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Abstract

This paper considers political credibility of allocations in settings with dynamic private information. It
embeds a benchmark dynamic moral environment into political economy games which feature repeated voting
over mechanisms. Optimal politically credible allocations are shown to solve virtual planning problems with

social discount factors in excess of the private one.
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1 Introduction

A large literature has studied the efficient evolution of consumption and utility distributions in the presence

of private information. It has considered different arrangements for implementing efficient incentive-compatible

*We thank seminar participants at the 2007 Carnegie-Rochester conference. We especially thank our discussant, Marina Azzimonti.

fAdress: Tepper School of Business, Carnegie Mellon University, Pittsburgh, PA 15213.



allocations and these have informed recent thinking on the design of wealth taxation, unemployment insurance and
bankruptcy law. However, many of the models in this literature prescribe relentlessly increasing levels of inequality.
Indeed, under standard restrictions on social and individual preferences and for various sorts of private information,
an immiseration result obtains. The result asserts that at the social optimum, an agent’s continuation lifetime
utility almost surely converges to its lowest bound. The immiseration result makes the political viability of such
optima doubtful. If a society has access to a political device for revising allocations, can it commit to an allocation
that consigns agents almost surely to eventual misery? If political credibility precludes such commitment, what
can be achieved?

This paper takes a first step in addressing such questions. It embeds a benchmark normative private information
environment (namely that of Atkeson-Lucas (1992)) into a variety of political economy games.! All of these games
incorporate repeated probabilistic voting over rival political parties and their proposals for allocating resources.?
They allow societies to revise allocations via elections and, since neither political parties nor voters can commit
in advance to propose or vote for a given allocation, politically credible allocations must be immune to such
revision. In particular, such allocations must be induced by strategies for political parties and agent-voters that
remain optimal after each history. Our focus is on Pareto optimal politically credible allocations. Our main result
is that for each of the games we consider these allocations solve a “virtual planning problem” that shares the

same constraint set as the benchmark normative problem, but has a perturbed social objective. This objective

incorporates discount factors that (weakly) exceed those of agents and agent Pareto weights that tend to converge

'See Acemoglu et al (2007) for a related treatment of these questions.

2Probabilistic voting is a standard formulation in many applied political economy models, see Persson and Tabellini (2000) and, for

applications to dynamic macroeconomic settings with Ramsey tax schemes, Azzimonti (2004) and Hassler et al (2005).



to a common value of 1. Elsewhere Farhi and Werning (2007) and Sleet and Yeltekin (2007a) have considered
normative problems in which the planner is assumed to use a time invariant discount factor in excess of agents. For
an appropriate initial Pareto weight distribution such normative problems emerge as virtual planning problems
in our setting. However, we do not assume - or make a normative case for - a societal discount factor in excess
of agents. Rather such effective societal discounting emerges endogenously as an equilibrium phenomenon in the
political economy games we consider. Despite - indeed because - politicians cannot commit they behave as if they
are more concerned with the long run than are agents.?

The connection we obtain between political economy models and planning problems is valuable for two reasons.
First, as indicated above, it provides a micro-political rationale for planning problems with differential societal
and agent discounting. Second, it implies that optimal politically credible allocations can be obtained as solutions
to such planning problems. Existing work has established* that such solutions are non-immiserating - in fact, a
characteristic of all politically credible allocations in the games we analyze, not just the Pareto optimal ones -
and that for the right initial conditions, they exhibit stationary and sometimes ergodic utility and consumption
distributions. For an appropriately chosen distribution of Pareto weights, optimal politically credible allocations

display the same stationarity and ergodicity with important implications for inequality and social mobility.

*Phelan (2006) considers a normative problem in which the planner’s discount factor exceeds that of agents and equals one. We
recover his problem in our political economy games when we alter our equilibrium concept so that, in the spirit of Pearce’s (1987)
renegotiation-proofness, it is robust to politically orchestrated joint deviations by parties and agents. Solutions to Phelan’s planning
problem are then equilibrium outcomes of our game and, conversely, any equilibrium outcome satisfying a stationarity requirement

solves Phelan’s planning problem. See Sleet and Yeltekin (2007b)
*E.g. Farhi-Werning (2007), Sleet-Yeltekin (2007a) and Phelan (2006).



The logic underlying our results is straightforward. The set of necessary and sufficient conditions for a politically
credible allocation augments the constraint set from the benchmark Atkeson-Lucas problem with a sequence of
political constraints. The latter ensure that the strategies which implement the allocation admit no profitable
deviation for the political parties. Since the probabilistic voting games we consider tie electoral success to weighted
aggregates of agent-voter continuation utilities, our political constraints require that these aggregates remain above
some lower bound. If they fell below this bound, no continuation play could deter one or more political parties
from defecting away from the allocation. A Pareto optimal politically credible allocation maximizes a standard
Pareto weighted sum of agent utilities subject to the necessary and sufficient conditions for political credibility.
When the political constraints bind they raise the shadow value of the weighted aggregate of agent continuation
utilities. It is as if there is a planner who discounts future agent utility (possibly reweighted according to some
modified Pareto scheme) less heavily.

Our basic results are obtained in the context of a number of examples that impose assumptions which, while
standard in the political economy literature, are stylized. Section 4 of the paper provides some generalization. We
show that as long as the political constraints implied by a given political economy game can be represented as
bounds on smooth, increasing, concave functionals of agent-voter continuation payoff functions, then the optimal
politically credible allocation solves a virtual planning problem with societal discount factors weakly in excess of

private ones, and strictly in excess when the political constraints bind.



2 An environment with commitment

A continuum of infinitely-lived agents inhabit an economy. The population is initially partitioned into a measure
space (R, B, ¥) of types w, where B is the Borel sigma algebra. In each period, agents receive a random taste shock
0, € © := {gk}szl These shocks are i.i.d. across agents and time with distribution 7. Let 0' := {61,...,0,} € ©*
denote a t-period history of shocks; let 7! denote the corresponding probability distribution. We assume that for
all t and sets E C O, !(E) gives the fraction of agents with shock history in E.?

After each realized history #°, an agent receives an allocation of consumption and, hence, utility. In the sequel,
it will be convenient to describe allocations directly in terms of the stream of utility they provide rather than
stream of resources they use. Define an individual allocation to be a sequence of functions {1}, ¥, : © — D

with D a bounded subset of R and denote an agent’s payoff from {1,}7°; by

00
U{th}i20) = (1= 8) D> B 0,4p,(6")7" ("),
t=1 ot
where 3 € (0,1) is the agent’s discount factor. We define a (population) allocation {p,;}°; to be a sequence of
measurable functions ¢, : R x ©F — D. A population allocation implies a collection of continuation individual
allocations {¢,,,|w, 071122, ¢ > 1, obtained after each individual history (w,#"~'). We denote the range of U
by W and the set of population allocations by A.

Let C': D — R denote the cost of delivering current utility to an agent. We assume that C' is strictly increasing,

strictly convex and differentiable on the interior of D. C implies a utility function over consumption: u = C~1.

’In making this assumption, we rely on the construction of Sun (2006).



2.1 Feasible Allocations

In period ¢, the economy possesses a quantity of resources R; € [R, R], R > 0. An allocation is resource-feasible if:

i, Ry > /R S Clepy(w, 00)) (00 (dw). (1)
ot

Allocations must provide agents with incentives to reveal their privately observed shocks. Let o = {oy}§°; denote
a reporting strategy for the agents with for each t, oy : @ — ©. Let of(#") denote the history of reports induced
by « given the shock history 8. An allocation is incentive-compatible if for U-a.e. w and all a,
o0 )
(1=8)D > 87 0y (w, 07 (0") > (1= 5) Y > B i (w, ' (67)7(6"). (2)
t=1 ot t=1 @t

Let I'({R:}, ¥) denote the set of resource-feasible and incentive-compatible allocations.

2.2 A benchmark planning problem

We may define a family of Pareto planning problems by

sup / V(W)U ({3 (w, ) }221) ¥ (duw), (3)
R

{oi 2, €T ({ R}, @)
for some measurable Pareto weighting function v : R — Ry with [ ~(w)¥(dw) = 1. This is essentially a primal
version of the problem considered by Atkeson and Lucas (1992). For a large class of cost functions C' (or utility
functions C~1), any solution{¢}}$°; to (3) satisfies the following agent immiseration property: for W-a.e. w, -
a.e. 0%, limy_oo U ({14 (w, 0%, ) }%2,) exists and equals E[f] inf D. Since D is bounded, this implies the utilitarian

immiseration property lim;—.oo [pv(w) Y or U({@fys(w,6",)}2,) 78(6") ¥(dw) = E[f]inf D.



3 A political economy game with office-motivated politicians

3.1 Basic environment

We embed the basic environment of Section 2 into a political economy game with probabilistic voting over political
parties. As is typical in the probabilistic voting literature, we assume that agents have heterogeneous and time
varying biases towards a particular party. Although stylized, these biases capture the ideas that election outcomes
are uncertain and are not solely determined by economic policy platforms. We start with the simplest formulation in
which 1) political bias distributions are uniform, 2) there are no incumbency advantages and 3) parties are operated

by impatient, office-motivated politicians. Later we extend the model by relaxing some of these assumptions.

3.1.1 Players

Politicians There are two political parties i € {A, B}. In each period t, politicians from the respective parties
propose political mechanisms that describe how the current resource aggregate Ry will be allocated. Agents vote
over the two proposed mechanisms and the election-winning mechanism is implemented. Politicians are office-

motivated, i.e. concerned solely with winning elections. The objective of party 4’s politician is:

oo
> X,
t=1
where p! is the probability that party i wins the election at date ¢ and x is the politician’s discount factor. For

now, we assume that x = 0; the assumption that politicians are completely myopic only makes our results starker.

Agents Agents have the same preferences over allocations as before; we augment them with biases for one or

the other party. Suppose that the two political parties A and B are distinguished by fixed “ideologies” that



are non-economic in nature and difficult to change. Agent preferences over ideologies are described by random
variables {{} and {6:}72;. £ represents a permanent and idiosyncratic shock to each agent’s relative preference for
party B’s ideology, it is i.i.d. across agents according to an atomless distribution with c.d.f. F. J; represents a
common, time varying shock to the population’s preference for party B’s ideology, it is i.i.d. across time according
to an atomless distribution with c.d.f. G. These political preferences give rise to a lifetime “political” utility which

augments the agent’s payoff from an allocation to give a total payoff:

U({e}i2a) + (1= B)E

S 6 e+ 1?] . (4)

t=1
In (4), 17 is a random variable that equals 1 if party B is in power in period ¢ and 0 otherwise. For now we make

the following assumption on the distributions F' and G. It is conventional in applied probabilistic voting models.

