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Summary. We study the implications of optimal dynamic contracts in private
information environments for fluctuations in effort and employment across time
and productivity states. To this end, we incorporate temporary layoffs and per-
manent separations as well as on-the-job effort variations into a dynamic model
of moral hazard. We consider two different “commitment” environments. In a
“full commitment” environment, although the firm can temporarily lay a worker
off, neither party can dissolve the contractual relationship once it has been ini-
tiated. On the other hand, in a “limited commitment” environment, both parties
can dissolve the relationship at the beginning of any period in order to pursue
an outside option.

We use our model to study the implications of optimal contracts for incen-
tives, employment histories, layoffs and separations across full information, full
commitment and limited commitment settings. We compute solutions to the rel-
evant principal-agent problems, endogenously determining the set of states in
which separations occur and the domain of the firm’s value function, as well as
the value function itself.
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1 Introduction

Over the last ten years a number of papers have analyzed the nature of op-
timal contracts between a principal and an agent in dynamic private informa-
tion environments1. Many of these earlier papers have been concerned with the
asymptotic distribution of consumption and utility. In contrast, the aim of this
paper is to shift attention to the implications of these contracts for fluctuations
in effort and employment across time and productivity states. To this end our
model, unlike its predecessors in the literature, incorporates temporary layoffs
and permanent separations as well as on-the-job effort variations.

To make matters concrete, consider the following setup. A firm and a worker
match and enter into a “contractual relationship”2 . The worker operates a stochas-
tic technology for the firm that converts worker effort into output. Although the
worker’s output is observed by the firm, the worker’s effort is not (unless the
worker is laid off, in which case the firm knows that the worker’s effort is zero).
The firm’s per period profits, the difference between its revenues and the amount
of consumption that it delivers to the worker, is perturbed by a persistent and
publicly observable revenue shock.3 Assume that the firm and the worker live
forever, and potentially, could match forever. One can then conceive of two dif-
ferent “commitment” environments. In the first, although the firm can temporarily
lay a worker off, neither party can dissolve the contractual relationship once it
has been initiated. Hence the label “full commitment” for such environments. In
the second type of environment commitment is more limited. While both parties
can commit not to dissolve a relationship during a period, they are permitted
to separate at the beginning of each period in order to pursue an outside op-
tion. Furthermore the firm can not commit to making payments to a worker after
separation has occurred. Such settings are referred to as “limited commitment”
environments.4 To be credible, a contract in such an environment must deliver
continuation payments to both parties that weakly exceed their outside options
after each history. In particular, an optimal limited commitment contract must
contain rules for optimal separations and be consistent with the fact that each
party receives its outside option after a separation.

We use these setups to investigate the extent to which private information and
limited commitment constrain firm-worker risk sharing and the optimal provision
of incentives. To do this we compute solutions to the relevant principal-agent
problems. In the limited commitment case this requires endogenously determining
the set of states in which separations occur (the separation region) and the domain

1 The following is an indicative, rather than exhaustive list: Atkeson and Lucas (1992), Phelan
(1995), Phelan and Townsend (1991), Spear and Srivastava (1987), Thomas and Worrall (1990).

2 For analysis of dynamic firm-multiple worker problems see Yeltekin (1999).
3 This revenue shock may be interpreted in several ways. It may be regarded as an observable

productivity shock, independent of the activities of workers. Alternatively, it may be regarded as a
price shock.

4 One might call an environment in which even one period contracts are unenforceable an environ-
ment without commitment. Kocherlakota (1996) considers a dynamic,full information environment
without commitment.
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of the firm’s value function, as well as the value function itself. We compare the
implications of optimal contracts for incentives, employment histories, layoffs
and separations across full information, full commitment and limited commitment
settings.

1.1 Related literature

This subsection briefly comments on related literature. Green (1987) and Spear
and Srivastava (1987) introduced a recursive formulation for dynamic contracts
that uses a utility promise from a principal to an agent as a state variable. This
formulation is now standard and is used here. The computational method is sim-
ilar in flavor to that contained in Phelan and Townsend (1991) who convexify
a discretized version of the agency problem. They solve this problem using a
value iteration and a linear programming algorithm. We employ a number of
techniques to accelerate the computations. In particular, we utilize modified pol-
icy iteration and the Dantzig-Wolfe decomposition described by Prescott (1998).
We also extend the Phelan-Townsend approach in order to consider the limited
commitment problem described above.

Phelan (1995) considers a limited commitment problem with private informa-
tion. There are three key differences between his formulation and ours. Firstly,
Phelan does not include a publicly observable revenue shock. Hence the principal
and the agent either sign a contract or they do not. Once they have signed they
do not separate, although the need to provide continuation payoffs in excess of
outside options constrains the set of continuation contracts. Thus, Phelan’s setup,
unlike ours, can not be used to analyze efficient separation decisions. Secondly,
Phelan’s model is of the hidden information variety while ours is of the hidden
action variety. The former is easier to analyze theoretically, and Phelan provides
a useful collection of analytical results. Thirdly, Phelan goes beyond the analysis
in this paper by endogenizing the outside option value available to the worker.
To conclude this section, we repeat that much of the earlier literature (including
Phelan and Phelan and Townsend) has been chiefly concerned with the implica-
tions of dynamic contractual models for wealth and utility distributions. On the
other hand we are mainly interested in their implications for effort, layoffs and
employee-firm separations.

2 Full commitment problems

To begin with the physical environment is described. This is similar to that
used by Phelan and Townsend (1991). Two changes are made: we explicitly
incorporate a publicly observable zero effort “layoff” state and we add a publicly
observed revenue shock.

2.1 The physical environment

In the initial period a firm hires a worker to operate a stochastic technology and a
contract is signed between the two parties. Workers and firms are infinitely lived



210 C. Sleet and S¸. Yeltekin

and once they have entered into a contractual arrangement they are committed
to remain in it. The technology stochastically converts worker effort into output.
In each period the worker randomizes over effort levels, hence generating a
probability distribution over output. The firm rewards the worker with a lottery
over current and future consumption and future effort levels.

