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The Braess Paradox in Electric Power Systems

Seth Blumsack and Marija dli

X = (NB x NB) system complex reactance matrix
Abstract-- Braess’ Paradox describes a situation in which Y = (NB x NB) system complex admittance matrix

constructing a Wheatstone bridge causes or worsens congest 7 = (NB x NB) system complex resistance matrix
in a network, thus increasing the cost to users. Whil¢his = (NB x NB) node-node adjacency matrix

behavior has been extensively studied in other network , _ (NB x NL) system node-line adjacency matrix
industries, its implications for power systems have at. The L
P = (NB x 1) vector of bus injections

steady-state conditions under which Braess’ Paradox holds a -
simple symmetric unbalanced Wheatstone network are dered. F = (NL x 1) vector of line flows
While these conditions are more stringent than in othetypes of 0 = (NB x 1) vector of bus angles
networks, Wheatstone structures are quite common in agal & = (NL x 1) vector of bus angle differences
power networks and can sometimes provide reliability enefits = (NB x 1) vector of net bus injections by theh grid
to the system. The price paid for this reliability kenefit is participant
increased congestion throughout the network; eliminatig _ .
congestion in a Wheatstone network also eliminates the™ = (NBx 1) vector of nodal prices
reliability benefit of the meshed network structure.

II. INTRODUCTION: WHEATSTONENETWORKS AND THE

Index Terms—Braess Paradox, Wheatstone Network, DC BRAESSPARADOX
Power Flow, Locational Marginal Price he Wheatstone network describes a graph consisting of
four nodes, with four corresponding edges on the
boundary creating a diamond or circular shape. A fifth edge

_ : _NOMENCLATURE connects two of the nodes across the interior ohttavork,
NL = Number of lines in the network thus splitting the network into two triangular (or
NB = Number of buses in the network semicircular) subsystems. This fifth edge is aptly réithe

S; = Transmission line connecting busesd]

Bjj = Susceptance of the link connecting busasd]

Y;; = Complex admittance of the link connecting busasd]
Xij = Reactance of the link connecting buisaad]

0; = Phase angle at tlid bus

P; = Net real power injection at thi# bus; positive for net
generation and negative for net withdrawal

P = Real power demand at tith bus

Psi = Real power demand at thth bus

& = Phase angle difference between biisegl]

“Wheatstone bridge.” Although the network is named for
Charles Wheatstone, who was the first to publism#teork
topology in 1843, the network design was apparently the
work of Samuel Christie some ten years earlier [1].

The original motivation for the Wheatstone networkswa
the precise measurement of resistances, as showgureH.
In the network, resistancéy, R,, andR; are known to very
high precision, andR, is adjustable. The problem is to

F; = Real power flow between buseandj measureR, with similar precision. The voltagé across the
i = Nodal price at bus bridge is equal to:

K; = Shadow price of transmission between busesd]

Ci = Total cost function at thieh bus. ve_ e vy Ry 1)
MC; = Marginal cost function at théh bus, equal tdG/dP.. R+R, ° R+R, °

d; = Number of buses connected to b(that is, the degree of

busi).

B = (NB x NB) system susceptance matrix

B®% = (NL x NL) diagonal matrix of line susceptances where Vs is the voltage source. Assuming thét# , O

then the voltage drop across the bridge will be zerthat
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parallel  subnetworks and Wheatstone subnetworks,
Milchtaich concludes that (apart from uninteresting situnes
RY R3 such as si_mple bottlenecks) the paradoxical behaviorotgnn
occur outside the Wheatstone structure. Thus, obseanvaitio
<+> i the paradox serves as proof of an embedded Wheatstone
= e subnetwork. [4] — [6], [8], and [10] offer the following
R2 Ry technical and policy implications of Braess’s Paradox:
1. Braess’s Paradox occurs in any network that is not
purely series-parallel;
Figure 1. Wheatstone circuit example 2. Local network upgrades (that is, upgrading only
congested links) will not resolve Braess'’s Paradox.
As a fairly general topology, Wheatstone networks have Upgrades must be made throughout the system in
arisen as structures of interest in other network tiitus order to reduce the user cost of the network;
such as traffic, pipes, and computer networks. Much of the 3. System upgrades should focus on connecting
attention paid to Wheatstone structures has centeremdro “sources” as close as possible to “sinks.”