Assumption 1 1) F' is uniform with range = = [—% %} and density /5\ 2) G is uniform with range A =

[—2—13, 2—]‘3} and density . 3) 0 and € satisfy d + 2—13 € (0, 2—12) and d € (O, 2—%), where d = E[f](sup D — inf D).

The last part of the assumption rules out inconvenient boundary solutions by ensuring that within each history-

contingent sub-population there are some agents who will vote for either party no matter what and at the aggregate

level, there is a probability (possibly very small) that a party will win an election no matter what.

3.1.2 The stage game

Mechanisms At the beginning of period t > 1, each agent is publicly identified by its type w and a history
of past messages m'~1, where m!=1 € Mt~ = Hf;ll M, and M, is a finite message space for prior period r. A

period ¢ mechanism proposal from party i is a pair Si = (M}, }). The first piece of the mechanism is a finite



message space M/ that agents can use to communicate with the government in the current period, the second is
a (measurable) wutility allocation function ¢} : R x M'1 x M} — D that describes how utility will be awarded to
an agent contingent on its type and message history inclusive of current message.

Note that this specification allows for a much richer collection of mechanisms than is typically permitted in the
probabilistic voting-political economy literature. In principle, these mechanisms can be used to implement history
dependent allocations that provide future rewards and penalties for current behavior. In particular, they can be

used to implement the optimal allocation of a committed utilitarian planner.

Timing The ensuing stage game consists of three sub-periods. In the first, politicians propose mechanisms.
In the second the J; political preference shock is realized and agents vote over mechanisms. In the third sub-
period, the election-winning mechanism is executed. Agents receive their taste shocks, they choose a probability
distribution over the current message space and draw a message from it. They transmit this message to the

government and receive the utility award implied by the election-winning utility allocation function.

3.1.3 Histories and strategies

We place some restrictions on strategies at the outset to rule out especially implausible equilibria. In particular, we
assume that no player conditions her behavior on either past election-loosing mechanisms or the political identity
of past election winners.® This assumption precludes strategies that would effectively punish the economy for
failing to elect a particular party even if that party makes a very undesirable mechanism proposal. However, it

still allows for considerable history dependence of equilibria and is much weaker than a Markov restriction.

5This assumption resembles Duggan and Fey’s (2006) assumption of outcome stationarity.



Policy strategies We say that a period ¢t mechanism S; = (M, ;) is compatible with a sequence of past
mechanisms {M,., go,r}f;ll if o, : R x Hi:l M, — D. For t > 2, we define a t-period aggregate history H; to be a
sequence of ¢ — 1 compatible mechanisms, i.e. a sequence {M,, ¢, f;ll such that each (M,, p,) is compatible with
{Ms, cps}g;i. H, is set to the null history. The sets of ¢t-period histories and mechanisms are denoted, respectively,
H! and S; S;(H;) denotes the set of period ¢ mechanisms compatible with H;. A policy strategy for party i is a
sequence of functions o’ = {aé}fil, where oi : H! — S; gives party i’s t-period mechanism as a function of the

aggregate history and for all 4, ¢, Graph(c?) C H*L. Let o0 = {0, 0P} denote a profile of policy strategies.

Message strategies A period t individual history of an agent h; = (w,mtfl) gives the agent’s w-type and

past message history. We say that an aggregate and individual history pair (Hyts, ht) = ({M,, go,r}ff:’i, (w,mt~1)),
s > 0, are consistent if m!~1 € Hf;ll M,. Let J' = () and for ¢t > 1, let J* denote the set of consistent period ¢ + 1
aggregate and period t individual histories. Let P denote the space of finite element probability distributions and
P(X) the set of probability distributions on the finite set X. The first component of agent behavior is a message
strategy, A\ = {A\¢}io;, where A, : J' x © — P and M\(Hy, My, oy, by, 0;) € P(My). A message strategy maps
a consistent aggregate-individual history pair and a current taste shock to a lottery over the current (election-

winning) message space M;. Let Q(H¢, \) denote the induced probability measure over h.

Voting strategies A period t individual political history of an agent hl = ({Ht,S{‘, hi}, {Ht,ng,ht},g,ét) €
Jt x Jt xZEx A includes two consistent aggregate-individual histories that coincide up to date ¢t—1, but terminate
with the current mechanism proposals of the parties. hf also includes an agent’s current political preference shocks.

An agent’s voting strategy is given by ¢ = {(,}:2,, where ¢, : J' x J' x E x A — P({A, B}) maps individual

10



political histories to a probability distribution over {A, B}. After each hY, the agent draws the name of a party
from ¢, (hY) and then votes for that party. Note that an agent’s voting strategy does not condition on her past

votes since these are anonymous and do not affect her preferences over the parties.

Resource-feasibility To be resource feasible given A, a mechanism must consume less than R; in each period.

Definition 1 Let A denote a message strategy. A t-period mechanism S = (M, ) € Si(Hy) is resource-feasible
at Hy given X\ if

/ C(o(his1))Qer1(Hy, S, N)(dhyi1) < Ry.
RxMt=1xM

Let S¢(X\, Hy) denote the set of compatible and resource-feasible mechanisms at Hy given A. An aggregate history
Hy = {S,}\} is resource-feasible given \ if each S, € S,(\,{Ss}'_1). Let H(\) denote the set of t-period
resource-feasible aggregate histories given \. A policy strategy o' is resource-feasible given \ if after each H; €

HE(N), ot (HY) € Si(\, Hy). Let X(\) denote the set of resource-feasible policy strategy profiles given \.

We do not allow political parties to make resource-infeasible policy proposals and, henceforth, restrict attention

to resource-feasible policy strategies.

Strategy profile outcomes A mechanism is implemented at date ¢ if it either wins more than 50% of the
vote or, in the event of a tie, it wins a fair coin toss. A strategy profile (o, (, A) and the shock distributions F
and G induce a family of conditional probability distributions over current and future mechanisms, incumbent
governments and agent utilities. We call this the outcome of the profile and isolate two components. First, let

pi(Hy, S, Sg |¢) denote the probability that mechanism S} wins an election for party i when the aggregate history is

11



H,;, party j proposes Sg and the voting strategy is ¢. Second, let U;(Hy41, ht|o, ¢, \) denote the agent continuation
payoff implied by (o,(, \) after (Hiy1,h:) (i.e. after the period ¢ election, but before the period ¢ taste shock

realization).
3.2 Politically credible equilibria
We describe the elements of an equilibrium below and then collect these elements into a formal definition.

Policy strategies Since the politicians operating party ¢ are concerned only with winning the current election,

they select o such that:

Vt, Hy € Ht()‘)v J 7£ i, Ufi(Ht) € arg Sup pi(Htv Sv Ui(Ht)’C) (5)
SeSi (A Hy)

In doing so they ignore the fact that their proposals may reduce the lifetime payoffs obtained by agents in previous

periods and may, hence, contribute to electoral failure in those periods.

Message strategies Agents choose message strategies that are optimal after each history.

Vt, (Ht+17ht) € jt» X’ Ut(Ht+17ht|Ua<7 )\) > Ut(Ht+1,ht|0aC’X)- (6)

Voting strategies Let S/ denote the mechanism proposed by party i at time t. The total continuation payoff
to an agent after individual political history kY = ((Hy, S, hi), (Hy, SB, ht), €, 6;) and a period t election victory
for party ¢ is:

Ut(Hnga ht’07<a >‘) + (1 - ﬁ)(g + 515)1{1':3} + (1 - B)E Zﬁs(é + 5t+s)1tBiks|Ht7‘S§;UaC7)‘

s=1

12



where 1,_p) takes the value 1if i equals B and is 0 otherwise. Let AU (H;, SA,SB hlo, ¢, N) = U(Hy, S, helo, ¢, \)

— Uy(Hy, SB, h¢|o, ¢, \) denote the difference in economic payoffs and

D(Ht7 57;47 5751357615’0-7 Cv /\)

-3 > "B e+ 1P ) H, S, A

s=1

=E+ 0+ E | B E+60)HLS 0,0 —

s=1

the difference in ideological payoffs across the two proposals to an agent with history hY. We assume that agents

vote as if they were pivotal in the current period. Thus, their voting strategy satisfies for all ¢, h € J'x J'xEx A,

{1} if AUt(Hthvsthhtb-aC’ )‘) > D(Ht,S{‘,StB,g, 675)

G(hisA) €S [0,1] if AU(H,, SA, SB h|o, ¢, \) = D(Hy, SA, SB€,6,) (7)

{0} if AU(Hy, S, SE, hilo, ¢, \) < D(Hy, S3,SP,€,6).

Politically credible equilibria The following definition collects the components of an equilibrium together.

Definition 2 (0,(,\) is a politically credible equilibrium (PCE) if o € X(\) and 1) (party optimality) ¥V
i € {A, B}, o satisfies (5); 2) (Agent optimality: messages) \ satisfies (6); 3) (Agent optimality: wvoting) ¢

satisfies (7). A symmetric politically credible equilibrium (SPCE) is a PCE that satisfies 0 = oP.

This definition is in the spirit of Chari and Kehoe’s sustainable plans equilibrium concept. They require

optimality of player strategies after all feasible histories.

Characterization of equilibria Recall that continuation play of the game depends only on which mechanism
wins the election, not which party. If the two parties propose the same mechanism then the continuation outcome
path is independent of the electoral outcome and an agent’s vote is determined solely by its current political shocks:

C(hY; A) =1 (resp. 0) if 0 > & +6; (resp. 0 < £+ §;). Party A (resp. B) then wins the election with probability

13



p = G(—F~(1/2)) (resp. 1 —p). Since party A is always able to mimic B and choose the same mechanism, p
places a lower bound on its probability of winning. Conversely, party B can always mimic party A and secure a
probability of winning of 1 — p. Hence, in any (continuation) equilibrium party A must win with probability p in

each period and we have the following lemma.

Lemma 1 In equilibrium, party A wins the election with probability p = G(—F~1(1/2)) in each period. When F

and G satisfy Assumption 1, p = %

Let pi'(Hy, S, SP|o, ¢, \) denote the probability that party ¢ wins the election at ¢ following Hy, play of the cur-
rent feasible mechanisms S{‘ and SP and subsequent reversion to the equilibrium strategy profile (o, ¢, \). Propo-
sition 1 below uses the optimality of the voting strategy at t to tie p;’(Hy, S{‘, SP|o, ¢, \) and, hence, the incentives
of parties to agent payoffs. In particular, it identifies p*(Hy, S{*, SP|o, ¢, \) with a functional over the payoff differ-
ence functions AU (Hy, S{*, SP, |0, ¢, \). When Assumption 1 holds the result specializes to give party i’s electoral

success probabilities as affine functions of the continuation utilitarian payoff [ U;(Hy, Sy, hi|o,(, \)Qi(Hy, A; dhy).

