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Our Main Research Goal

Investigate the use @ecision Diagranfer
solving discrete optimization problems



Contributions so far

ANew relaxation/bounding technique
A Bounds can be superior to statéthe-art methods in certain problems

AGeneric primal heuristic
A Scales to largecale problems

Alnference techniques
A New types of cuts for MIPs and other optimization technologies

ANovel complete solution technique
A Solved open instances from classical benchmarks
A Parallel methodhat scales almost linearly with number of processors



Decision Diagrams

A Graphical representation of
Boolean functions
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Decision Diagrams

A Graphical representation of
Boolean functions

") (cbe cb)“ (ch oo)

A Dual role
A Computational model
A Graphical encoding

A[lLee’” 59, Akers’' 78,




Decision Diagrams

A Applicationn several areas
A Circuit design
A Formal verification

A Symbolianodel checking
A

A Our focusOptimization
A LiteralsA variables
A ArcsA value assignments
A Paths encodsolutions
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Decision Diagrams

max 2x, + % - 4% + %
subject to
X —%=0
Xg—%,=0
X1, %, % % N {01}
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Decision Diagrams
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Decision Diagrams

subject to
X —%=0
Xg—%,=0
X1, %, % % N {01}
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Decision Diagrams

. X1
subject to
X;—%=0 Q‘\
X —X,= 0 ) X
Xg, %1 X X% N {0,1}
X3
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Decision Diagrams

max 2x, + % - 4% + %
subject to
X —%=0 \
X3 —%,= 0 0™,
Xg, %1 X X% N {0,1}

A Maximizing a linear (or separable) function: é\
A Arc lengths: contribution to the objective
A Longest path: optimal solution
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A Uses of this framework:

Decision Diagrams

A Solution counting (Lobkin

A Largescale network flowé | I OKG St SO I § Q 0

A Postoptimality analysig (Hpadz’

A Few others, typicallgomainspecific ’
A Our goal: exploit the use of decision &

diagrams irgeneric optimization ol %

methods
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Modeling

Framework

E.g., Linear Inequalities

Inference

E.g., valid cuts

Relaxation

Methods

E.g., Linear Programming
Relaxation

Primal

Heuristics

E.g., Feasibility Pump

Generic Optimization
Techniques

E.g., Mixednteger Programming

E.g., Branch and bound
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Modeling Framework

Ex.. Maximum independent set problem
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Modeling Framework

Ex.: Maximum independent set problem A Integer Programming Formulation:

2

2)

@

®

max 3X; +4X%, + 2% +2X, + /%

subject to
Xt %
Xp X3
Xy + X3
X3+ %y
X X5
X1 %, % % %N {0,1}

P PR R R
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Modeling Framework

Ex.: Maximum independent set problemA QOur modeIDynamic Programming
A Exploitrecursiveness

4 2 A Model is formulated througktates
2) @ A Decisiongor controls)define state
transitions

A Decision diagran8tateTransition Graph
@ A Nodescorresponds tstates

O A Arcsarestate transitions

2 7 A Arc weightsiretransition costs
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Modeling Framework

A DP model for the maximum independent set;
A State:vertices that can be added to an independent eligiple vertices
A Decisionselect or not a vertexfrom the eligibility set

A Formal model

oo (WP (WO(P plh QY

Y (v 6 (R c) 8

w®) 1™ Q pBI
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Maximum Independent Set Problem

@ {V1: Vo, V3, Vg 1V}

4 2
2) 4
3 9
2 7

State: set of eligible vertices

include
————— exclude
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Maximum Independent Set Problem

{V1, Vo, Vg, Vy ,Vis}
/
4 2 ,/
7/
7/
2) 4 Vo, Vs vy V) O {V4 ,Vs}

3 o

2 7

State: set of eligible vertices

include
————— exclude
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Maximum Independent Set Problem

{V1, Vo, Vg, Vy ,Vis}
/
4 2 0, ;
7/
2) 4 Vo, Vs vy V) O {V4 ,Vs}

3 o

2 7

State: set of eligible vertices

include
————— exclude
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Maximum Independent Set Problem

{vy, Vo, Vg, V&)

4 2

3
2/ 4 {Vy ,Vs}
{Vy ’Vs}\ )
3 5
2 7

State: set of eligible vertices

include
————— exclude
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Maximum Independent Set Problem

