwith anemptyschedule
thatis graduallyaugmentedvith methodshaving thehighest
quality.

In the schedulingphasewe assignthe startvariables.As
variableselectionheuristicwe chooserst thevariablewith
thesmallestdomainsize(tiesareagain brokenlexicograph-
ically). As valueselectiorheuristicwe chooserst themin-
imum valuein thedomain.

Problem Decomposition

When certainpartsof a problemare independentpne can
decomposehe problemand solve the partsindependently



aggregateoverall instances base nodecomposition LP constraint disjunctions bestknown

optimalsolutions 100% 99.0%
averagetime (s) 0.03 0.75
mediantime (s) 0.02 0.02
averagebacktracks 78.3 4253.2
medianbacktracks 59 103

100% 100% 14.7%*
1.28 0.03
0.44 0.02
717 82.4
58 59

* no proof of optimality

Table1: Computationaresultson problemsetl. Thebasesettingsof our solverare: apply problemdecompositionpmit the
LP-constaint, and apply the UnaryResoure constrint. Timelimit is setto 300 seconds.The “bestknown' columnrefels to
the previouslybestknownsolutions.(Average and medianvaluesare taken over optimally solvedinstancesonly.)

In constraintprogramming,independensubproblemsare
usually detectedoy meansof the constaint (hyper)graph
In the constraintgraphof a model, the nodesrepresenthe
variableswhile relationshetweenvariableqtheconstraints)
arerepresentetly (hyper)edgesindependensubproblems
are equivalentto connectedcomponentsn the constraint
graph,whichthusrepresentistinctsubset®f variablesand
their correspondingonstraints. As the connectedccompo-
nentscanbefoundin lineartime (in the sizeof the graph),
problemdecompositiortanbe very effective.

In our casejt sufces to build the constrainigraphon the
decisionvariablesx; andstart; for all methodsi. In fact,
we cansimply groupthemtogetherandcreateonenodefor
eachmethodi. We addanedgebetweertwo noded and; if
thereis a constraintnvolving methodi andj . For example,
if methods andj belongto the sameagent,andtheir time
windows overlap,the non-overlappingconstraintwill place
anedgebetweerthe nodesrepresenting andj . Naturally,
at mostone edgeneedsto be maintainedfor eachpair of
nodes.

Unfortunately all decisionvariablesare linked together
viatheobjectivefunctionandthequality constraintsHence,
the constraintgraphconsistsof one connecteccomponent,
which preventsthe applicationof problemdecomposition.
We have circumentedthis restrictionby decomposinghe
objective functionmorecarefully Namely aswe aremaxi-
mizing, theargumentf the functionssumandmaxmaybe
evaluatedlandmaximized)independentlywhile preserving
optimality. For theminfunctionthisis notthecasebecause
its agumentsaredependenin caseof maximization.Con-
sequentlywhile building the constraintgraph,we consider
the quality accumulatiorfunctionsof the objective function
individually. Whenthisfunctionis amin, sync-sumexactly-
one or sum-and we addan edgebetweenall methodsun-
derneaththis function. We don't add ary edgeswhenthe
functionis asumor amax Doing so,we areableto effec-
tively decompos¢he problemin mary cases.

Experimental Results

Our model is implementedin ILOG CP Solwer 6.3, and
usesthe default constraintsand correspondinglomain |-
tering algorithms,whereapplicable.We have implemented
our two-phasesearchstrat@y, the problemdecomposition,
andthe LP-constaint within ILOG CP Solwer 6.3. For the
LP-constaint we uselLOG CPLEX 10.1to solwe the lin-

earprogrammingelaxation.The UnaryResoure constraint
appliesthe edge- ndingalgorithmof ILOG Schedule6.3.
All ourexperimentsarerunon a 3.8GHzIntel machinewith
2GB memory andwe applyatime limit of 300secondgper
instance.

We have performedexperimentson benchmarknstances
originating from the DARPA program COORDINATORS.
They representealisticproblemscenarioghataredesigned
to evaluate different aspectsof the problem, such as the
tightnessof time windows, the numberandtypesof prece-
dencerelations, and different quality accumulationfunc-
tions. Problemsetl consistsf 2550smallto medium-sized
instancescontaining8 to 64 methods(up to 128 decision
variables)and2 to 9 agents We have usedthis setto evalu-
atethe performanceof our differentsolutionstratgies. Ta-
ble 1 presentshe computationatesultsfor this problemset,
aggreating the resultsover all 2550instances.We report
themedianandaveragetime andnumberof backtracksand
the percentag®f problemsthat could be optimally solved.
We compareour resultswith the previously bestknown so-
lutions,computedby a heuristicsolver developedby Global
InfoTek, Inc.! (unfortunatelywe werenotableto determine
the correspondingunningtimes).