the network’s seemingly paradoxical behavior. Undetager ) ) ] _ )
conditions, connecting a Wheatstone bridge to a fogmer| Underlying the policy recommendations is the assumption
parallel network (or, in the context of the circuitfigure 1, that flow networks all behave similarly, at least tme

adjusting the boundary resistances so that the networkSy§face. — While there are good analogies between the
unbalanced) can actually increase the total user da$teo behavior in electric power networks and other netwoitks,

network. First studied by [2] in the context of traffi@nalogies are ultimately flawed. Kirchoff's Laws dd hold

networks. this behavior has come to be known as Bsaedn other network$. In traffic and some internet systems,
Paradox. routing is determined by user preference rather than by

physical laws (e.g., current flows follow Ohm's Law),
The exact meaning of the “user cost” of the network halhough installation of FACTS devices could change ftiris

various interpretations depending on the network of isteréh0se paths outfitted with devices. Congestion costs in
In Braess's original example, and in [3], the user cdst Y/Stems with nodal pricing are discontinuous, while meot
highways is the time it takes motorists to reachrtfieal Nnetworks the cost of additional traffic can be descriae a

destination.  An increase in the user cost, thergfof@ntinuous function of current traffic. Despite these
corresponds to wasted time and irritation from sitting differences, power networks do exhibit some of the behav
larger traffic jams. Costs incurred through internetting described in other networks; in particular, Braess'saf@t
networks, as in [3] - [5], arise through increased latemzy Can hold in simple systems or in subsets of more comple
possibly lost information, as in [6]. Even in cir@jituser SYStéms.
cost” can be interpreted as the voltage drop acrossirttigt

as a whole. [7] describe an example in which the adddfo

a Wheatstone bridge lowers the voltage drop across theThe four-bus test system used in this discussion is shown
network (assuming the network is unbalanced to begin witi) Figure 3.2. There is one generator located at bus 1, an
thus the “cost” incurred by the Wheatstone bridge is mdluadditional generator at bus 4, and one load at bus 4. Buses
voltage over the circuit as a whole. Braess’'s Paradggests and 3 are merely tie-points; power is neither injectedaoa

that user costs may increase for reasons independehé ofwithdrawn from these two buses. From the analogygorE
amount of traffic on the network. The network itsalid not 3.1, the Wheatstone bridge is the link connecting busesl2 a
its users, may be the ultimate problem, and managingfloBv The test system is assumed to be symmetric, isehge

or disconnecting certain network links may actually sdos that B, =Bj,and B3=B,,. The susceptance of the

decrease congestion costs for all users. Wheatstone bridge is given B3 and will be a variable of

interest in the discussion that follows. The symgnetr

[8] has studied whether Braess’s Paradox is unique to Hk%umption implies, among other things, that in the & |
Wheatstone network. Using a result from [9] that evefy,, Fp, = F, and Fpg = Fyy 2

network topology can be decomposed into purely series-

Il. A SIMPLE WHEATSTONETEST SYSTEM

! Viewing network traffic as a routing game, Braes®aradox does not seem 2 In the case of laminar flow, a version of Kircheifaw does hold in piping
all that paradoxical. Each user choosing a netwmath to minimize their networks. However, real flows through pipes anmost a combination of
private costs easily lends itself to coordinatiaflufes such as the Prisoner'sturbulent and laminar flow.

Dilemma. All users would benefit through coordioatand cooperation, but no % In the DC load flow, the current magnitude is iifsad to the admittance
individual user has the incentive to initiate (cerlaps even sustain) this (since the voltage magnitudes are all set to lupéj- The symmetry of the
coordination. admittance matrix implies that the two cut setthim system (buses 1, 2, and 3;
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By _ 4
Bus2 (B.+B) Per < R™, for k = {a, b} (2)
Fos To derive an explicit expression for the new network §ow
Line 23 following the addition of the Wheatstone bridge, we wik
PL4

the method derived by [12] and [13], which compares steady-

state line flows in the network before and after mieéwork

modification. Such modifications are represented asgdm
Bus3 in the susceptance matrB. Although the method in [12]

was originally designed to model the effects of conticgen

Figure 2: The Wheatstone network. The networkefindd to be symmetric if (So that the Susceptance Change in a g|vent@,|S Slmply

the resistances are equal on lingsa®id 34, and if the resistances are equal on oo . .

lines S5 and S.. equal to By) it is easily adaptable to the construction of a new

line.