Proposition 1 The probability that party A wins the election at t given Hy, the current proposals S{‘ and SP and

reversion to the equilibrium strategy profile (o,(, \) is

AU (Hy, S{t, SE, hilo, ¢, \)
1-3

For party B the probability is piB(Hy;, S, SB|o, ¢, \) = 1—piA(Hy, SP, SE|o, ¢, \). When F and G satisfy Assump-

piA(Hy, S, 8B lo, ¢, 0 =@ <5* : /F < - 5*> Q:(Hy, \; dhy) = 1/2) .

tion 1; fOT”i € {Aa B}7 .7 7& i’ P;Z(Hm 51;47 StBa ht|07 C? )‘) = KO(Hta Sg|o-a <7 )‘) + Kl f Ut(Ht7 S;» ht|07 Ca A)Qt(Hta )‘a dht)

Proof: By Lemma 1, in any (continuation) equilibrium party A must win with probability p in each period.

Thus, regardless of current play, D(Hy, S{*, SP, &, 64 0,¢,A) = (1 — B)(€ 4 &;) and the current electoral outcome

14



does not affect expected future political payoffs. Hence, given d;, all agents with pairs of histories and shocks (hy, &)

such that AUy (Hy, SP, SP, hilo, ¢, A) > (1 — B)(€ + d;) vote for party A. The fraction of the hy sub-population

A ¢B
that votes for A is then F (AUt(Ht’Stl;Sé helo€A) 5t>

and the fraction of the general population voting for A is

A
[F (AUt(Ht’StlLSBtB’htIU’C’A) - 5t> Qi(Hy, \; dhy). The probability that this fraction is above 1/2, resulting in an elec-

tion victory for A is G (5* [ F <AUt(Ht’S?LS§’ht‘U’C’A) — 5*) Q¢(Hy, \; dhy) = 1/2) . In particular, when F' and G
satisfy Assumption 1, for each i € {A, B}, j # 4, p}*(Hy, S{*, SP, hilo, ¢, \) = % + % fAUt(Ht,SiA,StB, hilo, ¢, )
Qt(Hta >\) dht) = KO(Ht7 Sisj|‘7» <-7 >\) + Kl f Ut(Ht> Szzh ht|07 Ca A)Qt(Hb )‘a dht)7 where KO(Ht7 S{Sj|ga <-7 >\) = % - %

fUt(HtaSgaht’07<7>‘)Qt(Ht»)\§dht) and K = ﬁ. n
It follows from this proposition that under Assumption 1, the policy optimality condition (5) reduces to

Wt H, € H'(N), j £4, ol(H)carg sup /Ut(Ht,S, halos € )y (i X dhy). (8)
SES (N Hy)

Thus, the parties behave as if they are utilitarian planners who take the future message and policy strategies as
given.” Sleet and Yeltekin (2006) assume a single, uncommitted policymaker who directly cares about utilitarian
payoffs. They obtain an equilibrium condition similar to (8) except that the payoff function U; depends on the
message and policy strategies of an agent and a single policymaker and not on the strategy of a rival policymaker.

The argument in the following subsections adapts that in Sleet and Yeltekin to the current setting.

"In the context of static probabilistic voting models it is well known that if political bias distributions are uniform with wide enough
support then politicians behave as if they are utilitarian. Our arguments generalize this result to a dynamic environment with an

evolving distribution over publicy observable characteristics - in this case, message histories.
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3.3 Necessary and sufficient conditions for politically credible outcome paths

We define an outcome path to be an event tree of compatible mechanisms, a probability distribution over the tree
and a reporting strategy restricted to aggregate histories on the tree. We give necessary and sufficient conditions
for such paths to be the outcomes of PCE. These conditions ensure that outcome paths are resource-feasible
and incentive-compatible (i.e. respect optimal message-sending by agents). In addition, a sequence of “political
constraints” require that continuation utilitarian payoffs along a path remain above a lower bound. Sufficiency of
these conditions is obtained via the construction of trigger strategy equilibria which revert to a utilitarian payoff-
minimizing no insurance PCE following the electoral success of a mechanism proposal that is not on the path. The
political constraints then imply that continuation utilitarian payoffs and, hence, a party’s reelection probabilities
are reduced by such defections. Outcome paths are more complicated than allocations as defined in Section 2:
additional randomness is introduced into utility awards by agent message strategies and by the uncertain nature of
elections. However, we show that under Assumption 1 for any PCE there is a payoff-equivalent PCE that induces

an allocation.

No insurance PCE In a no insurance PCE, politicians repeatedly propose mechanisms that provide no insur-
ance against taste shocks and agents send messages that maximize their current payoff. Formally, a mechanism
Sy = (My, ¢,) offers no insurance against current taste shocks if it gives the same utility award regardless of the
agent’s current message, i.e. if for each hy and my, m} in My, ¢, (he,mi) = ¢ (he,m}). A policy strategy provides
no insurance if each o%(H;) is a no insurance mechanism. We focus on one particular no insurance policy o™/ such

that each o7 "' (H;) = (O, pN1(Hy)) € Sy(Hy) and for all consistent history pairs H; and hy and all 8, N (Hy, hy, 0)
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= u(R;). The mechanisms prescribed by o/V/

are direct - they use © as the current message space - and resource-
feasible. If the future play of politicians conforms to o™¥/, then an agent’s continuation payoff is unaffected by
either the current election-winning mechanism or the agent’s current message. It is then optimal for an agent to
send a message and vote for a mechanism that maximizes her current payoff. This motivates our definition of the
no insurance message XN and voting (N1 strategies. For all t, (Hy, My, o, hy) € Jt and 0, AN (Hy, My, ,, hy, 6)
= 1g if 0 € argmax,,eng, 0 (he, m) and AN (Hy, My, @, by, 0) = 1,y some m/ € arg max,,c s, @;(he, m) otherwise.
Thus, AV requires that an agent sends the message that maximizes her current payoff and if reporting her cur-

rent shock achieves this maximum she is truthful. For all ¢ and A}, ¢}/ (h}; A) = 1 if E[fy] max,, MA 0 (hy,m)

> FEI0,] MaX,, ¢ /5 ©B(he,m) + € + 6; and ¢V (hP; A) = 0 otherwise, i.e. the agent votes for the proposal that

CNI )\NI

maximizes her current payoff given AN, Clearly, and are optimal for an agent given o™/, Also, if agents

send messages and vote for mechanisms that maximize their current payoff, then it is optimal for the parties to
NI NI \NI )

select o¥!. Hence, (o is a PCE. We have the following result where the proof of the second part,

along with all subsequent proofs that are not stated in the main text, is deferred to the Appendix.

Lemma 2 Let Assumption 1 hold. 1) (oN1,(NT, \NT) is o PCE with continuation utilitarian payoffs {W, 2.
W, = (1-B)E[0] 32, B u(Risr). 2) Amongst PCE’s (aN1, (N1 NN delivers the lowest continuation utilitarian

payoff at each date.

Outcome paths: Definition An outcome pathisa tuple T = {Hg , jtT, sz , p;r , )\Zf } comprised of aggregate H;r
and consistent aggregate-individual JtT history sets and functions that give mechanism proposals U;r , probability

distributions over these proposals p;r and lotteries over )\;r message spaces. The history sets are induced recursively
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by {oF}, while the domains of the functions o, pf and A} are obtained from H} and 7,X. Formally, the initial
components of Y are given by H{ = Hy, for i € {A, B}, Jf’i €Sy and J¥ = {(My,p1,m1) : (M1, 1) = a}f’i i €
{A, B},m; € M}, while the subsequent components evolve recursively according to H;f+1 = {(Hy, Sy) : Hy € HY
and Sy = azf’i(Ht) i€ {A,B}}, a;rfl t HE = Siqa with for each Hypq € HY 4, U;r_fl(HtH) € Si41(Hyr) and J,X4
= {(Hyrp1, My, @rpns hemug ) (Hegr, he) € TY, (Mygr, @p40) = 0703 (Hegr) some i € {A, B}, my1 € Myja}.
Additionally, p{ : Graph(c)) — P({A4, B}), where Graph(c}) = {(H, 0 (H}), 0P (Hy)) : Hy € HY}, and A} = 7,¥
x © — P with A\Y (Hy, My, ¢;, he, 0) € P(M;). An outcome path is simpler than a strategy profile. First, it does not
describe what happens after a history that is not generated by the path. Second, it replaces the voting strategy
with the sequence of functions {p)} that give the probability that each party wins the current election given an
aggregate history on the path. Let sz (H;) denote the cross sectional distribution of individual histories implied

by the outcome path at aggregate history H;.

Outcome paths: Necessary and sufficient conditions We now state and discuss the necessary and sufficient

conditions for an equilibrium outcome path.

Proposition 2 Let Assumption 1 hold. An outcome path Y = {{H}}, {7}, ('}, {of}, {N\[}} is induced by

a PCE if and only if:

A. For all t, Hyon = {Mr, 0, Y2y € HY 1, Jpynp Oy (hes1) Q1 (Hisr, dhis) < Ry
~Y ~T
B. For allt, (Hii1,hi) € 5, YA, UX (Hppr, helo ¥, 0Y) > UX (Hypq, hylo ™00 );

C. Forallt, Hy = {Mr,%« ;‘;;11 € H;Sr’ f]RxMt—l U?(Htvgg’i(Ht)7ht|UT7)‘T)QtT(Ht’dht) > wt;
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D. Forallt, Hy = {M;, o, }'2% € HY, o peos UX(He, oD (Hy), b0, AY) QY (Hyydhy) = [ ypen U (Hy,

r=1

of P (Hy), b |0 NT) QY (Hy, dhy).
E. Forallt, H, € HY, i€ {A B}, pf(H, {i}) = 1/2.

Conditions A and B above ensure resource-feasibility and message optimality along the outcome path. They are
clearly necessary for a political credibility. Condition C requires that each party’s proposal generates a utilitarian
payoff in excess of the no insurance one at all dates. Since, by Lemma 2, W, is the lowest continuation utilitarian
payoff amongst PCE’s this is also necessary. Condition D implies that the mechanism proposal of party A generates
the same continuation utilitarian payoff and, hence, the same probability of electoral success, as that of party B
at each date. Thus, neither party has an incentive to defect to the proposal of the other. Finally, Condition E
ensures that the probability that either party is elected is consistent with the necessary condition given in Lemma
1. Conversely, if T is an outcome path satisfying A-E, then it is possible to construct a PCE that induces it. In
this PCE, following the electoral success of a mechanism not implied by T, agents assume that no insurance will
be offered in future periods and revert to their no insurance message strategies. Consequently, the best utilitarian
payoff attainable from a defection is W, and, using Conditions C and D, the best election-winning probability is

pi = % - % foMt—l UtT(Ht,atT’i(Ht), hi|o T, )\T) QY (Hy,dhy) + %Et < %, ensuring political credibility.