To facilitate the computations a discretized model is considered5. Suppose
then that the set of feasible outputs is given by a finite setQ = {qi }nq

i=1 with
qi+1 > qi , q1 = 0 andqnq = q and that the set of feasible worker efforts is also a
finite setA = {ai }na

i=1 with ai+1 > ai , a1 = a = 0 andan = a. Also letAe = {ai }na
i=2,

i.e. Ae does not include the first (layoff) effort level. LetC be a finite, ordered
set of worker consumptions withnc elements, minimal elementc and maximal
elementc. Similarly, letΘ denote a finite, ordered set of “revenue shocks” that
perturb the revenue of the firm. DefineΩ ≡ A × Q × C ×Θ and letω denote an
element ofΩ. Elementsωt of Ωt will be referred to ast-period “histories” or
t-period “careers”. The set of probability distributions overΩ∞ ≡ Ω ×Ω × · · ·
will be denotedP (Ω∞). Note thatΩ1 is to be interpreted as the set of period
0 efforts, outputs, consumptions and period 1 revenue shocks. Similarly,Ωt

contains thet + 1-th period shock. None of theΩt sets include the zeroth period
shock which is fixed exogenously. Finally, letΦt ≡ Ωt × A × Q × C , t > 0 and
Φ0 ≡ A × Q × C .

Suppose that the firm’s technology is described by a matrixP of dimension
na × nq . The (i , j )-th element of the matrix,Pi ,j , gives the probability of output
qj occurring given that the worker has exerted effort levelai . P satisfies two
assumptions. Firstly, it is monotone: ifi > j then the probability distribution
described by thei -th row of the matrix first order stochastically dominates that
described by thej -th row. Also P1,1 = 1, if the worker exerts no effort then
no output will be produced, andPi ,1 = 0 i > 1, if the worker exerts a positive
amount of effort some output will be produced. If the firm instructs the worker
to exert no effort, then the worker will be said to be laid off.

The worker’s preferences over effort and consumption are described by a
function u : A × C → �. Hence,u may be regarded as a vector of sizena ×
nc . The elements ofu are assumed to be consistent with strict concavity of
the worker’s preferences over consumption and effort. Additionally, they are
assumed to be strictly decreasing in effort and strictly increasing in consumption.
Firms provide workers with lotteries over infinite sequences (“careers”) of efforts,
consumptions, outputs and shocks. Such lotteries are denotedπ∞ ∈ P (Ω∞). 6

The preferences of workers over lotteries are described by the functionalU ,
where:

Workers: U (π∞) = Eπ∞

∞∑
t=0

βt u(at , ct ).

5 Sleet and Yeltekin (2000) discuss the ability of such discretized models to approximate contin-
uous models.

6 WhereΩ∞, along with other sets, is endowed with the trivial discreteσ-algebra.
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Here β ∈ (0,1) is the agent’s subjective discount rate andEπ∞ denotes an
expectation under the probability measureπ∞. Workers can not be compelled
to work. Consequently, the lowest expected utility that a worker can receive is
u(c, a)/(1−β). Clearly, the highest expected utility that a worker can receive is
u(c, a)/(1 − β). Denote these expected utility bounds byw andw respectively.
Any utility level w betweenw andw can be achieved by randomizing between
these two bounds, thus the set of possible ex-ante expected utilities that a worker
can obtain is the interval [w,w]. Let W be a finite subset of this interval with
smallest elementw and largest elementw.

The firm is assumed to be risk neutral and, in any period, it receives the
residual after the worker has been paid:θq − c. Here θ ∈ Θ is a publicly
observable revenue shock that perturbs the firm’s payoff. It is assumed to evolve
stochastically according to a Markov chain with transition matrixG . The firm is
assumed to discount expected future profits at the same rate as the worker and
values lotteries over infinite realizations of outputs, consumptions and revenue
shocks according to:

Firm: Eπ∞

∞∑
t=0

βt (θt qt − ct ).

Two different information environments will be considered. In the first the
worker’s effort choice is publicly observed. In the second it is the private in-
formation of the worker. Our interest is primarily in the second information
environment. The first serves as a benchmark. In both environments, everything
apart from effort is common knowledge7. In particular, it is assumed throughout
that the firm observes the worker’s consumptionc.

A full information dynamic contract is an element ofP (Ω∞) that delivers
some initial prescribed (lifetime) utility promise (w ∈ W ) to the worker and
respects the exogenously given kernelP and the transition matrixG . More for-
mally, if w ∈ W is the prescribed utility promise andθ is the initial (period 0)
revenue shock thenπ∞,w,θ ∈ P (Ω∞) is a full information contract deliveringw
and consistent withθ0 = θ if:

w = Eπ∞,w,θ

[ ∞∑
t=0

βt u(ct , at )

]
(1)

For all ωt ∈ Ωt , qt ∈ Q , at ∈ A, t∑
ωt−1×at ×qt ×C×Θ

π∞,w,θ(ωt ) =
∑

ωt−1×at ×Q×C×Θ
P (qt |at )π

∞,w,θ(ωt ), (2)

For all φt ∈ Φt , θt , θt+1 ∈ Θ, t ; with θ0 = θ∑
φt ×θt ×A×Q×C×θt+1

π∞,w,θ(ωt+1) =
∑

φt ×θt ×A×Q×C×Θ
G(θt+1|θt )π

∞,w,θ(ωt+1). (3)

7 An interesting extension is to the case in which the firm has some private information in addition
to the worker. This double sided moral hazard problem is briefly discussed in the conclusion.
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Here Eπ∞,w,θ denotes the expectation under the probability measureπ∞,w,θ.
Notice that the last constraint must hold for the exogenously given initial shock,
θ0 = θ.

A private information contract must, additionally, respect an “incentive com-
patibility” condition8. This requires that it is in the worker’s interest to imple-
ment the conditional distributions over effort implied by the contract. Notation-
ally, let δ = {δt}∞

t=0 and δt : Ωt−1 × A → A. Each δt is required to satisfy:
δt (ωt−1, a1) = a1, ∀ωt ∈ Ωt , and δt : Ωt × Ae → Ae . δ represents a worker
deviation strategy. For each history and each recommended effort inAe , δ gives
a possibly alternative action choice inAe . No deviations are permitted if the firm
has recommended the layoff effort state (recall that this effort level is observ-
able). Letπ∞,w,θ

δ denote a probability measure whose conditional distributions
over output have been “modified” by the deviation strategy, i.e.