Bus 4

The following definitions will help solidify concepts:
Since we are using the DC load flow approximation, the
Definition 1 A four-node network is said to be aadmittance matrix consists solely of susceptances:
Wheatstone network if its topology is the same as that

Fi 2.
igure _ Lo i
Definition 2 A four-node network is said to be a B = I]1 o 3)
symmetric Wheatstone network if it is a Wheatstoesvork, ! Z ~ T
_ < L X
and if the susceptance conditior, = B;, andB,; =B, =0i=) =
hold. 0 %0

Definiton 3 A four-node network is said to be a We start with the DC model:
symmetric unbalanced Wheatstone network if it is a
symmetric Wheatstone network, and the magnitude of the P=B0 4)
flow across linkS3 is nonzero.

Note that (4) represents the system prior to the addio

Although the Wheatstone network shown in Figure 2 jge \Wheatstone bridge. After the Wheatstone bridge is
simplistic, the Wheatstone structure is actually quitroon  connected, the load flow equations become:

in actual systems. [11] provides a graph-theoretic search
algorithm for detecting embedded Wheatstone structures.
The algorithm follows in part from a theorem proved

separately by [8] and [9] that any non-radial network lban diag _ _ i
decomposed into series-parallel components and componé/tgreé AB™ is a diagonal matrix of changes to the line

that contain an embedded Wheatstone sub-network. susceptancesAB“* has dimensionalityNL x NL). Solving
(4’) for the vector of phase angles yields:

P=(B+A ABY9A) "W, 4)

IV. CONDITIONS FOR THEPARADOX TO HOLD

Of particular interest here is how the addition of the 0= (B+A ABdiagA)_lP. (5)
Wheatstone bridge affects the flows on the boundamslin
relative to the “base case” with no Wheatstone bridgere  Using the Sherman-Morrison-Woodbury matrix inversion
we are implicitly assuming that the generator injectidnad |emma and substituting (4), we get:
withdrawals, and line susceptances are such that there i
congestion in the system prior to the addition of thege. If
we take linesS;; andS;, and combine them in series to form
a line with equivalent susceptanBg and we combine lines S
S and Sy, in a similar fashion to construct a line with Distributing terms,
equivalent susceptan&g, the network is free of congestion if
and only if:

0""= (B -BA(ABY " + A'BTA)TA'B™)BO (6)

4 A similar condition also holds in AC networks, buses the complex
admittance instead of the susceptance.

5 We could also start with the distribution-factepresentation of the DC
model, F = A'B%9A@, whereB™ is a (\L x NL) diagonal matrix of line
buses 2, 3, and 4) are also symmetric, and KirghGfiirrent Law must hold for susceptances. However, starting with the injectiquations will allow us to
each cut set. write the new flows in the fora™®" = F° + {adjustment factor}.
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that if the Wheatstone network is symmetric in tbase of
gnew = gold _B—lA(ABdiag’l +A BLA) 150 | @) DefiniFion 2 then a maximum of two lines can be cotepks
at a given time

whered is the (NL x 1) vector of phase angle differences. &

Following the network modification, the DC flow =] === == \
equations can be written Fowentines (.2 and G

. g
FHEW: (A' (Bdiag + ABd|ag )A)Onew_ (8) ?30— Flow on Lines (1,3) and (2,4)

Flow on Wheatstone Bridge

Inserting (7) into (8) and distributing terms yields:

Fnew: A (Bdiag)A00|d —A' (Bdiag)AB —1A

x (ABdian1 + A B—lA)—laold +A (ABdiag)Aoold 001 T - o 0o
Wheatstone Bridge Susceptance (per-unit)
A diag -1 diag™ +A'B-la)Lgold Figure 3: Senstivity of flows in the Wheatstonewmk to changes in the
A(ABT)ABTA(AB A'BTA)TD susceptance of the Wheatstone bridge. Xaris has a logarithmic scale. The
=Fold 4 A (ABdiag)6°|d -(A' (Bdiag + ABdiag)A) flows on linesS, andSs4 hit the capacity constraint when the susceptafitteeo

bridge reaches 8.6 per-unit.
xBIA(ABY%” + A'B71A) 150,

Of particular interest here are the conditions undechvhi
any of the boundary links will become congested with the
addition of the Wheatstone bridge (congestion occurs when
the generator at bus 4 either does not exist or isunned
on). Without loss of generality, assume tBgt> B;s. Thus,

xBIA(ABY” + A' B7IA) 1501, once the bridge is added, more power will flow over 1Bk
than over linkS,3.° We are interested in the conditions under

In the special case where the susceptance of onljirame Which link S, will become congested. ~The symmetry
changes (as is the case with the Wheatstone bridgepésjamassumption implies that a similar condition will hold fmk
to become congested.