3.4 Owutcome paths to allocations: Two simplifications

A Revelation principle Our definition of PCE does not require that agents truthfully reveal their type.
However, any politically credible distribution of payoffs can be implemented by an equilibrium in which 1) both

political parties propose the same history-contingent mechanisms, 2) these mechanisms are direct and 3) agents
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are truthful along the equilibrium outcome path. Below, we give a (symmetric) Revelation principle for our

environment. Some formal definitions precede the statement of the principle.

Definition 3 A mechanism Sy = (M, ;) is direct if My = ©. A policy strategy o is direct if for all i, t and

H, € H!, ot (Hy) is direct.
Definition 4 A policy strategy o is symmetric if for all t and Hy € H!, o(Hy) := of*(H,) = oP (H,).

Definition 5 Let Hy 1 = (Hy, St) € HTY with Sy a direct mechanism. A message strategy A is truthful at Hiq

if for all individual histories hy such that (Hyy1,h) € Tt and 0, A\i(Hy, S, he, 0) = 1.

Definition 6 (o,(, \) is a symmetric, truthful PCE if it is 1) a PCE, 2) o is direct and symmetric, 3) for all

Hy 1 = (Hy,00(Hy)), A is truthful at Hyqq.

Proposition 3 (Revelation Principle) Let (0,(,\) be a PCE. Then there exists a symmetric, truthful PCE

(6,C,\) that delivers the same lifetime payoff to U-a.e. w-type of agent as (o,(, N).

The proof is similar to one given in Sleet and Yeltekin (2006) and is not repeated. It utilizes Proposition 2
above; by this proposition any PCE outcome path can be supported by trigger strategies that revert to the no
insurance equilibrium following the electoral victory of a defecting political party. A standard Revelation Principle
argument can then be applied to replace the mechanisms along the outcome path with symmetric, truthful ones
that do not lower an agent’s payoff.

It follows from Proposition 3 that, from a welfare perspective, there is no loss of generality in restricting

attention to symmetric, truthful PCE’s. In the remainder of this section we do so. For these equilibria neither

20



elections nor agent’s message strategies introduce any additional uncertainty over an agent’s utility award; these
awards can be expressed as functions of the agent’s w-type and her (truthfully reported) sequence of shocks.
Thus, symmetric, truthful PCE’s induce allocations (as we have previously defined them). We call an allocation

politically credible if it is induced by a symmetric, truthful PCE.

3.5 DPolitically credible allocations

Proposition 2 and the definition of a politically credible allocation have the following immediate corollary.

Corollary 1 Let Assumption 1 hold. {¢;}72, is a politically credible allocation if and only if it satisfies (1), (2)
and the political constraints

W O = [ 2 Ul 6 R2gr T (07) Wdw) - W 20, (9)
®t71

Furthermore, no immiserating allocation is politically credible.

Anticipating later generalizations, (9) may be interpreted as a lower bound on a sequence of agent payoff
aggregates {Z;(U({@p |- }220))}i21, where the aggregators Z; stem from the assumptions that connect agents’
economic payoffs U({¢;,|-}22,) to their voting behavior and, hence, the election-winning probabilities of the
parties. In the current case, these aggregators are linear utilitarian ones, though more generally they may be
non-linear. The latter part of the above corollary follows from the fact that a political party will eventually be
able to increase the continuation utilitarian payoff of agents and its probability of electoral success by defecting to

a no insurance mechanism and away from an immiserating allocation.
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Corollary 1 implies that Pareto optimal politically credible allocations can be obtained by solving®:

sup (1—5)/ (w Z@t 12@% w, 017t (61U (dw) s.t. (1), (2), and (9). (10)

{324 t=1

Proposition 4 below shows that any solution to (10) solves a wvirtual planning problem with the same constraint
set as our benchmark planning problem (3) but a perturbed objective with societal discount factors (weakly)
greater than the agents’. The proposition also provides a partial converse that gives conditions on the virtual
planning problem sufficient for its solution to be an optimal politically credible allocation. The proof relies on the
manipulation of a Lagrangian suggested by (10) that incorporates the political constraints. For all {¢,}7°, € A

and {11,}32, € L{B™}) = {{z:} € RP| 302, B oy < oo}, this Lagrangian is given by:

L ({2 A i) :/]R (w Zﬁt 129twt w, 6 (0) U (dw) + Y B i ZiU{pr [ 120)- (1)

t=1 t=1

Proposition 4 Suppose that {pf}5°, attains the supremum in (10), then there is a positive-valued sequence

{Bjt}90, such that {p}}5°, solves:

/R ZB;wj; Zet% w, 097 (0 U (dw), (12)

{oi}i2 1€F({Rt}‘1’ =1
where ¥t > 0, 71 (w) = (L=wis1) + w17 (), 73(w) = () with weyy = BB/ B+, The sequence {BI'}2,
satisfies 1) S 72, Byt < 00, 2) B{® =1/ and ¥t > 0, B{'"™/Bi* > 8 and 3) Bi'"*' /Bt > B and wiy1 < 1 if the
period t + 1 political constraint binds in (10).
Conversely, if {¢;}22, solves (12) at {Bj'}°, (with {v;}2, given as above) and if {Bf'}°, satisfies 4)

Bt =1/8 and {ﬁ(B’ft - BB h} € arginfy yoo ¢ a1y L({of 2y, {pe }2) then {@;}22, solves (10).

8 After any aggregate history, the weighted average ideological payoff to agents is constant across equilibria. This component of

agent payoffs can be dropped from the ranking criterion.
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The virtual planning problem (12) retains the resource and incentive-compatibility constraints, but absorbs the
political constraints into the planner’s objective. This objective features a “perturbed” societal discounting scheme
{B;}2°,. The period t societal discount factor is given by Bi*/B'™' = (1 + u}) > 8, where p} is the optimal
(normalized) Lagrange multiplier on the current political constraint (9). Intuitively, when the current political
constraint binds, the shadow value of the continuation utilitarian payoff is increased and it is as if allocations
are selected by a politically unconstrained (virtual) planner who weights the future more heavily than agents.
Of course, if the political constraints never bind, then the virtual planner’s preferences coincide with those in
the benchmark planning problem (3). However, as noted previously, for many choices of C' the solution to (3)
is immiserating and eventually violates the political constraints. This implies that for at least some dates t, the
political constraints will bind and B}/ Bft_l > 3.9

The other feature of the virtual planner’s problem is the modified Pareto weighting scheme {7} (w)}{2,. This
scheme implies that if the political constraints repeatedly bind (so that w; is repeatedly in (0, 1)), then each agent’s
Pareto weight converges towards one and any initial differential weighting of agents implied by v and ¥ washes
out. Such convergence reflects the equal weighting of agents in the political constraints.

Farhi and Werning (2007) consider similar planning problems to (12). They emphasize a normative rationale
for societal discount factors in excess of agents’. We do not make such a normative case. Rather such social criteria
emerge as equilibrium phenomena in our setting. Simply put, in an optimal PCE politicians concerned only with

winning current elections implement the same allocation as a planner who is more patient than agents.

In fact, as we discuss below, in these cases Bi'/B;'™' > 3 for infinitely many dates t. In addition, in some numerical examples,

B}*/B;*™! > B eventually and in others the inequality holds at all dates.
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3.6 Properties of politically credible allocations
3.6.1 DPolitical constraints and inequality

Let £VF be a Lagrangian for the virtual planning problem that incorporates the resource constraints, i.e. for

{ei}2) € Aand {g}2, € L{BI'}) = {{ze} € RY| 3272, Biay < oo,
L {2y A} i) / ZB Z w)0epr(w, 0') — @ Cr(w, %)) (6°) T (duw). (13)
t=1

If for some {g;}2, € L({B%*}), {©}}:°, maximizes (13) subject to {¢;}$2; € A and the incentive constraint (2),
and if {¢}}?2, satisfies the resource constraint with equality then {¢}}i°; solves (12). The maximization (13)
features no cross-agent “aggregate” constraints. Consequently, it can be decomposed into a collection of component
planning problems in each of which a virtual planner selects an individual allocation {4, }°,, ¢, : O — D, to
maximize the net-of-cost utility of a single agent subject to incentive constraints. The component virtual planners
may be interpreted as trading resources amongst themselves at equilibrium prices {g; }$2;.

The component virtual planner problems admit a recursive formulation that utilizes “effective” Pareto weights
as state variables.!” Since D is bounded, the incentive constraint (2) can be replaced with an equivalent collection
of simpler temporary incentive constraints that facilitate this formulation. For T' = 1,2,... let Q7 be the set of
individual allocations satisfying the temporary incentive constraints ¢ > T, /=1 € @1 Lk k+j € {1,...,K},

j € {_17 1}7

~

Oktpy (01, +Zﬁ Zetwm (0", 0k, 07) 7" (07) = Ogtp, (0", Oy ) +Zﬁ Zetwm By, 07)7 (607,
r=1 r=1
(14)

'The formulation builds on the approach of Marcet and Marimon (1998); full details are given in Sleet and Yeltekin (2007a).
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The component virtual planner problem is then:

o0
Bt* . .
Vii(w)) = sup > 1> (0075 (w)eh, (0") — g7 C(3,(6"))]7(60") (15)
{¥}i21€ 5 P11 o
Manipulating the Lagrangian that incorporates the period 1 temporary incentive constraints gives:

2*

Vi(yp(w)) = inf  sup > [0p(vi(w), 0,11 (0) — giC (1 (0)) +

nERYE ()20, €05 g Bl*‘/?(%(%( w),0,n))|x(8)  (16)

where V5 is the value function from a collection of problems analogous to (15) evaluated at the continuation

discount and price sequences { B¥*/B#*};>9 and {q} }+>2. The current utility weights p are defined as:

* a /ék ‘Tr/ék .
CHO SR DIC RN ST S (17
Je{-1,1} je{-1,1} O m(0k)

and the “effective” Pareto weights in period 2 are:

«/ N . (O
BT = (L —wo) twmi@) wr | 3 = Y gl | 18)
je{—1,1} je{—1,1} m(Or)