4 2
2) 4
3 9
2 7

State: set of eligible vertices

include
exclude

{vy, Vo, Vg, V&)

3

{Vy ,Vs}

N\
N\

\\O
{Vy ’Vs}\\'
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Maximum Independent Set Problem

4 2
2) 4
3 9
2 7

State: set of eligible vertices

include
exclude

{vs}

{vy, Vo, Vg, V&)

3

{Vy ,Vs}

N\
N\

\\O
{Vy ’V5}\O
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Maximum Independent Set Problem

{v, Vo, Vg, V, V&)

4 2

3
:2/ 4 {Vy ,Vs}
\\\O
“ﬁﬁ%f\l
3 5
2 7

State: set of eligible vertices

include
————— exclude
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Maximum Independent Set Problem

’
4 2 O// 3
2) 4 ’
N N
4 AR 0
\
N
N N
“J X
3 5 N N v
2 4 2

State: set of eligible vertices

include
————— exclude
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Other Example: Maximum Cut Problem
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Other Example: Maximum Cut Problem

| 4
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Some quick observations

Avariable ordering plays a big rolesize

AClosely connected tireewidth and bandwidth
Alndependent Set: polynomial for certain classes of graphs
ATSP: parameterizesize depending on precendence relations

Aln general, decision diagrams grexponentiallyarge
AProof: Extended Formulations for the Independent Set Problem

34



Modeling
Framework

E.g., Linear Inequalities

Relaxation
Methods

E.g., Linear Programming
Relaxation

Generic Optimization
Techniques

E.g., Mixednteger Programming
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Relaxed Decision Diagrams

Aln practice, we cannot work with exact diagrams

AAlternative: limit the size tapproximatethe feasible space
AParameter on thevidth of the diagram
ARelaxed Decision Diagrar@serapproximation

Al ntroduced by [Andersen et al’
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Relaxed Decision Diagrams

®\ ®\M o
2 7 : 0 X5
\ \ \ I
’ ¢
\\O \\ O // \\\ | V3
N N ’ ~ . 0
N 2 RS 0 5 \9\ :
V
2 5 4
Vs
include
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Relaxed Decision Diagrams

@\ @\I\/Iax Width = 2
2 7 : 0 X5
\ \ \ I
\\0 N /, S o +
\\ 2 \\\O ///0 \\\ 0 : 0 Ve
x=(0,1,0,0,1) . o’ 2 Sl
Solutionvalue=11
2 Vs
2
Vg

include
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Relaxed Decision Diagrams
Max Width = 2

</ @\ BN

| | / | 0 %2

|

‘ ¢
2\\\\\0 : 0 V3

x=(0,1,1,0,1) Tl

Upperbound=13
Va
2

Vs

include

————— exclude 39




Compiling Relaxed Decision Diagrams

AModel isaugmentedvith astate agregatiomperator
ARecipe on how to merge nodes so that no feasible solution is lost

a0 (Y {Phw (Y O(D plhQ@ Y

AOCY o v b )i ) 8

w@®) m Q pBh

A a(CYRY) TY° Y
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Building Relaxed Decision Diagrams

4 2
2) 4
3 5
2 7

Max Width = 2

include
exclude

{v, Vo, Vg, V, e}
/
/
0,7 K ’
/
{Vor V5, Vg ,Vs} Va4 ,Vs}
N\ \
0 4 NN O X5
N \
N\ N
{vs} o {Vs, v ,Vs} o {Vy,V5}

X3

X4
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Building Relaxed Decision Diagrams

include
exclude

{v, Vo, Vg, V, e}
/
/
0// K X1
/
{Vor V5, Vg ,Vs} Va4 ,Vs}
\
0 N 4 ~ 0 X,
AN N\
N\ N
{Vs} o { Vs, Vs ,Vs} o {Vy,Vs}

X3

X4
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Building Relaxed Decision Diagrams

{V1, Vo, Vg, Vy ,Vis}
4 2 /7
2 4 o ®X )
>/ {Vo, Vg, Vg ,Ve} \ {Vs ,Vs}
0 14 N0 X,
[ ! \' {vy ,Vs}
X3
3 5
2 7 X,
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Building Relaxed Decision Diagrams
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Building Relaxed Decision Diagrams