The adjustment is:

A (ABdiag)60|d _ (A' (Bdiag +ABdiag)A)

we can replace thaB% matrix with a scalariB, (wherek >
indicates the line whose susceptance has been altared),

we can replace the incidence matrix with k& column,  Link S becomes congested ifF5™=F3™.  An
denotedAy. [12] show that the equivalent of (6) for a singlequivalent condition is:
line is:

Flnew: BIAII leold _(ABk—l +Ak'B_1Ak)_lB_1Ak5|?|dJ
old 10 -1 Id max
=F°% +(AB ' +A, ‘B A ) A BTA B oM ©) Fio" +by3A', BTA 53B,0%3 2 Ffj
_ e e " p-l Id
=R +h A BTAB 5 A';;BTA 3B ,05
Emax _ old
12 12

11)

= AB,; > -Ax BA,..

In the special case where k, (9) becomes:
This *“feasible region” for the susceptance of the
R = (F,O'd - AB, 3" )(1—Q‘1A', B'A)). (10) Wheatstone bridge is shown in Figure 4 for the configomati
whereB;; = Bz = 30 p.u.,Biz = By = 15 p.u., 3= 55

The sensitivity of flows in the Wheatstone netwookthe \w, andPg,; = P, = 100 MW. From the DC power flow on
bridge s_uscgptance, as des_crlbed by equations (6) f_:md (g)tiﬁgenetwork we gdﬁ%'d - 50 MW and 5%1 = 1.5 degrees.
shown in Figure 3, assuming that the boundary links have
susceptanceB;, = B34 = 30 per-unit (p.u.) an@;3 = Byy = i ) )
15 p.u.. The flow limit on each line is assumed to be 58 M Flgure_ 4 §hows that unlike other networks such as internet
hence the flow on lineS;, andS;4 plateau at this upper limit. communications  [8], the existence of a Wheatstone

Note also that the flow on the Wheatstone bridge hadlow com_‘iguration i,s not in itself sufﬁpient for the nejnk_ to
on the remaining two boundary links appear to convergfé(.h'b't Braess's Paradox. Equation (11) thus provides two

One implication of this behavior (which will be @hportance

. 6 - . .
in th -state analysis of congestion in the/or& is The symmetry assumption implies that equal amoainfower will flow
the steady-s Y 9 &) over both paths in the absence of the Wheatstatgebr
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“rules of thumb” for transmission planning. First,shows

conditions under which parallel networks can become more C(Pgs) = 300 + 5@, + 0.1P. (13)
interconnected without causing congestion in the modified
system. Second, it provides a condition on the lingtli  Also assume that every line in the network has ali#yab

FM® yunder which a conversion of a parallel network to l#nit of 55 MW. Prior to the addition of the Wheatston
bridge, the DC optimal power flow results show that 50 MW
flows on each line towards bus 4; thus there is no ctioge

in the system. The nodal prices are all equal to $12.11/MWh
and the total system cost is $1,620 per hour.

Wheatstone network would be socially beneficial.

120

=
o
[s]

"Feasible Region"

Following the addition of the Wheatstone bridge, liBgs
and S, become congested, as shown in Figure 5. The total
system cost rises to $1,945 per hour as the economic dispatc
"Infeasible Region" is forced to run the expensive generator located at bus 4.
Among other things, this implies that the value ofataility
to the load is at least $325 per hour that Ik remains

®
o
L

Line (1,2) F"*(MW)
IS @
o o

n
o
L

o ‘ ‘ ‘ functional.
0.001 0.01 0.1 1 10
. . Bus 2
Line (2,3) Susceptance (per-unit) 7, = $46.96
_ ) ) ) Fs12=55 MW Fs24=36.7 MW
Figure 4: Whether the Wheatstone bridge causesestiog on line5;, (and also Hs1o= $45.87 Hs24= $0

congestion on lin&, in the case of a symmetric Wheatstone networkgtdp
on the susceptance of the Wheatstone bridge anstabdity limit of line Sp,.
The “feasible region” above the line indicates spsence-stability limit
combinations that will not result in congestiontba network. The “infeasible

region” below the line represents susceptanceksyabmit combinations for 2“52191 67 MW
which the network will become congested. Note thaix-axis has a logarithmic 7, = g11 96 Foi= 28.7 MW
scale. He1a=