Here 7y, 1.4, denotes the Lagrange multiplier from the (k, & + j)-th period 1 temporary incentive constraint.'! By
a similar logic the continuation value functions at all periods t, ¢ 4+ 1 satisfy Bellman equations of the form (16)
updated to include g¢;, Bi“* /B* and an augmented law of motion for effective Pareto weights ~} 41 of the form
(18) with parameter wyi1. These Bellman equations give rise to optimal policy functions {ﬁt,@ztﬁt 41, }i24 that
give multiplier, utility and effective Pareto weight choices as functions of the current effective Pareto weight and

shock and that, coupled with an initial 7§(w) induce an optimal allocation for the associated virtual component

117]0,1 and Ny g, are normalized to 0.
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planner. Notice that the optimal laws of motion for effective Pareto weights can be expressed as:

7t+1 (7, glc) = ’Y;+1 (7, b\k:» 7y (7, @c))

= (]. — Wt+1) + Wi417Y + 6?(75/9\’6)7 (19)

where v and @k are interpreted as the ¢-th period effective Pareto weight and taste shock and the “incentive
shock” €} is obtained from the optimal multiplier policy function 7,. The laws of motion (19) augment the earlier
deterministic sequence of Pareto weights {v}(w)}?°; with incentive shocks {€]}$°, that incorporate the future
rewards and penalties for a current report. For example, in a two shock problem with © = {51@}%:1, the optimal
allocation provides more current resources to an agent who reports the high taste shock 52. To induce truthful
reporting, agents who report a high taste shock receive a relative reduction in their future effective Pareto weight:
gl (v, 52) < 0, while those who report the low shock receive a relative increase: €} (, /19\1) > 0. In this way the optimal
provision of incentives contributes to a dispersion in effective Pareto weights. In addition, £ [6?(7,@)] = 0 and so
{7441} and 7 define an AR(1) process with time varying coefficient w41 € (0,1]. Recall that w11 = %ﬁ* <1
if the political constraint binds at ¢t + 1. Thus, the political constraints introduce a force for mean reversion into
the evolution of effective Pareto weights. Although, increased future dispersion in these weights and, hence, agent
utilities may be useful in providing current incentives, it lowers future continuation utilitarian payoffs. When the

political constraints bind such dispersion is damped: political constraints are a force for equality.

3.6.2 The pattern of binding political constraints

Suppose there exist a sequence of optimizing resource constraint multipliers {¢; }$2; and policy functions {7, zzt, Ver1tia

for the virtual planning problem and let {¢}};2; denote the optimal allocation implied by the policy functions.
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It is easy to check that W, v, 7 and the policy functions {7;,1}{2; induce a sequence of effective Pareto weight
distributions at each successive date {®;}¢2; and that the optimal continuation allocation {¢7.,,}72; solves a
virtual planning problem with initial Pareto weight distribution ®7,; and discount sequence {B] ™"*/BI*}o2, .12
It follows that if the political constraints do not bind after date T', then {¢},,}22; solves a politically uncon-
strained problem of the form (3) with initial Pareto weight distribution ®7,1. As noted above, for a large class of
cost functions C, all solutions to (3) are immiserating. Thus, for such C, if the political constraints do not bind

after some date, then {¢ }{2; must converge to an immiserating allocation. But this implies that {¢}}7°; must

eventually violate the political constraints, a contradiction. We have the following result.

Proposition 5 Suppose that all solutions to (3) are immiserating. Let {B{*}°, be a discount factor sequence
implied by (10) and assume the existence of a sequence of optimizing resource constraint multipliers {q;};2, and
policy functions {1, thﬁm_p 122, for the corresponding virtual planner’s problem. Then the political constraints
in (10) bind infinitely often, i.e. for all T, there is a t > T such that these constraints bind and the corresponding

effective societal discount factor BY*/ Bffl* is greater than 5.

It would be desirable to strengthen this proposition to show that political constraints bind eventually, i.e. there
is some T such that for all t > T, B{*/ Bffl* > f3. Sleet and Yeltekin (2007b) give numerical examples in which
this is the case. In one example, the allocation is a stationary one with a constant societal discount factor in
excess of the agents’ and a stationary utility/effective Pareto weight distribution. It corresponds to the stationary

allocations considered by Farhi and Werning (2007) and Sleet and Yeltekin (2007a) in settings with a constant

"*More precisely, there is an allocation {@, }o2; with for all r, w,07,6", @, (Fr, 1 (w,0),0") = @h  (w,0",0") and Y14 (w,0") the

induced period T + 1 effective Pareto weight for an agent with individual history (w, ") which solves this problem.
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exogenously given societal discount factor in excess of the agents’. It inherits the ergodicity proved analytically
in these papers and has the additional property that the constant utilitarian payoff equals E[f]u(R), where for
all t, Ry = R. In another example, the initial Pareto weight function (and distribution) is degenerate at 1. The
effective Pareto weight distributions then fan out over time and consumption and utility inequality increase until
the political constraints bind and this increase in inequality is arrested. Thereafter, the allocation converges to a

stationary one.

3.6.3 Intertemporal first order conditions

Dynamic private information economies give rise to “inverted Euler equations”, i.e. intertemporal first order
conditions involving the reciprocal of the marginal utility of consumption at successive dates. These equations
are usually derived in the context of models with privately observed taste shocks to leisure or, equivalently,
privately observed productivity shocks. In such settings they imply a positive wedge between an agents’ expected
intertemporal marginal rate of substitution and the shadow social marginal rate of transformation. In the present
setting, with privately observed taste shocks to the marginal utility of consumption, these relationships are more

complicated. Absent political constraints, we obtain for almost all w, for all ¢ and all (9157175]67 0,

1 1 1
Ey _ — M, + = B 20
B0 [BLtHu’(ch(w,Ht_l,Hk,ﬁ’))] C O (w, 051, 0y)) (20)

where ¢} (w,0") = C(¢}(w,6")) is an optimal consumption award to an agent with history (w, "), u' = (0C/0u) ™1,

M, = % Zje{fl,l} n;kﬂ,k(w?gtfl) <9k_+§k_ﬂ> Ph+jk and Ly i1 is the shadow return (ﬁqg—?) . In general, (20)

BEO'W (¢}, 4 (w,0°710,.,0"))]
O/ (cf (w00~ 1,0y))

implies a wedge between the intertemporal marginal rate of substitution and the shadow

price L, _&1. The sign of this wedge is driven by several factors. First, as is typical with inverse Euler equations,
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Jensen’s inequality implies that E[0]Ey [u' (¢}, (w, 01,0y, 0))] > E|0] {ng [u’(cjﬂ(w,;t‘l,@kﬁ’))] }_1, a force for a
positive intermporal wedge. On the other hand, the optimal allocation generally provides some insurance against
shocks and so E[0]Ey [u’(cz‘ﬂ(w,Ht_l,gk,H’))] > Ey [Hlu'(cjﬂ(w,ﬂt_l,@k,9'))], a force in the reverse direction.
Finally, M; captures the impact of the contemporaneous incentive constraints at ¢. Specifically, if the (k4 1, k)-th
constraint is binding, the wedge is reduced: intuitively, to deter a gk lie given a 5]€+1 shock realization, fewer
resources are paid out in the present relative to the future contingent on a §k report. The reverse logic holds if

the (k — 1, k)-th constraint binds.

For virtual planning problems with a discount sequence {B{*}$, (20) becomes:

1 1 1 (Bit*/Bt*) — 1
Ey —— :_*(1 /Br) B+Mt+A . (21)
E[0] " | BLepaw/ (chy (w, 0071, 05,0')) | 4@ B O (g (w, 0171, 61))
t+1x % —1
where now Ly = <B]13t* q;?) . In this case, the right hand side is augmented with the additional term
1
t+1x *)_
%W > 0 which depresses the intertemporal wedge.

4 Variations and extensions

We now describe several variations of the previous model. The variations alter agents’ political preferences to allow
for incumbency advantages and the parties’ preferences to allow for parties motivated by the rents accruing from
office rather than office itself. In each case we show that the variation gives rise to political constraints related, and
in some cases identical, to those from our initial model. In all cases, Pareto optimal politically credible allocations

solve virtual planning problems with discount factors that weakly exceed those of agents.
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4.1 Incumbency advantages

Incumbency advantage can be introduced in a simple way by respecifying an agent’s political preferences as:

L=B)E |Y B E+ 0+ ¢ 17

t=1

where ¢, = ¢ if party B is in power at t — 1, ¢, = —¢ otherwise and augmenting Assumption 1 with ¢ € (0,
min(—1/ (23) + 1/ (2€) —d, 1 / (2;5\) — d)). All else equal, the introduction of the ¢, variable raises the probability
of an incumbent party being re-elected. Applying the argument that underlies Lemma 1, we obtain that an
incumbent party wins re-election with probability G(¢) > % independently of the specific history of election-
winning mechanisms generated by past play. A very similar argument to that given in the previous section then
implies that parties seeking to maximize their probability of re-election propose mechanisms that maximize the
utilitarian payoff to agents given future play. After specializing to symmetric PCE with truth-telling, we recover
the political constraints (9) and Proposition 4. The only change in this setting is to the probability of any given

party winning an election conditional on which party was in office in the prior period.

4.2 Patient political parties

We revert to our earlier model (without incumbency advantages), but now suppose that political parties (or
politicians) have a discount factor x € (0,1). Let V/(o,(, A\|H;) denote the continuation payoff to party i from

(0,¢, ) after the history Hy; V! satisfies the recursion:

VAo, GAH) = > pl(Heoo(H)IC[(1 = X)) + XV (0, ¢, Al Hy, 0] (Hy))],
Jj€{A,B}

where I(j) = 1if j =i and 0 otherwise. The natural extension of our earlier equilibrium definition is:

30



Definition 7 (0,(,\) is a PCE if o € X()\), if for allt, Hy, 1,5 € {A, B} and all 3" that are resource-feasible given

A, Vilo', o9, ¢, N Hy) > Vi@, 07,¢, N Hy) and if the agent optimality conditions from Definition 2 are satisfied.

All that has changed here is the generalization of our earlier political optimality requirement to allow for
political discount factors in excess of 0. This generalization initially appears more complicated than before. A
policy choice effects both the probability of winning in the current period and, through its effect on the game’s
history, its probability of winning in subsequent periods. Potentially, a party might trade these probabilities off
against each other, reducing its chance of winning today, in order to improve its future electoral prospects. In fact,
this does not happen. Even with these more complicated preferences, each party chooses its current mechanism

to maximize the current utilitarian payoff, given its future play and the play of its rival.

Proposition 6 (0,(,\) is a PCE of a game with patient parties who have discount factor x > 0 if and only if it

is a PCE of a game with impatient parties who have discount factor x = 0.