{v, Vo, Vg, V, e}

4 2 y
> 4 e N b
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Building Relaxed Decision Diagrams

4 2 2
0,7 3
2) 4 ’
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Relaxation Bound: Maximum Independent Set

2.8

|
LP only
LP+cuts
2.6 - BDD 100
BDD 1000
2.4 FBDD 10000

2.2

2

1.8

Bound / Optimal Value
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1.2

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Densit
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Strengthening Diagram Relaxations

AFiltering operations
A Redundant” constraints

AAdditive Bounding
Alncorporate dual information from LP relaxations

ADD-Based Lagrangian Relaxations
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DD Based_agrangiamrelaxation

R A We are solving
0,7 3
4 ; z max f(x)

0 it T subject to
= XN RelaxedDD
© ©

I
I
I
\\\ l
\\\O |O 2 7
2 Seo
I 0.~
OI /// 2
I _
v
\ O//
v 0 e
\ , include
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|
|
|
|
1
< |
0 _-
//’ 2 X:(O,l,l,O,l)

DD Based_agrangiamrelaxation

A We are solving

4 2 max f(x)

0 2 T subject to
= XN RelaxedDD

Upperbound=13
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DD Based_agrangiamrelaxation

R A LetA, bbe such that:
0,7 3
’ Ax< far anyfeasible x
o'l 4 1 0
'\/> ; A DDBased_agrangian

AN EL max f(x) + A(b—Ax)
o subject to
0 el Iz XN RelaxedDD
7 Ny A Gives anipper boundfor
N o | any\ =0
\ ’ include

<ty  —_——=—=— exclude 57



DD Based_agrangiamrelaxation

A Solution (0,1,1,0,1)

3 violates constraint
| 0 2'9 Xt xs 1
. <
¢ ; : A We penalizewith term
\(3 O 2 7
Ty A (1% —X5)
0 -
-7 x=(0,1,1,0,1 : :
I ° Upéerbound:)lg by simply changing the
cost structureof the DD

————— exclude 53



DD Based_agrangiamielaxation

R <=2 A Solution (0,1,1,0,1)
ol 0 violates constraint
/ (2) (4)
o(‘> 4 i 0 o" Xt XRs 1
\
. 1'0 oG A We penalizewith term
Ty FA(L=%—%)
0 _-
N IZ by simply changing the
~_7 .y cost structureof the DD
\ /
N // include

-t === exclude 54



DD Based_agrangiamielaxation

@D\ <=2 A Solution (0,1,1,0,1)
2 ¢

violates constraint

5
, y P
o(\‘>2 0 o" Xt xs 1
~ 3
0

.. ¢ © A We penalizewith term
D A (L=%-%)
° i ,x”/ IZ by simply changing the
\ ~_7 ) - cost structureof the DD
N // include
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DD Based_agrangiamielaxation

@D\ <=2 A Solution (0,1,1,0,1)
2 ¢

violates constraint

5
, v P
o(\‘>2 0 o" Xt xs 1
~ 3
0

.. ¢ © A We penalizewith term
D A (L=%-%)
° i ,x”/ IZ by simply changing the
\ ~_7 ) - cost structureof the DD
N // include

-t > =-——— exclude 56



Computational Analysis

Alncorporated intdBM ILOGPOptimizer(CPQ

A Stateof-the-art constraintbasedscheduling solver
AUses a portfolio of inference techniques anddl&xations
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MDD Time (s)

TSP with Time Windows
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CP+MDD: Withagrangian

DDBased Lagrangian

Solution Timesgecs

4000
3500
3000
2500
2000
1500
1000
500 0

0 0
0 500 1000 1500 2000 2500 3000 3500 4000
CP+MDD: Nbagrangian
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Other Results

AAsymmetric TSP with Precedence Constraints
AClosed 3 TSPLIB open instances

AEasy modeling for certain problems
AExampleTimeDependent TSPs
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Modeling
Framework

E.g., Linear Inequalities

Relaxation
Methods

E.g., Linear Programming
Relaxation

Generic Optimization
Techniques

E.g., Mixednteger Programming

Primal
Heuristics

E.g., Feasibility Pump
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4

Restricted Decision Diagrams

AUnderapproximation of the feasible set

2)

5

ol

v

Max Width = 2

include
exclude
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Restricted Decision Diagrams