Fszs= 18.3 M\
Ps23= $0

Bus ¢
PLs = 100 MW
Fsss=55 MW Pss = 8.33 MW
lsss= $20.30 7y = $51.67

Bus 3
7 = $33.72

Why would the Wheatstone bridge ever be installed in a N _ _
parallel system? One answer is that in some ciramaes ¢ CtC T TouBe e e e o e foes from 61620 per
the bridge may provide reliability benefits.  In  th@our without the Wheatstone bridge to $1,945 per dth the bridge.
parameterization of the network represented in Figure 4,
suppose that the load at bus 4 represents a customer with a
high demand for reliability, that link,, had an abnormally
high outage rate, and that the generator at bus 4 did sbt exi
In this case, if the remainder of the links had sudfidy
small stability limits, the network would not meéd ¢ 1)
reliability criteria with respect to transmission agés. With
the addition of the Wheatstone bridge, the reliabiityeria
might be satisfied, but at the cost of a certain amaint POVEr networks.
congestion during those times in which li8k was operating
normally/ Thus, in the Wheatstone network, a tradeoff likely
exists between the cost of congestion and the beokfit(that is F,, = 0) if and only if&:ﬂ_
reliability [14]. X1z X

VI. IMPLICATIONS OF THEBRAESSPARADOX

Equations (9) and (11) have a number of implications for
grid management and investment. Some of these
implications mirror results described in Section 1 ftneo
types of networks, while some appear to be unique torielect

Result 1 A symmetric Wheatstone network is balanced

Before proving the result, we note that under the DC
V. OPTIMAL POWERFLOW ON THEWHEATSTONENETWORK power flow approximationF,; = 0 is equivalent tad, = 6;,

so another way of stating the result is téat 8, if and only
Assume that the cost curves for the two generatothen X X
symmetric unbalanced Wheatstone network are quadréfti% =%
i i ization: 12 X
with the following parameterization:

C(Ps1) = 200 + 10.8g; + 0.0085 2 (12)  Proof of Result 3:1 The first part of the proof is to show

that 6, = 6, = 18 = X34
7 Ideally, controllers would be installed on thetegsto prevent power from Xio Xy

flowing over the Wheatstone bridge except duringtiogencies on linl&,. The

congestion cost thus represents the value of sgohteoller to the system.
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Suppose tha#, = 6,, and thusF,; = 0. Because all the
power is flowing towards bus 4, and since there are sgefy
this condition is equivalent to stating thab = Fo, and  Fia
= F34. From the DC load flow equations, we see that

1 1
Fio=Fy 3)(—(91 ~6,)= X—(ez 6,)
12 24
Xoa _ (92 _94)
X12 31_02
and
1 1
Fi3=Fs 3)(—(91 - 93) :X_(es - 6’4)
13 34
— X34 — (93_94)_
X13 6,-6
Since 6,=6,, we see that Xas :—(92_34) and
2 (6-6)
X34 _ (6,-6,). thus. 23 — Xaa
X3 (6-6) 2 X
The second part of the proof is to show that
02 :03 0 &:_X‘?‘A .
X12 X24
Suppose that222 = X% Erom the DC load flow

12
equations, we see that

24

X2a _ Fi2(6, = 64)
X2 Fau(6-6)

and

X34 - Fi3(6:-6,) _
X1z Ful(6-6)

. X X . X X
Since =24 =34 it must be true that-2+34 =7,
12 13 12 13
and thus it must also be true that:
Fi3(65 = 6,) . Fio(6, —64) =1 (14)

F34(31 - 33) . F24(31 - 6’2)

By the symmetry of the network, we havg = F3, andF3
=Fy4. Thus,

F13(65 — 6,) - Fi2(6, - 6,) — F_l% (6;-6,)(6, - 6,) )
Fau(6,-65) Fu(@-6) FZ (6-6)0,-6,)

(15)

For (14) and (15) to hold, it must be true tigt= 8, and
thUS,Flg = F34.

Result 2 In a symmetric unbalanced Wheatstone network,
suppose that links,, and S, are congested following the
construction of the Wheatstone bridge, as in Figure Be T
congestion will be relieved, and the total system eait
decline, only to the extent that upgrades are performed on
both lines.