The column “base' representshe resultsfor our base
settings: apply problemdecompositionomit the LP-con-
straint, andapplythe UnaryResoure constraint With these
settingswe obtainthe bestresults: all problemsare solved
to optimality, in the fastesttime. The column no decom-
position' shavs the resultsif we omit the problemdecom-
position. In thatcaseonly 99% of theinstancesaresolved
optimally (within the time limit of 300 seconds)while the
time and numberof backtracksincreasedrastically The
next column,”LP constraint'shavstheresultswhenwe acti-
vatethe LP-constaint. Althoughwe cansolwe all problems
within thetime limit, andthe numberof backtrackslightly
decreaseghe applicationof this constraintis too costlyin
termsof runningtime, for thesanstancesHowever, we note
that for instancescontainingmore sum functions (not re-
portedhere),the LP-constaint canbe crucialto computean
optimal solutionef ciently. Finally, column “disjunctions'
shaws the resultswhenwe replacethe UnaryResouwre con-
straintwith the disjunctive representationin otherwords,
the edge- nding algorithmis replacedby individual non-
overlappingconstraints. The resultsindicate that the two

http:/mww.globalinfotek.com/



aggregateoverall instances Cornell  Smith etal.

optimalsolutions 49% 20%*
bestlowerbound 70% 50%
resultson largestinstances Cornell Smith etal.

instance #methods #agents  obj. value time (s) obj. value time (s)
big1001s 2250 100 2050.25(opt) 12.6 2050.25¢+ 3.7
biglO0ENAL 2250 100 2046.50(opt) 12.9 2046.50+ 4.2
bigl00EVA2 2250 100 2059.25(opt) 12.4 2059.25¢ 4.0
bigl00EVA3 2250 100 2110.00(opt) 13.9 2110.000 4.0
bigl00EVA4 2250 99 2040.25(opt) 13.0 2040.25+ 44
bigl00ENA5 2250 99 2041.75(opt) 12.7 2041.75¢ 4.4
big701s 1350 70 1314.12 (lb) 300.0 1303.83 3.0
big70E\AL 1350 70 1312.00(opt) 835 1298.04 3.3
big70E\A2 1350 70 1310.81(opt) 109.7 1293.34 3.1
big70E\A3 1350 69 1321.87 (lb) 300.0 1307.34 33
big70E\A4 1350 70 1309.00 (lb) 300.0 1293.75 3.0
big70E\AS 1350 70 1298.38(opt) 238.0 1278.19 2.8

* no proof of optimality

Table2: Computationakesultsfor problemsetll. Columns
“#methodsand #agents'denotehenumberof methodsnd
agents,respectivelyThecolumnsunder Cornell' represent
the objectivefunction, optimality, and running time of our
methodyespectivelyThe Smithetal! columnsreferto the
objectivefunctionvalueand correspondingunning time of
the previously bestknownsolutions,as computedoy Smith
etal. (2006). Timelimit is setto 300seconds.

approachearecomparabldor theseinstances.

Finally, we have testedour solver on large problemin-
stancego testits robustness@ndscalability For thiswe used
problemsetll, thatconsistof 66 medium-sizedo largein-
stancesgontainingl35to 2250 methods(up to 4500deci-
sion variables),and8 to 100 agents.We have solved these
problemswith our basesetting(with andwithout decompo-
sition), andpresenthe experimentakesultsin Table2. The
upperpart of Table2 shavs aggreatedresultsover all in-
stanceswhile thelower partpresentsletailedresultson the
largestinstancesFor thesanstancesywe alsoreportwhether
the solutionis optimal (opt) or alowerbound(lb). We com-
pareour methodwith the previously bestknown solutions,
whichwerecomputedusingthemethodproposedy (Smith
etal. 2006)(thatdoesnottake into accounptimality, how-
ever). In mary case®ursolveris ableto computeanoptimal
solution,andto improve or meetthe currentbestsolution.
Moreover, evenfor the largestinstancespur runningtimes
areoftenveryfast. Theseresultsindicatethatour methodis
bothrobust,ef cient andscalable.

Conclusion

We have presented@nef cient andscalablemethodto com-
pute optimal solutionsto multi-agentschedulingproblems,
basedon constraintprogramming.We have focusedin par
ticular on problemsthat arerepresentabléy the cTAEMS
language. Our systemcomputesdeterministiccentralized
optimal schedulego suchproblems,and hasbeenapplied

successfullyto evaluatedistributed approachesto analyze
problem structure,to designadaptve algorithm selection
proceduresandto simulateuserinteractionin multi-agent
systems.
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