Thus, the set of PCE’s is independent of the politicians’ discount factor. This independence extends to
symmetric, truth-telling PCE’s and, hence, the conditions for a politically credible allocation are unaltered. In
particular, the political constraints (9) continue to hold as does Proposition 4. We conclude that in an optimal
PCE, politicians implement the same allocation as a planner who is more patient than agents regardless of their
discount factor. Such politicians cannot commit to severe limiting allocations even if they raise their electoral
prospects. Note that one cannot appeal to a folk theorem-type result to the effect that political constraints are
relaxed as politicians become more patient. Although the punishment for a defection is immediate, the force for

immiseration ensures that political constraints (eventually) bind.

31



4.3 Political rents

Suppose that any resources not allocated to agents by an election-winning mechanism are appropriated by the
winning politician as rent. Let r! and p! denote, respectively, party i’s political rents and probability of electoral
success at date ¢ and assume that this party’s date t objective is ripi. Such an objective implies that parties
are impatient caring only about their contemporaneous rent and that they are willing to trade the probability of
winning office off against the amount of rent they extract if they win. The following definition redefines a PCE to

accommodate this new political objective.
Definition 8 (0,(,\) is a PCE in the political rents model if o € X(X), if Vt, Hy, i € {A, B}, o* satisfies

oj(Hy;) € arg  sup (S, N Hy)pl(Hy, St o (Hy)|C). (22)
S1eSy (N, Hy)

where for Si = (M}, o), r(SHNHy) == Ry — foMtflng' C((hiy1))Que1(Hy, Sty N)(dhyy1) and if the agent

optimality conditions from Definition 2 are satisfied.

Our previous analysis of PCE’s used the fact that in equilibrium the probability with which a party wins an
election is independent of the past aggregate history. In general, this is no longer true in the model with political
rents. To simplify the analysis, we focus from the outset on symmetric PCE. Invoking Assumption 1 and using

the optimality of the voting strategy, the party optimality condition (22) can be rewritten as:

, ‘ 1 5 ‘ .
O—KHt) € arg sSup T(S;, >‘|Ht) 5 + ﬂ /{Ut(Hta SZaht‘J7C7A) - Ut(HtaJg(Ht%ht‘O—7C7)‘)]Qt(Ht7)‘|dht) ’

SieSL(N\Hy)

where the bracketed term gives the probability that party ¢ wins. Let W, denote the infimum over utilitarian

payoffs attained by symmetric PCE’s at ¢ in the political rents model and assume that W, is itself attained. One
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can then show that for any aggregate history H; there is a continuation symmetric PCE that attains W, and
that makes no use of information revealed by agents in prior periods. Moreover, any given symmetric PCE payoff
distribution can be implemented with a truthful symmetric PCE that reverts to this continuation equilibrium after

a political defection. Formally, we have the following result.

Proposition 7 (Revelation Principle) Let (0,(,)\) be a symmetric PCE in the political rents model. Then

there is a symmetric, truthful PCE (6,C, \) that gives the same lifetime payoff to U-a.e. w-type agent as (o,(, \).

As in Section 3, this Revelation Principle allows us, without loss of generality, to restrict attention to equilibria
that rely on direct mechanisms and that induce truth-telling along their equilibrium paths. The next proposition
provides necessary and sufficient conditions for the politically credible allocations induced by such equilibria. Once
again these conditions feature political constraints on aggregates of agent payoffs. In particular, a party’s best
defection payoff is given by:

1 5 -1 —1 (pt—1

ZiU (v | 1i20)) = = supr{ 57— | ElOlu(Re—r)+5W - / > Ulfprarhw, 0711 20)n = (071) W(dw) | },
et-1

where the bracketed term gives the party’s re-election probability. Political credibility requires that this payoff

exceeds the expected rents attainable by adhering to the allocation: 3 (R; — [p gt C(¢,(w,0"))m(6")¥(dw)). In

contrast to before, the aggregators {Z;} are non-linear, but they remain concave.

Proposition 8 {p,}$2, is a politically credible allocation in the model with political rents if and only if it satisfies

(2) and the political constraints

Vi, 20 10 + 5 (Rt - /R Zc*(soxw,et»wf(et)wmw)) >0, (23)
@t
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where Zy is defined as above.

Proof: (Necessity) Let {¢,}¢2; denote a politically credible allocation. Agent message optimality implies
(2). A party can always feasibly defect at ¢ to a mechanism (0, ,), where for all (w, "), @,(w, ") = w(R; — 1),
r € [0, Ry]. Let Wiy1 > W, denote the continuation utilitarian payoff following the defection. Party optimality

implies that:

Ri— Ju Yo Cliulw 6D (0¥ (dw) {
. >

[El0]u(Re —7) + fWig1 — Wt({sot}?il)]}

AV
-
—N—

[E[@]U(Rt - 7“) + Bwﬂ-l - Wt({()@t};ﬁl)] } :

Since r was an arbitrary element of [0, R;], we have (23).

(Sufficiency) Suppose {¢, }22; satisfies (2) and (23). We construct a PCE that supports it as follows. For all ¢,
t, Hy = {0, 0, }.2), hy = (w,0") and kY = (({Hy, S{, he}, {Hp, SP i}, €,60), set of(Hy) = (0, ¢,), (5 A) =1
it AU(Hy, S{,SP hilo, ¢, N) > 8 + € and (,(hY; A) = 0 otherwise and A\ (Hy, hy,0;) = 1yp,. For all Hyyy =
({0, p M2t ML), (M, @}) # (0, ¢,), set A(Hiy1,w,0Y) = 1,,-, where m* € arg max,, ey ¢4 (ht, m). Following

s=1>

a defection in t, set the continuation strategies from ¢+ 1 onwards to conform to those of a continuation PCE with
payoff W, ;. The strategy profile (o, (, A) constructed in this way induces the desired allocation.

Since

t t <
= e 2o Rl ENTOONA) Gy 8L (R 1) + Wy — Wil dm)] | >0
2 ' €[0,Ry] 2 1-p

the profile is resource-feasible along its outcome path. (2) ensures that A is optimal for agents provided there

has been no election-winning political defection. If a defecting party wins the period ¢ election, subsequent play
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reverts to the equilibrium with utilitarian payoff W, ;; this continuation equilibrium makes no use of previously
revealed information and so it is optimal for agents to send the message that maximizes their current payoff in
period t. Consequently, (0, @,) with for U-a.e. w and all 6, @,(w, ") = u(R; — rf) and r} € arg SUP,(o,R,] T {1
+ % [El0ju(Ry —7) + BW,11 — Wi({¢:}$2,)]} is an optimal defection for a party. (23) then ensures that no
party will undertake a defection (or any sequence of defections). The agents’ voting strategy is optimal in the
periods up to and including an election-winning defection. Finally, the use of a continuation equilibrium with
payoff W, ., to construct continuation strategies following a defection ensures the post-defection optimality of

player decisions. Hence, (0,(, ) is a (symmetric) PCE and {p,}$°; is politically credible. B

It follows from Proposition 8 that a Pareto-optimal, politically credible allocation in the model with political

rents solves

sup [ (w) Y 3 8 0w, 06 W) (24)

{@t}?il R t=1 Ot

subject to (2) and (23). As in the model with office-motivated politicians, Pareto optimal politically credible
allocations solve politically unconstrained planning problems with planner discount factors in excess of agents’. In
this case, since the political constraints bind in all periods, the virtual planner’s discount factor strictly exceeds the
agents’ discount factor in all periods. We obtain the following result, where the Lagrangian used in the converse

is of the form (11) updated to include the (concave) {Z;} functions defined in Proposition 8.

Proposition 9 Suppose that {;}i2, attains the supremum in (24), then there are positive-valued sequences

{Bi'}2, and {R;}22, such that {¢f}°, solves

VR 1, ¥) = > B (w) Y brpy(w, 67 (") U (dw) (25)
®t

{S@t}t 16F {R*}‘I’ /Rt 1
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where ¥t > 0, vi 1 (w) = (1 — wip1) + wir17i(w), v(w) = y(w) with weyr = B[BY/B'HY.  The sequences
{Bf}°, and {R;}2, satisfy 1) 3202, Bt < o0, 2) Bgt =1/ and Vt, B /Bt > B, and 3) Vt, R} € (0, Ry].
Conversely, if {¢F 122, solves (25) at {Bf'}2, and {Rf}22, (with {~;}2, given as above) and if A) {BF'},
satisfies Bl = 1/8 and {[grfﬂtfl]*l(Bft — BB H} € arg infe veo ¢ pga1y) L({r 21, {me}52), with Vt, rf
— argmaxseony 7 | 3+ (- B)EBu(R—) + BW, 0 — o S Uty lw, 01122 )nt 1 (67) W(duw)}

and if B) {R;}32, solves max ; Zfil[gr;k]_l(Bft — BB (R~ Ry) + V({R:}, V), then {pF}2, solves (24).

5 Political constraints and patient virtual planners

In each of the preceding examples Pareto optimal politically credible allocations solved virtual planning problems
that shared the same constraint set as the benchmark problem (3), but whose objectives featured higher societal
discount factors and mean reversion of Pareto weights. In this section, we seek generalizations of these results.
Specifically, we look for conditions on abstract political constraints that ensure that the benchmark problem (3)
augmented with these constraints is equivalent to a virtual planning problem with perturbed discounting and
Pareto weighting schemes. Our conditions generalize and nest those from each of the models described above. It
follows that if political constraints satisfying our conditions emerge as equilibrium restrictions in a political economy
game, then the implied Pareto optimal equilibrium allocations of this game solve virtual planning problems with

planners who are (weakly) more patient than the agents.
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5.1 A generalized politically-constrained Pareto problem

Abstract political constraints We now consider abstract political constraints of the form:

ZUU({prera [ 120) + X (Rt - [, clatw, m)wf(ef)m(dw)) >0, (26)

where X : [0,R] - Rand Z, : Fu — R, F = {w| [z Yo lue(w, 071 710" )W (dw) < oo} We interpret
these constraints as capturing the restrictions necessary to ensure that an allocation is not revised in the future by
voters in an election. Notice that (26) nests the political constraints in the preceding sections where Z; was either
a linear utilitarian aggregator that gave the net effect on a party’s probability of winning an election from its best
defection or a non-linear aggregator that gave the (negative) of the expected political rents attainable from such
a defection. X was either 0 or gave current expected equilibrium rents. We assume the following.

Assumption Z1 For all t, Z; is Fréchet differentiable. For u € F; its Fréchet derivative 0Z; is a linear
operator of the form: 0Zy(u;-) = (z(u),-), where (z(u), f) = [ z(u;w, 071) f(w, )71 (O )V (dw), f € F

and the functions {|z:(-;-)|}$2, are uniformly bounded by some Z < oo.