π∞,w,θ
δ (ωt ) ≡

t∏
i=1

P (qi |δi (ωi−1, ai ))
P (qi |ai )

π∞,w,θ(ωt ) . (4)

The worker’s payoff from adopting a deviation strategyδ, given a contract
π∞,w,θ, can then be calculated as follows:

U δ(π∞,w,θ
δ ) = Eπ∞,w,θ

δ

∞∑
t=0

βt u(ct , δt (ω
t−1, at )). (5)

We say thatπ∞,w,θ is incentive compatible if:

U (π∞,w,θ) ≥ sup
δ

U δ(π∞,w,θ
δ ) . (6)

In the sequel, ifπ∞,w,θ is a contract (either full or private information) then the
conditional probability distributionπ∞,w,θ(·|ωt ) ∈ P (Ω∞) will be referred to as
the continuation ofπ∞,w,θ afterωt , or just “the continuation contract” when the
context is clear.

In the absence of the persistent revenue shocks, one possible dynamic contract
is that which repeats the solution to a simpler static problem (in the appropriate
information environment) and delivers an expected utility to the worker ofw(1−
β) in each period. However, incentive compatibility requires a spread in the
worker’s utility conditional on output to induce effort levels above the lowest.
Concavity of the worker’s utility function ensures that the least costly way for the
firm to implement this spread is to adjust both the current and the future utilities
of the worker in response to a particularq realization (i.e. both rewards and
punishments are smoothed across dates). This introduces additional dynamics into
a dynamic private information contract beyond those induced by the persistent
revenue shock process. More precisely, even if theθ-revenue shocks are i.i.d.,
i.e. the rows ofG are the same,π∞,w,θ(·|ωt ) need not equalπ∞,w,θ(·|ωt−1).

8 The following formulation follows Phelan and Townsend (1991).
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In general, a dynamic contract will condition lotteries over efforts and con-
sumptions at each date on the entire publicly observable history of the rela-
tionship between the firm and the worker, i.e. ifωt /= ω

′t then, typically,
π∞,w,θ(·|ωt ) /= π∞,w,θ(·|ω′t ). Consequently, dynamic contracts are potentially
complicated. A number of papers beginning with Green (1987) and Spear and
Srivastava (1987) have shown that dynamic agency problems can be reformulated
recursively, with a lifetime utility promise from the principal to the agent acting
as a state variable. This means that optimal contracts have a simple Markov
representation with the utility promise augmenting the set of “natural” physical
state variables.9 This sort of formulation is now standard in the literature and
we proceed in an analogous fashion. Specifically, a recursive formulation is used
in which a utility promisew and the observable revenue shock,θ, act as state
variables.

2.1.1 The recursive formulation

The details of the recursive formulation are now sketched.
The timing of moves within a period is as follows. The firm and the worker

enter the period knowing the current state - i.e. the value of the revenue shock
and the worker’s current life time utility promise. Each worker then randomizes
over efforts. Given an effort realizationai ∈ A, an outputq is realized, according
to Pi ,.. The firm then randomizes over worker consumption levels,c, and contin-
uation utility promises,w

′
. The firm may be thought of as selecting, subject to

constraints, a stochastic kernel that gives the probability distribution over current
choices and the next period’s shock-promise states conditional on each current
shock-promise state. To this end letπ be a matrix withns ≡ nw × nθ rows and
nv ≡ na ×nq ×nc ×nw×nθ columns. Suppose that each row defines a probability
distribution, i.e. the elements are non-negative and sum to one. Call the set of
such matricesΠ. DefineI w = {1,2, · · · , nw} andI θ = {1,2, · · · , nθ}. Let πi ,j ,
(i , j ) ∈ I w × I θ denote the (i − 1) × nθ + j -th row of π ∈ Π. We interpret
πi ,j as the probability distribution over current effort, output, consumption and
the future promise and revenue shock states given that the current promise iswi

and the current revenue shock isθj . π will be called a full information Markov
contract if it is consistent with the keeping of promises and the exogenously
determined technologyP and shock transitionG . π will be called a private in-
formation Markov contract if it is, in addition, consistent with the provision of
appropriate incentives to workers.

More precisely, consider the following constraints:

– The “promise keeping” constraint guarantees thatπ respects the inherited
worker promise. For all (i , j ) ∈ I w × I θ,

wi =
∑

A×Q×C×W ×Θ
{u(a, c) + βw′} πi ,j (a, q , c, w′, θ′). (7)

9 This justifies optimizing over sets of Markov contracts to find the optimal contract below.
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– Consistency withP . For all (i , j ) ∈ I w × I θ and (a, q) ∈ A × Q ,

∑
C×W ×Θ

πi ,j (a, q , c, w′, θ′) = P (q | a)
∑

Q×C ×W ×Θ
πi ,j (a, q , c, w′, θ′). (8)

– Consistency withG . For all (i , j ) ∈ I w × I θ,

G(θ′|θj ) =
∑

A×Q×C×W

πi ,j (a, q , c, w′, θ′). (9)

– Incentive compatibility. In private information environments, contracts must
be incentive compatible. More specifically, for each recommended effort,
a ∈ Ae , and any possible deviation, ˆa ∈ Ae , current utility plus the discounted
future utility of takinga should be greater than that of deviating to ˆa10. Thus,
for all effort pairs (a, â) ∈ Ae × Ae ,

∑
Q×C×W ×Θ

{u(a, c) + βw′} πi ,j (a, q , c, w′, θ′)

≥
∑

Q×C×W ×Θ
{u(â, c) + βw′} P (q | â)

P (q | a)
πi ,j (a, q , c, w′, θ′). (10)

Define D F (wi , θj ) = {λ ∈ ∆nv−1|λ satisfies 7− 9 at (wi , θj )} and P F =
{π ∈ Π|∀(i , j ) ∈ I w × I θ, π

i ,j ∈ D F (wi , θj )}. In the previous defini-
tion ∆k denotes thek -dimensional simplex. Similarly defineD P (wi , θj ) =
{λ ∈ ∆nv−1|λ satisfies 7− 10 at (wi , θj )} and P P = {π ∈ Π|∀(i , j ) ∈
I w × I θ, π

i ,j ∈ D P (wi , θj )}.