AUnderapproximation of the feasible set

0,7 3
4 2 /
4
2;/ /1%> O: | O
|
[
Max Width = 2 - |
2 \\9 10
0
3 6 0: _- - 5
2 7 [ P ”~
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Average Optimality Gap (%)
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Primal Bound: Set Covering
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Modeling

Framework

E.g., Linear Inequalities

Inference

E.g., valid cuts

Relaxation

Methods

E.g., Linear Programming
Relaxation

Generic Optimization
Techniques

E.g., Mixednteger Programming

Primal

Heuristics

E.g., Feasibility Pump
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Quick Notes on Inference

ACut generation for MIPS
ASeveral technigqgues from Behl e’ 07

ARecentPolar set cutrom Relaxed Decision Diagrams
A Talk to Christiaifijandraatmadjb(poster yesterday!)

AHighlystructuredCuts
APrecedenceelationsthat must hold irscheduling problems

AWe are still exploring notion decision diagram separation
ACire & Hooker, ISAIM 2014
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Framework

E.g., Linear Inequalities

Inference
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Relaxation
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Relaxation
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Exact Method

ANovel decision diagram branaehd-bound scheme

ARelaxed diagrams play the role of the LP relaxation
ARestricted diagrams are used as primal heuristics

ABranching is done on thmodesof the diagram

ABranching omoolsof partial solutions
AEliminate search symmetry

68






Up to a certain layer,
the diagrams are the
same (i.e., one layer
before you start
forcefully merging)
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(6) 5
/ 1 i 0
! 2 \@

Thus, an optimum solution
must necessarily pass through
one of these nodes
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{V3, Vg V5 V)

{vs, Vy V5}  {Va, Ve}
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{V3, Vg V5 V)
0

Longest path to
node

{Va, Vy V5}  {V3, i}
1 1
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{V3, Vg V5 V) {Vs, Vg V5}  {va, g}
0 1 1
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{V3, Vg V5 V) {Vs, Vg V5}  {va, g}
0 1 1
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O 5

1 4
/
/
/
2 \@

{V3, Vg V5 V) {Va, Vy V5}  {V3, i}
0 1 1

Explore each separately, saving the best
solution/bound found
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Maximum Cut

AReduced certain optimality gaps

ol % gap

11.17
1.84
11.59
11.69
11.70
12.32

0.53
0.32
10.64
10.79
11.30
11.99

95.24
82.44
8.20
7.69
3.39
2.65
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Maximum Independent S&00 variables

Average Percent Gap
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50

0
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CPLEX
BDD
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Maximum Independent Set500 variables

1200

1000

800

600

400

Average Percent Gap

200

0

Density

CPLEX
BDD
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Parallel Search with Decision Diagrams

ANew branching scheme is very suitableaoallelism

Aldea: explordP States different cores
ARelatively little information needs to be shared

AMost of the computational work involves computing relaxations/restrictions,
done locally by each computeore

AEasier to distribute load

AJoint work with HorsBamulowitz VijaySaraswatIBM Research), and
Ashish Sabharwal (Allen Inst.)
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Parallel Search: Why bother?

ACurrent technology

Alnteger Programming

AGurobi Average speedup factds(, 2013)

A 1.7xon 5 cores
A 1.8x on 25 cores

A CPLEXMittleman, 2009)
A 1.67x on 4 cores

ASAT

A2013SAT competition
A 8xon 32 cores

AConstraint Programming
AOnly focus on infeasible instances/finding all solutions
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Parallel Search with Decision Diagrams

Time to solve (S) 1100.91 277.07 70.74 19.53 8.07
Speedp - 3.97x 15.56x 56.37x 136.42x
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Runtime in seconds (Log scale)
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Thank you!