Assumption Z2 For all t, Z; is concave and Zy : Uy — Z, where Uy = {ug|uy : R x ©F — R | uy measurable

and V-a.e. w, all 0", uy(w,0") € W} C F and Z is a bounded subset of R.
Assumption Z3 For all t, Z; is increasing and for all u € Uy and almost all w, 01, z(u;w, 071 > 0.
Assumption X X is non-decreasing, continuous, smooth and concave.

Assumption ZX There exists an allocation {p;}2, satisfying (1), (2) and inf; Zy(U({yyr_1]-}221) + X (R —

J Cler(w, 07))m"(6") ¥ (dw))) > 0.

37



Assumptions Z1, X and ZX are essentially technical. Assumption Z3 captures the intuitive idea that if an

allocation is politically credible, then one that offers more to everyone is also politically credible.

Generalized politically-constrained Pareto problems We call an allocation politically credible if it satisfies

(1), (2) and the political constraints (26). An optimal politically credible allocation then solves:

sup / Y (w)U ({gy(w, )} )W(dw) s, (1), (2) and (26). (27)

{edi2, /R
The virtual planner We now prove that (27) can be transformed into the problem of a virtual planner who
uses a perturbed discounting { Bj*}2°, and Pareto weighting scheme {7} }?°, and who faces no political constraints.
As before, the current effective societal discount factor Bi*/B}'™1 t = 1,... exceeds that of the agents whenever
the current political constraint binds. The more general virtual planning problem derived below features an
individualized, history-contingent Pareto weighting scheme emerges that can be interpreted as capturing the time

and history dependent political influence of agents.

Proposition 10 Let Assumptions Z1-ZX hold. Suppose that {¢;}72, attains the supremum in (27), then there

are positive-valued sequences { By}, {75152, and {R}}$2, such that {©F}32, solves

VR 121, V) = /RZB’I’:Z% L0100, (w, 0% (0°) U (dw). (28)

{edie 1€F {R*}‘I’ =1
The sequences {Bi'}°,, {vi 122y and {R}}2, satisfy: 1) Yoo Bft < 00, 2) Ba‘l = 87! and Vt, BftH/B{’[t > B,
3) Yt Vi (w0, 0') = (L= wip1) + werri (w0, 071 + e (w,0%), v5(w,07) = y(w) with wesr = B[BY'/ By and
I3 e (w,6') 7(6") ¥(dw) =0, 4) BBt > B and w1 < 1 if the period t + 1 political constraint binds in
(27) and 5) Ry € [0, Ry].
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Conversely, if {¢F}22, solves (28) for a triple of sequences {B}'}2y, {vi}2o and {R;}22, satisfying 1)-
3) and 5) above and the additional conditions: A) {[Z87 (Bt — BB, € arginfy, 1o ¢ (g1}
LU}y {mbi2y), where 2 = [ Yoo 2f(w, 07 7710 U(dw) and (2f,) = 0Z:({¢}}i457), B) VL,
e (w,0") = Oﬂﬂtﬂ)% and C) { R} }72, solves MAX( f 100 eree (0,77 S 7] (B -8B ) X (R—

Et) + V({Et}fil,\li), then {@;}72, solves (27).

6 Conclusion

Many dynamic normative models of incentive provision imply that it is ex ante optimal to almost surely immiserate
agents. Implementation of the resulting optimal allocations thus requires a high degree of social commitment.
This paper embeds a benchmark dynamic private information environment into a variety of political economy
games that allow societies to vote over and, hence, revise allocations ex post. The probabilistic voting games
considered directly connect the probabilities of electoral success and the payoffs of politicians to aggregates of agent
utilities. The set of equilibrium restrictions on allocations augments the resource and incentive-feasibility conditions
found in earlier normative contributions with a sequence of political constraints that impose lower bounds on
these aggregates. Such bounds ensure that political parties adhere to the strategies underlying an allocation;
they preclude immiserating outcomes. The paper shows that Pareto optimal politically credible allocations solve
(politically unconstrained) virtual planning problems in which the effective societal discount factor weakly exceeds
the private one in all periods and strictly exceeds it when the political constraints bind. More generally, whenever a
political economy model implies a sequence of bounds on smooth, monotone, concave aggregates of agent utilities,

then the corresponding effective societal discount factors weakly exceed those of the agents. These results provide
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alternative micro-political foundations for the assumption of a societal discount factor in excess of the private one
made in several recent normative contributions. We conjecture that similar results will hold whenever political

competition is strong enough to align sufficiently the preferences of politicians with those of the majority of agents.

7 Appendix: Proofs

7.1 Necessary and sufficient conditions for PCE

Lemma 2 By the argument preceding Lemma 2, (¢! [ CNT NI ) forms a PCE with continuation utilitarian
payoffs {W,}¢°,. Consider an arbitrary PCE (o,(, \); denote its utilitarian payoff after H; by Wi(H¢|o,(, A).
Define the period ¢ no insurance mechanism SN! = (0, pNT), V0", oN1(0") = u(R;). A party that proposes
SN at date 1 delivers the utilitarian payoff: (1 — B)E[f]u(R1) + BW2(SiV!|o,¢, A). Since S{! need not be the
mechanism prescribed by the equilibrium o, by Assumption 1 and Proposition 1: Wi(o,(, ) > (1—8)E[flu(R1) +
BWa(S™M o, ¢, ). Similarly, a party that proposes S{¥7 at date t after {SN! }2;11 attains the continuation utilitarian
payoff (1 — B)E[0ju(Ry) + BWir1({SM}L_;|o, ¢, A). Once more this proposal need not be that prescribed by o
and so, Wi ({SNT}:2t o, ¢, 0) > (1 — B)E[OJu(Ry) + BWis1({SNT} _ |0, ¢, \). Combining these inequalities gives
Wi(o, ¢, A) > (1—0) Zthl BEBlu(Ry) + T W ({SNYE (|0, ¢, \) and so, taking the limit in T’ and using

the boundedness of payoffs, Wy (o,(,A) > W;. A similar logic implies that for all Hy, Wi(H|o,(,A) > W,. R

Proposition 2 (Necessity) Let (o,(,\) be a PCE and Y(o,(, A) it’s outcome path. Since o € X(A), T(o,(, A)
satisfies A; since \ satisfies (6), Y (0, (, A) satisfies B. Defining S;¥7 as in the proof of Lemma 2, [ Uy(Hy, of(Hy), hy

g, Cv )‘) Qt(dht) > f Ut(Ht> St]VI> ht‘O’, C> )‘) Qt(dht) = (1—,8)E[9]’LL(R1§) + ﬁWt+1(Ht7 SIENI‘O-v C: )‘) > (1_6)E[9]U(Rt)
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+ BWip1 (Hy, SNT|oNT NI ANTY — W, | where the first inequality stems from o (H;) € arg maxg, (p,,x) | Ut(H, St,
hi|lo, ¢, A) Qi(dhy) and SNT € Sy(Hy, \), the equality follows from the definition of S}/ and the second inequality
follows from Lemma 2. Hence, Y(o,(, A) satisfies C. Since, party 7 can always defect and select U{(Ht) at Hy,
80 Jpsenpir Ur(Hy, 03(Hy), hulo, ¢ N Qu(Hy, N dhy) > [ 0o Ue(Hyy ol (Hy), halo, ¢, N)Qi(Hy, A, dhy) and D follows.
Lemma 1 implies E.

(Sufficiency) For the converse, we construct a strategy profile that induces T = {{H}}, {7}, {oF}, {\[}}
and verify that if T satisfies A-E, then the profile is an equilibrium one. For H; € H[, set oy(H;) = of (H;) and
for (Hy,w,m!=1) € J¥ set \(Hy,w,m*1,0) = A\ (Hy,w,m*~1,6). For H; ¢ HY, set o4(H;) = o1 (H;) and for
(Hy,w,mt=1) ¢ J,¥ set \e(Hy,w,mt=1,0) = AN (Hy,w, m!1,0). Finally, set ¢ so that for all ¢, h? ¢,(hF; A) = 1 if
AU (Hy, SP, SE, hylo, ¢, \) > D(Hy, SP, S, €,64) and ¢,(hY; A) = 0 otherwise. It is straightforward to verify that
these strategies are resource-feasible and optimal for agents. To verify the optimality of ¢ note that by C and
D, for H; € MY, i,j € {A, B}and all S; € S;(Hy, \W)\{oi(Hy)Yicqapy, | Ui(Hy, 04(Hy), helo, (, N)Qe(Hy, dhy) =
JUE (Hy 00 (He), hilo™ NO)QF (Hy, dhe) = [ U (Hyy 0 (Hy), bl ™, N QF (Hy, dhy) = [ Uy(Hy, o (Hy), helo, ¢, N)
Qi(Hy,dhy) > W, = (1-B)E[0Ju(Ry) + BWit1 (Hy, SN oM (N ANTY > [ Uy(Hy, Sty helo, ¢, N) Qi(Hy, dhy), where

the maximality of SN in S;(Hy, \NT) delivers the final inequality. W

Proof of Proposition 6 Suppose that (o,(,\) is a PCE of a game with patient parties, then it is resource-
feasible and satisfies agent optimality. It remains to check that o%(H;) € arg SUDSies, (A, Hy) pi(Hy, SE ol (Hy)C).
As before, party A (resp. B) can always win elections with probability p (resp. 1 — p) simply by playing o”

(resp. o). Thus, in the game with patient parties, p (resp. 1 — p) places a lower bound on party A’s (resp. B’s)
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payoff. Hence, p < (1 —x) 2, x! Ipf =1 — (1 —x) 322, X! 'pP < p and so party A always earns a payoff of
p in equilibrium. By the same argument, party A’s continuation equilibrium payoff after any history is also p. If
after some Hy, A defects to S{* and then reverts to equilibrium play its payoff is: (1 — x)pi*(Hy, S, o (Hy)|¢) +
xp- Whether party A wins or looses in the present does not affect its equilibrium continuation payoff and, so, it
chooses policy simply to maximize its current payoff. It follows that equilibrium strategies must maximize the per
period probability of winning. The same logic applies to party B.