Definition 1 A full information Markov contract is an element of P F . A private
information contract is an element of P P .

An optimal private information contract is an elementπ∗ of P P such that
for each (i , j ) ∈ I w × I θ π

i ,j
∗ solves the following programming problem:

SP (wi , θj ) = max
πi,j ∈D P (wi ,θj )

∑
A×Q×C×W ×Θ

{(θq−c)+βSP (w′, θ′)}πi ,j (a, q , c, w′, θ′)

(11)
Similarly anoptimal full information contract is an elementπ∗ of P F such that
for each (i , j ) ∈ I w × I θ π

i ,j
∗ solves:

SF (wi , θj ) = max
πi,j ∈D F (wi ,θj )

∑
A×Q×C×W ×Θ

{(θq−c)+βSF (w′, θ′)}πi ,j (a, q , c, w′, θ′)

(12)

10 Note a1 can be distinguished from the other actions and therefore it is not necessary to impose
incentive compatibility with respect to this action.
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3 The limited commitment environment

We now turn to the limited commitment environment. In this environment, a
worker can costlessly quit the employment relationship and receive some (pos-
sibly market determined) outside utility option,wa ∈ W . Similarly the firm can
costlessly quit the relationship and receive an outside profit option,sa . Any con-
tract, in addition to specifying a probability distribution over effort, consumption,
etc., will also specify a probability distribution over separation dates. To formal-
ize this idea letυT denote aT period career, whereυT = {{at , qt , ct , θt+1}T−1

t=0 ,T}
and letΥ denote the set of possible careers. HereT is a random variable (taking
values in�+) that gives the date at which the worker and firm separate. Letψw,θ

denote a probability distribution over the set of possible careers that delivers an
initial utility promisew and is consistent with the initial shockθ. Formally,ψw,θ

satisfies

w = Ũ (ψw,θ) ≡ Eψw,θ

[
T−1∑
t=0

βt u(ct , at ) + βTwa

]
(13)

and the analogues of (2) and (3):

For all ωt ∈ Ωt , qt ∈ Q , at ∈ A, t∑
ωt−1×at ×qt ×C×Θ

ψw,θ(ωt ) =
∑

ωt−1×at ×Q×C×Θ
P (qt |at )ψ

w,θ(ωt ), (14)

For all φt ∈ Φt , θt , θt+1 ∈ Θ, t ; with θ0 = θ∑
φt ×θt ×A×Q×C×θt+1

ψw,θ(ωt+1) =
∑

φt ×θt ×A×Q×C×Θ
G(θt+1|θt )ψ

w,θ(ωt+1)(15)

In the sequel, we restrict attention to private information limited contracts, which
we refer to simply as “limited commitment contracts” to economize on labeling.
Suppose then thatψw,θ satisfies the incentive compatibility conditions:

Ũ (ψw,θ) ≥ sup
δ

Ũ δ(ψw,θδ ) (16)

whereδ is a deviation strategy as before andψw,θδ and Ũ δ are defined analo-
gously toπw,θδ and U δ in the obvious way. In order forψw,∞ to be a limited
commitment contract it must satisfy two additional “limited commitment” or
credibility constraints. To begin with, the availability of the worker’s outside
option means that the worker must receive no less thanwa from the continuation
of ψw,θ after eachωt , t < T . Formally,

Eψw,θ(·|ωt )

[
T−1∑
s=t

βs−t u(cs , as ) + βTwa

]
≥ wa ∀ωt ∈ Ωt , t . (17)

Furthermore, the firm can sever the employment relationship in order to take an
outside profit option,sa . Hence, it must receive more thansa from the continu-
ation ofψw,θ after eachωt , t < T , i.e.
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Eψw,θ(·|ωt )

[
T−1∑
s=t

βs−t (θs qs − cs ) + βT sa

]
≥ sa ∀ωt ∈ Ωt , t . (18)

We summarize the above discussion with the following definition:

Definition 2 Suppose that ψw,θ is a probability distribution over the set of careers
Υ . Then ψw,θ is a limited commitment contract that delivers expected utility w to
the worker and is consistent with the shock θ if it satisfies 13-18.

Define the correspondenceW ′ : Θ ⇒ W as follows: W ′(θ) = {w ∈ W |∃ a
limited commitment contractψw,θ that deliversw and is consistent withθ}. In
other words,W ′(θ) gives the set of worker payoffs that can be delivered to a
worker by some limited commitment contract in stateθ.11 Note that there may
exist someθ such thatW ′(θ) = ∅. These states are ones in which there exists no
limited commitment contract that gives both the worker and the firm more than
their outside option. We will call these states separation states. The following
proposition characterizes the structure of the correspondenceW ′.

Proposition 1 W ′ has the following structure. There is some j ∈ {1, · · · , nθ} ∪
{∞} and a pair w ∈ W nθ and w ∈ W nθ , with w > w such that

W ′(θk ) =

{ ∅ if k < j ,
{wk , · · · , wk} otherwise.

Proof. Sleet and Yeltekin (2000).

In other words, there is a limited commitment contract available that can
deliverw and is consistent withθ providedθ = θk ≥ θj and the contract promises
the workerw ∈ {wk , · · · , wk}. If, however,θ < θj , then the worker and firm must
separate since there is now ≥ wa such that the firm’s payoff from continuing
with the contract weakly exceedssa .

The optimal limited commitment contract also has a Markov representation
(see Sleet and Yeltekin, 2000). Hence, we proceed, as in previous sections, to de-
fine a class of Markov contracts. We then state a dynamic programming problem
whose solution yields the optimal limited commitment contract. To begin with
fix π ∈ P P . Let ψ ≡ π(Graph(W ′)) be the matrix comprised of those rows of
π that are associated with states in Graph(W ′), i.e. if ψm denotes them-th row
of ψ then there is a pair (i (m), k (m)) such that (wi (m), θk (m)) ∈ Graph (W ′) and
ψm = πi (m),k (m). Next define, for (wi , θk ) ∈ Graph (W ′), E (wi , θk ) to equal the
set of probability distributionsλ in D P (wi , θk ) such that:

– If θ′ ∈ {θ, · · · , θj−1} then all mass is placed onwa :