Decision Diagram Page.:
http://www.andrew.cmu.edu/user/vanhoeve/mdd

aclre@utsc.utoronto.ca
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Parallel Architecture

architecture

AMastermaintains gool of stateso -

process - \
u
=

AWorkersreceive states, generate

relaxed diagrams, and send new states
to master / \

ASuitable to small architectures (up to
256 corey

AWe consider gentralized -
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Master & Workers Pools

AMaster keeps @riority queueof states
A States with better optimization bounds have a higher priority of being explored

AWorkers also keep a local priority queue
ARelaxed (and restricted) decision diagrams are computed very quickly
AReduce communication to master

AKey issudarge memory consumption
APools may grow quickly for very large problems

AIf memory is almost exceeded, priority queue becomes a regular queue
(depthfirst search)
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Load Balancing

ACrucial question in many parallelization scheme

Aln our case: How to distribute states among workers?
AToo many nodes at oncmany workers will be idle
AToo few nodescommunication becomes bottleneck
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Load Balancing

-

=

¢ £ Qi Q¢ Q Eé

wherecandc ar e

&

€

| QaWe £ adLiQo dHARNRQ
604G QDET Qi e

some constants (1n

ou
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Load Balancing

=B =

/5% ofnodes with best optimization bounds
ASpeed up the processing of promising nodes



Computational Results

ARelaxedlecision diagrams implement@uC++

AParallel architecture implemented %10
AIBM X10 Team: Vijay Saraswat et al
Ax10lang.org

ATestedin a computer cluster with 256 cores
A 16 computers, each with 3dres, 64 GRAM
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Other results

AAlso observe same behaviour for other problem classes
AProved optimality for some maxcut instances for the first time
ATesting on some variations of constrained TSP

AOther architectures
AWork-stealing models
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Thank you!



Relaxed Decision Diagrams

AComputational study on the max. independent set problem
AAble to provide tighter bounds than integer programming models

AApplication on Singlelachine Scheduling Problems

AClosed open TSPLIb instances, orders of magnitude improvement over
constraint programming models, plus theoretical properties

AApplication oriTimetabling Problems

AOrders of magnitude speed up in solving times compared toctdle-art
approachesplus theoretical properties
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Modeling Framework

Ex.: Maximum independent set problemA Our modelDynamic Programming
A Exploitrecursiveness

4 5 A Solved bytages
A Passing from one stage to another corresponds to

2/ @ transitioning from atateto another

3 A Decision diagran8tate Transition Graph
A Nodescorresponds ttates

G A Arcsarestate transitions
O A Arc weightsiretransition costs

2 7
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Modeling Framework

Ex.: Maximum independent set problemA DP model for the maximum independent set:

4 2 sy GOE YRR (YE® i @Y
2) @ & (Y0 (Qh £8) 8

w@®) ™ Q pB

A Highlights:
@ A Stage iselectvertexi
S A State: set oéligiblevertices
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Filtering

max 4x; + 4, + %
subject to
X+t %+X< 4
X1, %, % N {1,4

A Max Width= 2
A State left-hand side of
constraint
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Filtering

max 4x; + 4, + %
subject to
X+t %+X< 4
X1, %, % N {1,4

A Max Width= 2
A State left-hand side of
constraint

A Longest pathy, = %= %=1
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Filtering

0
max 4x, + 4%, + X
" subject to
1 / 2
» Xt %tx;< 4
\\\\ //// Xl’ )%’ )% N {1’a
Xy RAN
) N ANote thattop-downis aforward
. , recursion:
X3 \\\ ///
S Vi(..) 2V, () + ...
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Filtering

0
max 4x, + 4%, + %
" subject to
1(/’ : X, +%+X < 4
X, %, % N {12
X5 /‘,\’\
) 2 N2 ABut what happens when we do a
L backward recursich
X3 \\ //
2 3 0
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Filtering

max 4x; + 4, + %
X ,/ subject to
L : X, + %+ X< 4
« 242+ > 4] B
X1 %, % N {1,2

ABut what happens when we do a
backward recursich
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Filtering

max 4x, + 4%, + X
subject to
X +X%tx;< 4
X, %o % N {1,2

) AUnderlying concept: User edund a
DP formulationso remove arcs, e.q.:

£ 0)=t Q.)++ QL)+ ...
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Some theoretical Insights

1 [N N —

X1

ALetXthe set of solutions represented by
an MDD

AOptimizing a linear functiohover the
MDD is equivalent to solving thd?
problem:

Minimize cx B Minimize cx
subjectto — subjectto
X is a flow fromrto t XN conyX)

105



Some theoretical Insights

ALet! E be a 6et of constraints that we
X, dualizeover the MDD.

Alf z* is the optimal shortest path after
dualization then

X Minimize cx

. subject to

/" = | E -
! X O
XN convX)

D R —