Conversely, if (0,(,\) is a PCE of a game with impatient parties (x = 0), then it is resource-feasible and
satisfies the agent optimality conditions. It remains to check that o satisfies for all t and Hy, Vi (o, A\ Hy) >
Vti(ai, 07,¢, N\ Hy), where the Vi are defined for some y > 0. In the game with impatient parties, party A wins
an election with probability p in each period and so for all ¢, Hy, V,A(c,(, \|H;) = p. It follows that for all
t, Hy, since of*(H;) maximizes pi'(Hy, S{', 0P (H,)|C), of (H;) € arg sUPgaes, (x Hy) (1 —x) pi(Hy, S{, 0B (Hy)|C)
+X(1 = pit(Hy, St o (Hy)[Q) Vit (0%, 0P, (N He, o (Hy) + x i (He, SP, 0f (H)[Q) Vidi (0, 07, ¢ M Hy, S7Y).
Thus, even with y > 0, party A has no incentive to defect from o4 for one period nor, given the boundedness of
payoffs, to undertake any series of deviations from . Hence, for all t, Hy, V;A (o, (, A|Hy) > Wi(ﬁA,aB, ¢, A\ Hy).

The same argument implies that for all t, Hy, V,B (o, ¢, A\|Hy) > VZ(UA,EB,C,)\]Ht). [ |

7.2 Virtual planning formulations

Propositions 4 and 9 are proven as special cases of the more general result Proposition 10. The proof of this result
is obtained in three steps. In the first, an allocation is shown to be an optimal politically credible one if and only

if it attains a saddle point of a Lagrangian. In the second step this Lagrangian is “linearized”, in the third, the
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linearized Lagrangian is reconfigured to give the virtual planner’s objective. The Lagrangian is given by:

L2 Amdiy) = / Yw) Y BT Oupy(w, 0)7 (601) T (dw) (29)
R t=1 ot
+> 87 | Z (ZBT > etwsoHT(-,-,eT)w(eT)) +X (Rt - / Z0<sot(w,9t)>7rf<9f>\lf<dw)>] :
t=1 r=0 ot+r R ot

where {1,}5°, € L({#"'}). Tt is convenient to re-express the sequence of constraints (26) as a single con-
straint GPOM({,}521) > 0, where GPOF + A — lo and GPO*({p}2,) = {Ze(U({pryrl}721) + X(Re —

3 Cpp(w, 0M)w (0) ¥ (dw)) }22,. We have the following.

Proposition A1l Let Assumptions Z2, X and ZX hold and let U* denote the optimal payoff from (27). Then,

there is a {ui}32; € LI{F"™}) such that U* = sup(gye ergng ) (1~ B) Lo 2y {4 }y). Furthermore, if

{pr}22, attains the supremum in (27), then ¥V {u,}52, € L({ﬁt_l}), {ps}2, € T{ R}, 0),

LHpe b2 A 1i21) < LHee F2a A 120) < LHer 2 i} ea)- (30)

Conversely, if {uf}2, € L({B"™1}) and {p;}2, € T({R:}, V) satisfy (30), then {pF}2, solves (27).
Proof: By Assumption ZX, there is some {¢;}5°; € T'({R;}, ¥) such that GPOL({¢,}22,) > 0. By Assumption
72 and X, {{p,}2,|GFOL({p,}821) > 0} is convex. Since I'({R;}, ¥) is convex and [ v(w)U ({¢,(w,)}$21) ¥ (dw)

is concave, it follows from Luenberger (1969), Theorem 1, p.217 that there is an element p* € £, such that

U* / - t—1 t t/pnt
= sup Y(w) ) B Orpr(w, 07 )" (0°) W (dw) (31)
=5 {152, P {Re} ) JR ; %:

+ <M*7 {Zt (Z 9t+r90t+r(" E HT)WT(GT)> =+ X (Rt - AZC(@t(w7 gt)ﬁt(gt)\p(dw)> } >
ot

ot+r t=1

By Luenberger (1969), Corollary 1, p. 219, if {¢} }?°, attains the supremum in (27), then the Lagrangian on the

right hand side of (31) has a saddle point at (u*, {¢}}22;). That u* can be represented by an element in L({3""'})
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follows from Rustichini (1998), Corollary 5.6. Thus, the saddle point condition (30) holds. The converse follows

from Luenberger Theorem 2, p. 221 and Rustichini (1998), Corollary, 5.6. B

Proposition A2 Let Assumptions Z1, Z2, X and ZX hold. If{y}}i2, attains the supremum in (27), then

there is a pair of sequences {;f}32; € L({8''}) and {12, 5 : R x ©~1 — Ry such that {g}}32, solves

sup Lo {2 {32 2 120, (32)
{721 E0({Re}, )

(o (i) (0020 1= [ AU, YY) W(dw) + 3532, B i [ [ 5 2 (0.0 Uiy w.0))
=10 U(dw) + X (Re — [ Clgpy(w, 6°) 7 (6") ¥ (dw)) } Conversely, if {pf}i2, solves (32) for some {p}72,

€ L{BY) and {z:}2,, zf : Rx O = Ry such that 0Z;({@f}2 ;) = (2, ") and {u}} € arg infy, 1o cpp1p
L7120 {m}i21), then {@i}2, solves (27).

Proof: If {p}}$°, attains the supremum in (27), then by Proposition Al there is a sequence {u;}°, €
L({B'™"}) such that {p{}2) € arg suppyjee er(ir,yw) LHP 20 {i21). Fix {¢}}2) € T({R}, ¥) and for
a € [0,1], et {@f'}2) = {(1—a)o} +api}i2) € PR}, V) and J(o) = L{#f 2y, {pi }i21)- Then, J:[0,1] — R
is smooth and concave with a maximal value at & = 0 and lim, o J'(c) < 0. The latter inequality, the definitions
of J and L£*({@}21; {uf 121, {2 }21), Assumption Z1 and the concavity of X and [pv(w)U(-)¥(dw), imply
that £ ({0} 1o {1520, {0 120) = L7 (b Lt Y52, (2 120), where (21, ) = 0Z({¢f)2.5 ). For the con-
verse, suppose that £°({f}21; {1 ow 12 120) = L2 (s {f }i2u, (20 1520), where (27,) = 02 ({51205 )
and L({@1}521, {ui}521) > LU }e2, {pi}22,). Combining these inequalities, Y9, 5" i [ > g1 25 (w, 0°71)
U@y l0,0"1) = U({ oy, 0] 70 0 () > 5%, B it [ (Ut era7)) = 2 (U Ghral))].

But this contradicts the concavity of the Z; and so {¢}}j2, € argsupy, yo crryw) LH{@i}21, {wi}). Since by
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assumption, {yu;} € arg infy, 1o crgpt-1y) L({pr 121, {m}521), it follows that {¢y }$2, and {u;} satisfy the saddle

point condition (30) and so by Proposition Al, {¢}}7°, is optimal in (27). B

The “linearized” Lagrangian £*({y,};2;{ui}, {2{}) incorporates a history-specific multiplier scheme {2} }.
We use this to construct a sequence of societal discount factors and history contingent Pareto weights. Given
{322, € L({B"1}) and a sequence of integrable functions {2}, z : R x ©"1 — R, |, let Z; := Jg Set1
z(w,0"71) 7t=1(0"71) W(dw) and define the discount factor sequence: BY = 371 and BY = 1 [1+ 32! p,Z] =
BB 4 g1 1,Z,. Define the Pareto weight sequence: vo(w, 0 1) = y(w) and for all t, 0", w, = BB /B,
e (w, 071 = (1 —wy) (W) and v, (w, 071 = (1 — wy) + wiypq(w,0772) 4+ 3 (w, 0" ). By construc-
tion the average value of the weights ~,(w,#""!) in the population is always 1 and E[ef] = 0. The following
lemma establishes that the Lagrangian in (32) evaluated at a (bounded) allocation and multiplier sequence can be
rearranged to obtain an alternative objective. It’s proof, essentially an application of Abel’s lemma, is omitted.

Lemma A1 Given {1, }22, € L({B"'}) and {2}, z : R x ©1 — (0, %] with each z integrable, define the

sequences {7, }3°, and {B}2, as above. Then, for each {©,}°, € A, we have:

L ({2 {2, {z120) = /RZBiZ’Yt(w’gt1)9t@t(w»9t)ﬂt(9t)‘l’(dw)

t=1 ot

+Zﬁt71MtX (Rt - / ZC(gpt(w,Qt))wt(Ht)\P(dw)> :
=1 R gt

We now prove Proposition 10.

Proposition 10 Given Assumptions Z1-ZX, Propositions Al and A2, Lemma A1l and the renormalizations

preceding Lemma Al if {p}}$°, attains the supremum in (27), then there are positive-valued sequences {Bj'}°,
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and {77 }52, such that {p}}5°; solves

/]R ZBi‘tZ% 070, (w, 0 (01 (dw) +Zﬁt 'ui X (Rt— /R ZC(sko,et»wtwt)\If(dw))-
ot

(33)

{2 1€F {Rt} v)

where for ¢t > 1, uj = Wl,_l(Bf — BB > 0,7 = [ Se 2 (w, 007 7L W(dw) > 0, (7,
= 0Z:({p}}:21;-) and the sequences {Bj'}2°, and {y}}$°, satisfy conditions 1)-4) in the proposition. Also,
{pf}s2, is the optimizing multiplier sequence ming, yeo er((5'}) L{pr 2y, {m}52,). Define for all ¢, Ry =
Je Yot Clef(w,0")) wt(6) ¥(dw) € [0,Ry]. Clearly then {p;}52; solves SUP{y, 32 er({R:}9) Jr oo Bil Yo
i (w, 071 00, (w, 0) 7H(0) W (dw), where {R}} satisfies (5) in the proposition. The converse of Proposition A2
coupled with lemma A1 implies that if {p}}9°, solves (33) for a pair of sequences { Bf'}2°, and {7} }$°, satisfying

1)-3), 5), A) and B) then it attains the supremum in (27). We may restate the optimization in (33) as

) swp [ S B S iw.0 uew, 6)m (0 V() + Y0 5 i X (R Rr).
{ReYENR2, [0,Re] {0 )32, €L ({Re },0) /R =1 ot t=1

The converse and condition C) in the proposition follow from this. B

Proposition 4 is a direct consequence of this with Z;(u) = [ g1 u(w, 0710 1) T (dw) and X = 0.
These clearly satisfy Assumptions Z1-ZX. Proposition 9 follows with Z;(U({y;,.]-}2))) = Z(fw Yoot D e

U({pesrlw, 68'713220) 7 71(6'™") W(dw)), where Zy(B) = —maxzepo.r,) 713 + o{(1 = B)E[Ju(R; — F) + S,y

— B}] and X(r) = r. These functions also satisfy Assumptions Z1-ZX. In particular, assuming that rf(B) =

N ~ R o 27
arg maxpejo g, T 5 + 0{(1—B) E[flu(R;—7) + SW,— B}] is interior, we sce that %BZJ (B) = 72(175)E[9]u’(Rt77'z‘(B))+7‘1§(B)(17,3)1

< 0 and Z; is concave. H
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