11 Abreu, Pearce and Stacchetti (1990) develop recursive methods for analyzing sequential equilib-
rium payoff sets in repeated games. Similarly, one could model the interactions between the firm and
the worker as a dynamic game. Associated with this game is a subgame perfect equilibrium payoff
correspondence,W c , that mapsθ states to sets of equilibrium firm-worker payoffs.W ′ can then be
thought of as the correspondence obtained by projecting the images ofW c onto the worker’s utility
axis.
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∑
A×Q×C×{wa}×{θ′}

λ(a, q , c, w′, θ′) =
∑

A×Q×C×W ×{θ′}
λ(a, q , c, w′, θ′), (19)

– otherwise, all mass is placed onW ′(θ′).

for eachθ′ ∈ Θ∑
A×Q×C×[w(θ′),w̄(θ′)]×{θ′}

λ(a, q , c, w′, θ′)=
∑

A×Q×C×W ×{θ′}
λ(a, q , c, w′, θ′)

We defineψ to be a Markov limited commitment contract if for each row,ψm ,
of ψ,

ψm ∈ E (wi (m), θk (m)) . (20)

The firm’s objective is to maximize its surplus. This maximization can be
broken into two steps. Firstly, given its utility promise to its worker,wi , and the
realization of the revenue shock,θk , the firm decides whether or not to sever the
relationship and take its outside option value:

S ∗(wi , θk ) = max(sa , S (wi , θk )) (21)

whereS (wi , θk ) is the value to the firm of continuing with the relationship.S
solves the following Bellman like equation, if (wi , θk ) ∈ Graph(W ′),

S (wi , θk ) = max
λ∈E (wi ,θk )

∑
A×Q×C×W ×Θ

[θq − c +βS ∗(w′, θ′)]λ(a, q , c, w′, θ′) (22)

otherwise,S (wi , θk ) = −∞.
Givenj and the credible utility sets,{wk , w̄k}nθ

k=j , the above dynamic program-
ming problems can be solved by the same methods used in the full commitment
case. Determining the bounds on utility promises andj , however, involves solv-
ing for bothS andW ′ simultaneously. In Sleet and Yeltekin (2000) we consider
a more general problem, in which the setsA, Q , C andW are not restricted to
be finite. We argue that for this problem the value functionS and the correspon-
denceW ′ are fixed points of a monotone operator. This justifies the application
of the following algorithm that exploits this underlying monotonicity.

The Algorithm

Step 0: Initialize .
Set θ̂0 = θ.
Setw0(θ) = w, ∀θ ∈ Θ.
Setw0(θ) = w, ∀θ ∈ Θ.
These can be used to define an initial domainW ′

0 and an initial constraint
correspondenceE 0 in the obvious way.
SetS ∗

0 (θ, w) to some large initial value (e.g.θq/(1 − β).)
Setn = 0.
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Step 1: Optimization
Solve:

Sn (w, θ) = max
π∈E n (w,θ)

∑
A×Q×C×W ×Θ

[θq − c +βS ∗
n (w′, θ′)]π(a, q , c, w′, θ′)

(23)
Step 2: Updating.

2.1. Updateθ̂n+1:
Set θ̂n+1 = min{θ : Sn (w, θ) ≥ sa somew ∈ W ′

n (θ)}
2.2. Update utility bounds:

For θ ≥ θ̂n+1, setwn+1(θ) = min{w : Sn (w, θ) ≥ sa}
And
For θ ≥ θ̂n+1, setwn+1(θ) = max{w : Sn (w, θ) ≥ sa}
Hence updateW ′

n+1 andE n+1.
2.3. Update value function:

S ∗
n+1(w, θ) = sa if w < wn+1(θ) or w > w̄n+1(θ) or θ < θ̂n+1

Sn+1(w, θ) otherwise. (24)

Step 3: Check for Convergence
Check if W ′

n+1 = W ′
n and sup(w,θ)∈Gr(W ′

n+1) |S ∗
n+1(w, θ) − S ∗

n (w, θ)| < ε,
for some tolerance criterionε. If so STOP, otherwise setn = n + 1 and
go back to STEP 1.

3.1 Full commitment versus limited commitment

The recursive problems in the full and limited commitment cases differ in their
determination of the domain of the firm’s value function. Under full commit-
ment this domain is fixed exogenously. Moreover, in this case the sets of value
promises available to the firm are chosen independently of the observable pro-
ductivity (θ) shock. In contrast, under limited commitment the domain of the
value function is chosen to be consistent with a pair of outside options available
to the firm and worker. Since these are chosen independently of theθ, the set of
value promises available to the firm depends upon theθ shock.

4 Parameterizations and computational issues

4.1 Worker’s utility

Functional forms and parameterizations are selected that are standard in the
macroeconomics literature. This facilitates comparisons with results obtained in
that literature. Specifically, the worker’s utility function is assumed to be of the
following form:

u(a, c) =

(
cα(1 − a)1−α)1−σ − 1

1 − σ
,
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whereα is the share parameter in the composite consumption-leisure good con-
sumed by the worker. Our base line choice forσ is 1, or, equivalently:

u(a, c) = α ln c + (1− α) ln(1 − a)

Our baseline choice forα is 0.36. We undertake some sensitivity analysis around
these choices. In particular, we consider the alternative values forσ of 0.5 and
1.5.

4.2 Full information grids

The set of feasible effortsA is set to be{0.0,0.25, · · · ,0.35} with up to 12
elements between 0.25 and 0.35. 0 corresponds to a “layoff”. Recall that the firm
can always detect 0 effort. The positive values correspond to non-layoff levels
of effort, these are chosen to be relatively close together. The structure of this
effort grid can be justified by supposing that a fixed quantity of effort must be
expended before any production occurs (in, for example, commuting). Various
micro studies (e.g. Ghez and Becker, 1975; Juster and Stafford, 1991) have found
that households allocate about one third of their time to market activities. If effort
is roughly proportional to hours worked then it might be reasonable to suppose
that worker’s allocate about one third of their effort endowment to production.
We do suppose this. We also suppose that the agent can undertake small on
the job variations in effort that can not be directly observed. This variation is
described by the set{0.25, · · · ,0.35}.

The output gridQ is set to{0,1,2}. 0 is the layoff level of output. The
other output levels occur if some effort is expended. Theθ grid is varied across
applications. The baseline grid is set to{0.9,1.0,1.1}. The “large” shock grid
is set to{0.5,1.0,1.5}. These grids and the stochastic kernels described below
are selected to ensure that for at least some utility promises the full commitment
private information contract in the baseline case selects “interior” effort levels
between 0.25 and 0.35 with positive probability (i.e. they are selected so that the
optimal contract delivers some on the job effort variation across utility promise
levels).

Atkeson and Lucas (1995) and Phelan (1995) have shown analytically that
the asymptotic properties of optimal dynamic contracts in hidden information en-
vironments depend on the imposed (or derived) bounds of the feasible promise
set. This model is a hidden action one where analytical results are more scarce.
Suppose that the worker’s utility is additively separable in consumption and effort
(u(c, a) = v(c) − h(a)) and that 1/v′(c) is convex. Then, absent grid constraints,
it may be shown that worker consumption is a non-negative supermartingale (see
Rogerson, 1985). Hence, by Doob’s theorem, worker consumption almost surely
converges. It is also possible to show that there exists some ˆw ∈ (−∞,∞]
such that for allw ≥ ŵ, the firm sets worker effort to its lowest level and
completely smoothes the worker’s consumption. We conjecture that the conver-
gence of worker consumption implies either that the worker’s utility promise
converges to ˆw or consumption converges to zero and the promise converges to
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a small number. If this conjecture is correct, it suggests that the upper and lower
bounds of the worker’s promise grid will constrain the asymptotic behavior of
the contract. We set these grid bounds consistently with our consumption and
effort grids. Thus,w1 = u(c1, a1)/(1 − β). andwnw

= u(cnc , a1)/(1 − β). In the
calculations below, we set thew and c grids to contain between 50 and 100
points.

4.3 Stochastic kernels

The technology relating efforts to the probability of each output, namelyP (q |a),
is set according to the following rules.P (0|0) is set equal to 1. Fora > 0, if
there arena actions, then for then-th action (n > 1) P (q1|an ) = 0, P (q2|an ) =
2/3 − 1/3 × (n − 2)/(na − 2) and P (q3|an ) = 1/3 + 1/3 × (n − 2)/(na − 2).
The baseline Markov chain forΘ is constructed to be monotone and to give an
autocorrelation coefficient of 0.8.

4.4 Outside utility options

The limited commitment model introduces two additional parameters - the outside
utility options of the worker and the firm -wa and sa . The baseline values are
taken to beu(c1, a1)/(1 − β) and 2 respectively. However, we undertake some
sensitivity analysis around these values.

5 Numerical approach

All of the coding was undertaken in FORTRAN. Heavy use was made of the
IMSL linear programming routine DDLPRS. This routine implements a revised
simplex algorithm.

In addition to discretization and the revised simplex algorithm our algorithms
incorporate modified policy iteration and the Dantzig-Wolfe decomposition. The
former is a well known acceleration technique for dynamic programming prob-
lems (see Judd, 1998). The latter is a well known method in the operations
research community for solving linear programming problems with a so called
block angular structure. Prescott (1998) recognized that contracting models had
such a structure and was the first to suggest applying this approach to these mod-
els. His paper contains full details of the method. However, we sketch the key
issues below in the context of a full commitment problem. Roughly speaking,
the idea is to split the firm’s choice problem in any state into a master prob-
lem and a collection of sub-problems. Each of the latter has as its objective a
weighted sum of the firm’s and the worker’s expected payoffs. These weights
are determined by the dual variables of the master problem. Each sub-problem
is parameterized in a particular agent action. Thei -th sub-problem maximizes
its objective subject to the constraint that thei -th action is implemented in an
incentive compatible way. The solution to this sub-problem generates a pair of
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expected payoffs to the firm and the worker. Similarly, the set of sub-problems
generates a set of payoff pairs. The elements of this set are then checked to see
if they satisfy an optimality criterion. This criterion also depends on the dual
variables obtained from the master problem. If all elements of the set satisfy the
optimality criterion the algorithm terminates. If not those that fail are added to
the existing set of payoff pairs obtained in previous iterations of the algorithm.
The master program then solves for the optimal lottery over these payoff pairs
consistent with promise keeping. The dual variables from this problem are then
used to form the objective functions and the optimality constraints in the next
round of sub-problems. During each iteration of the Dantzig-Wolfe algorithm a
collection of payoff sets are built.

Convergence may be further accelerated by a number of straightforward,
practical steps. The Dantzig-Wolfe algorithm builds up sets of payoff pairs for
each optimization. We found it useful to save these sets at each optimization and
reuse them in subsequent optimizations within the policy iteration step. Addi-
tionally, we relaxed the Dantzig-Wolfe optimality condition in the early stages of
the policy iteration so that in these stages “rough” solutions are found. We then
progressively tightened this criterion in later iterations. Once converged value
functions have been calculated they may, of course, be used as initial conditions
in other related policy iterations. In particular, the value functions calculated as
solutions to full commitment problems may be used as starting points in the
calculation of limited commitment ones.

Table 1 displays the run times for a single dynamic optimization (i.e. for a
specificθ and utility promisew) with and without the Dantzig-Wolfe decompo-
sition, for differentnw numbers. Note that fornw = 50 andnθ = 3, one iteration
in the dynamic programming problem consists of 150 of these optimizations.
The following run times were computed fornq = 3, na = 4 andnθ = 3. These
numbers suggest that fornw = 50, using the Dantzig-Wolfe decomposition saves
about 10 minutes per iteration.

Table 1. Run times

nw = 15 nw = 30 nw = 50

With Dantzig-Wolfe 0.1s 0.7s 2.3s
Without Dantzig-Wolfe 0.8s 3.0s 6.6s

6 Results for the full commitment case

This section provides some initial characterization of full commitment contracts.

6.1 Effort functions and temporary layoffs

We refer to the expected effort of a worker conditioned on the currentθ shock and
utility promise as an “effort policy function”. Figure 1 illustrates the effort policy
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Figure 1. Full commitment: effort, benchmark case

function implied by the benchmark full commitment contract. In the figure, each
curve shows conditional expected effort as a function of the utility promise for
a fixedθ. Separate curves are drawn for differentθ values.

For eachθ the effort policy functions have a similar structure. They rise
sharply from 0.25 to the maximal effort level, 0.35. They are then stable at
0.35 until some critical utility promise is reached, at which point they come
down to 0.25. They are then stable at 0.25 until a second critical utility promise
level is reached, at which point they come down to zero. The initial low effort
level is a consequence of the construction of the grids. Effort levels above 0.25
require a spread of current consumptions and future utilities to render them
incentive compatible. This in turn requires that higher outputs are rewarded with
consumptions and utility promises above the lowest values in the corresponding
grids. But then by choosing an effort level of 0.25 the worker can ensure himself
a utility in excess ofw. Incentive compatibility implies he must obtain at least
this from a higher effort level which violates promise keeping. As the utility
promise rises abovew and the constraints associated with the grid boundaries
are relaxed, the effort function jumps. Further increases inw raise the cost of
inducing higher effort12. Consequently, the effort level falls, firstly to 0.25 and

12 There are two aspects to this cost. One is the resource cost of providing the utility necessary to
compensate the worker for the extra effort. The other is the cost of compensating the worker for the
variation in his consumption stream necessary to render the extra effort incentive compatible.
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ultimately to 0. For a particularθ, the region of the utility promise space in
which effort is zero represents thatθ’s layoff region. Unsurprisingly, the critical
promise levels described above tend to rise asθ rises. In this sense higherθ
shocks induce higher effort levels.

Figures 2 and 3 compare effort functions as the utility parameterσ is altered.
In order to make the comparisons we “renormalize” the domains of the effort
functions. To do this we calculate the value to the worker of receiving various
fixed consumption streams (and zero effort) under differentσ values. We then
calculate the expected effort at these values forθ = 0.9 (Figure 2) andθ = 1.1
(Figure 3) under the optimal contracts. The figures indicate that higher effort
levels are associated with lower values forσ. Variations in utility are necessary
to render higher effort levels incentive compatible. Asσ (the worker’s coefficient
of relative risk aversion) falls, these variations become cheaper to implement and
effort levels tend to rise.

We conclude this subsection with a comparison of the effort levels under
full commitment and full information13. Figure 4 shows the full information
effort function under the benchmark parameterization. A comparison with Figure
1 shows that full information effort policy functions lie slightly above the full
commitment policy functions. This is most marked for very low utility promises
and for promises in the region in which the policy functions adjust from 0.35

13 i.e. contracts in which the worker’s effort is observed.
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down to 0.25. Figure 5 incorporates full commitmentand full information effort
functions forθ valuesθ2 andθ3 under a different parameterization. In this case
σ is raised to 1.5. Now the difference between the effort policy functions is
more marked (compare the functions forθ = θ3 and promises between -1 and
-1.4). The reason is simply, that the higher worker risk aversion raises the cost of
providing the utility spreads necessary for the incentive compatibility of higher
effort levels. The firm responds by economizing on effort in the full commitment
case.

6.2 Consumption and utility promises

Figures 6 and 7 show the consumption and continuation utility promise functions
implied by the benchmark full commitment contract. In this case theθ shock is
held constant, and the different curves show the expected consumption and utility
levels conditional on the utility promise and the realized output. Again the current
utility promise is placed on the horizontal axis.

Variations in ex post utility are necessary to render higher effort levels in-
centive compatible. These are achieved by varying current consumption and the
continuation utility promise contingent on the output realization (raising it for
the good output realizationq3, and cutting it for the low realization,q2). As is
well known the use of future utility promises to smooth rewards and punishments
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enables the firm to motivate the worker in an efficient way. Recall that the layoff
(zero effort) state is publicly observable. Hence defections from 0 effort or from
the 0.25 effort level down to 0 effort are also observable. If (as the calculations
confirm) upward incentive compatibility constraints do not bind on the optimal
contract then no variation in utility is necessary to ensure the incentive compat-
ibility of the 0.25 (or 0) effort levels. Consequently, as Figure 7 illustrates, for
utility promises sufficiently high, effort is set to 0.25 and both consumption and
the continuation promise are held constant across output realizations. Although,
Figure 7 is drawn only forθ = θ3, the policy functions for the other values of
θ are similar. Thus, there is a critical utility promise above which the worker
obtains complete consumption insurance and effort is set to 0.25. It follows that
with the indivisibility in the provision of effort that we have incorporated into
the model the endogenous utility promise dynamics can not drive the worker
from a non-layoff to a layoff state. It is the incentive compatibility constraint
that induces these endogenous dynamics.14 This is relevant in those regions of
the utility promise domain for which the effort function exceeds 0.25. The re-
gion of the domain in which the effort function takes the value of 0.25 in allθ
states effectively separates the “endogenous dynamics region” of the state space
from the “layoff region”. With this parameterization layoffs only occur if the
initial utility promise is high enough. This result need not occur if the effort
indivisibility was reduced or the worst shock was decreased in value.

The utility promise and effort functions shed light on the stochastic process
induced by the optimal contract. Roughly speaking highθ shocks tend to induce
higher effort (and hence output) in the current period. They also tend to raise the
probability of a highθ shock in the next period, and, hence, the probability of a
high effort in that period. On the other hand, increases in current output lead to
increases in the utility promise and this tends to depress future effort.

6.3 Careers

We conclude this section by showing some sample “career paths” induced by the
optimal contract. The first sample (Figure 8) is a “long career” of 900 periods.
It converges to a utility promise level close to the left hand edge of the 0.25
effort region. From period 578 onwards effort is kept at 0.25 and the worker
obtains complete insurance. This convergence is consistent with the conjecture
of Section 4. Interestingly, however, it is not to immiseration as in Thomas and
Worrall (1990).15

Figures 9 and 10 show shorter careers. In the first the worker is successful.
Starting at a fairly low initial utility level, he provides high effort (periods 1-30,
and, intermittently, from 30 to 40). He produces sufficient high output levels that

14 More precisely, by endogenous dynamics we mean variations in continuation contracts that are
induced by the need to provide incentives rather than by exogenously determined changes in the
physical environment.

15 Thomas and Worrall provide a theoretical result proving the convergence of the worker’s utility
to “immiseration” (−∞) in a hidden information model. Phelan (1996) links this result to specific
properties of the worker’s utility function.
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Figure 10. A mixed fortunes career

his promise drifts upwards (periods 15 to 40) and eventually his utility promise
converges. In the second figure, the fortunes of the agent are more mixed. The
realization of a series of higherθ shocks from period 30 causes the firm to request
higher effort from the worker. The worker is unlucky, however, producing several
low outputs. This causes his utility promise to drift downwards.

7 Results for the limited commitment case
7.1 Value functions

We begin by showing the value functions for the “large shock” full commitment
and limited commitment cases. In the latter case the outside options of the firm
and worker are set to 1.75 andw respectively. In Figure 11, the solid curves
illustrate the value functions for the full commitment case. The lines with∗’s in
them are for the limited commitment case. For each type of contract there are
separate lines for the differentθ shocks. In both cases the value functions are
increasing inθ. They are initially increasing and then decreasing in the utility
promise. The limited commitment value function is only defined on the credible
utility promise set (i.e. the graph of the correspondenceW ′). For θ3 and θ2,
W ′(θ) ⊂ [w,w]. However,W ′(θ1) = ∅ and θ1 is a separation state. Hence, no
limited commitment value function is drawn forθ1. As the figure shows, even for
those (w, θ)’s for which both the limited and full commitment value functions are
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Figure 11. Value functions

defined, the former lies below the latter. This is especially noticeable for (w, θ)
pairs such thatw is close to the maximum value ofW ′(θ) - in these regions the
firm is particularly constrained in its ability to use continuation utility promises.

7.2 Effort functions

Figures 12 and 13 show effort functions for full and limited commitment contracts
on differentθ sets. Figure 12 shows them on the benchmarkθ set,{0.9,1.0,1.1}.
In this case, for those (w, θ)’s for which the limited commitment value function is
defined, the full commitment and limited commitment effort functions coincide.
They equal 0.35. The credibility constraint on the firm has the effect of ruling
out those high (and very low utility promise states) associated with lower effort
levels. There are no separation states in this case and the calculations suggest
that the Markov chain induced on the finite (w, θ)-grid is irreducible, and, hence,
ergodic.

Figure 13 repeats the exercise, but for the “large”θ shock set,{0.5,1,1.5}.
Now, under limited commitment,θ1 is a separation state. Clearly, it is absorbing.
Also at some (w, θ) pairs in GraphW ′, effort is lower under the limited commit-
ment contract than under the full commitment one. For example, check the full
commitmentθ3 curve (solid line) against the limited commitmentθ3 curve (line
with diamonds). These reduced effort levels stem from the fact that if a firm
wishes to motivate a worker by making a high expected future lifetime utility
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Figure 12. Effort functions: Benchmark shock set
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promise it must do so by concentrating high future rewards in highθ states. The
effect will be to raise the cost of motivating workers and hence to either reduce
average worker effort or to raise worker consumption volatility or both.

7.3 Consumption and utility promise functions

Figures 14 and 15 show consumption and utility promise policy functions under
the largeθ shocks assumption. These policy functions are shown forθ = θ3 and
are drawn on the endogenously determined utility promise domain. Compari-
son with the corresponding full commitment case reveals that the consumption
functions are tilted upwards; the utility promise functions are tilted downwards
slightly. The separation state, and the firm’s inability to commit to payments after
a separation, constrains firm-worker risk sharing. It also means that there is a
positive probability of the worker receiving a low outside option utility. In order
to satisfy the promise keeping constraint, utility (and consumption in particular)
must be concentrated on the higher (non-separation)θ states. This results in the
upward tilting of the consumption policy function.

7.4 Careers

We conclude by showing a figure illustrating a “limited commitment” career
under the large shocks parameterization. In this case a series of goodθ shocks
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occur in the second half of the career. These are associated with an increase in
effort, but only modest variations in the worker’s expected utility. Eventually, a
badθ shock occurs, the firm and the worker separate and the worker’s expected
utility dips to his outside option.

8 Conclusion

This paper analyzes the fluctuations of effort and employment across dates and
across productivity states in a model of moral hazard. Two types of environments
are considered. In the first contracts are permanent and layoffs only temporary. In
the second both firms and workers have access to an outside utility option. When
the contractual relationship can not guarantee a payoff to both parties in excess
of these outside options a separation occurs. In general contractual relationships
are finitely lived and their durations are determined endogenously. A recursive
formulation of the firm’s problem in each of these environments is provided.
For each environment the temporary layoff and permanent separation regions of
the state space are computed. In the full commitment case the level of effort
obtained by the contract is below that obtained by the full information case.
Incentive compatibility constraints reduce the amount of consumption smoothing
relative to this case. We find simulated examples in which the worker’s career
converges to a low effort-high consumption-complete consumption smoothing
outcome. Limited commitment considerations further constrain the firm - effort
levels and the amount of consumption smoothing are further reduced. Examples
are found in which separation states occur. Restricted in its ability to provide
credible dynamic incentives, a firm relies more heavily on current consumption
to compensate and motivate workers in a limited commitment environment.

The techniques applied in this paper can be used to address issues of job
security, contract duration and the optimal provision of incentives in a variety of
related settings. Indeed, several important extensions suggest themselves. Firstly,
one could incorporate shocks that are privately observed by the firm. This would
convert the current problem into one of “double sided moral hazard”. Static
labor contracts under private firm information were extensively studied in the
early 1980’s. It would be interesting to see how far the insights of that literature
survive the incorporation of hidden worker effort and the extension to a dynamic
contract. Such a problem could be solved by introducing an additional set of
firm based incentive compatibility constraints into the optimizations undertaken
in this paper. Secondly, the current analysis could, in principle, be extended to a
full general equilibrium one. This would entail the endogenous determination of
the outside utility options{wa , sa} and, perhaps, the interest rate paid by firms.
One approach to this problem is that of Phelan (1995) who assumes that firms
face an exogenous cost,c, of separating (and recontracting). Phelan exogenously
sets the firm’s interest factor toβ andsa to 0. In the absence of any observable
shocks,wa is endogenously determined by:

sa = 0 = S (wa ) − c (25)
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whereS is the firm’s value function. Costly separation could also be obtained by
embedding the current contracting problem into a search model with some rule
for bargaining over the joint surplus after a match. Alternatively,wa could be
obtained by modeling a worker home production opportunity.16 We leave these
topics for further research.
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