Proof of Result 3:2Using (9) and (11), for the case in
which the Wheatstone bridge causes congestion:

Fio o = Flgld <FY"- Flgld = Bz_s% ,B7'A 235125%,d (16)

and

—_p-1

Fon =~ Fa < F = Fo = BA'3, B™AB,0% . (17)

Since By, = By, We get thatF™ = FI* < B = FjP".

Increasing onlyF>® will not change this relationship since

Fa < F5=F3" must still hold. A similar argument

holds for increasing only;,**.

If we increase the stability limit of both lines Hye same
amount, toF™®"® then the flows along lineS;, andSs, can
simultaneously increase while maintaining the relatdn

Fppxnew = poaxnews prew = preW A corollary to this result

is that if the total cost (capital cost plus congestost) of

the Wheatstone bridge exceeds the cost of upgrading the
boundary links to the point where a failure on one lirg b

not violate reliability criteria, then the Wheats#o bridge
provides no net social benefit and should not be built.

Result 3 In the symmetric unbalanced Wheatstone
network of Figure 5, the Lagrange multipliers on the
congested lines are not necessarily unique. Howeveguim
of the multipliers on the two congested lines is unique.
Further, the non-uniqueness is solely a function of the
network topology, and is independent of the actual number of
binding constraints.

Proof of Result 3:3Another way of stating Result 3 is that
in the symmetric unbalanced Wheatstone network of Figure
5, the DC line-flow constraints are not linearly ipdadent.
Thus, proving the result amounts to demonstrating that the
constraint set violates the constraint qualificatondition of
the Kuhn-Tucker theorem [15]. We will show this using the
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linearized DC optimal power flow.
Since we assume that the Wheatstone network is
DefineH = A'B%9A, and also define to be a vector of symmetric, it is easy to see that any colummais a linear
generator marginal costs. In the linearized DC optimedmbination of the other columns. Thus, rahk(= 3,
power flow, ¢ contains constants (i.e., all generators hameeaning that only three of the five network constsaiare
constant marginal costs), and the power flow problembea linearly independerit.
written as the following linear program:
Due to the symmetry and parameters of the problem, we
minc'P (18xan see that, at most, two constraints can be tgnairthe
optimal solution. Since the combined capacity of ligs
and S;; is greater than the production capability of the
generator at bus 1, these two lines cannot be simoitahe
P=B0 congested. Thus, the number of active constrainésssthan
( )the rank ofH’, and the constraint qualification condition for
the Kuhn-Tucker theorem is not satisfied. The dual e
F<F™. thus may not be unique.

such that:

F=Heo

Rewriting to include the equality constraints, the optima In this special case, it is easy to see that thestcaimt

power flow problem is: gualification condition (for the inequality constraint®
violated. In larger and more complex networks, it may be

minc'B0 (18")more difficult; verifying the constraint qualificatiommdition
would require checking all possible combinations of binding

such that: constraints. In real systems, this combinatoriabbfam

could get prohibitively large, particularly for calculatson
HO <EMax_ (19" requiring fast solutions (such as calculating nodal prices).

) L . Another way to verify the constraint qualification
The constraint qualification condition says that aé th,qiion is to consider the dual of the DC optimal powe

optimal solution®*, the matrix derivative of the constraint Seow problem. If we lety be the vector of dual variables
must _ha\./e rank (_aqual to the number of banmg constraiNfSsociated with the network line flow constraintsequation
That is, if we defineg(9) = HO —F™, and defineDg(B) as (19'), the dual problem can be written:

the matrix whosei(j)th entry isg%(e) , then the constraint
i
qualification condition is that the rank Dig(6*) be equal to
the number of constraints that hold with equality. such that

max-p' ™ (20)

In the case of the DC optimal power flow problem, we s Hup+Bc=0. (21)
that Dg(8*) is a linear function oB* and is independent of
0*. Specifically, In the dual problem the matrix derivative of the dual
constraints, evaluated at the optimal (dual) solugitnis H.
Dg(0*) =H". Since the rank dofl’ is equal to the rank dfl, we again find
that the rank of the derivative of the constraint3.idn order

Thus, the constraint qualification condition for the D9 satisfy the constraint qualification condition fequality

power flow problem is that rank( be equal to the number ofconstraints, the rank of the derivative of the canstrmatrix
binding constraints. must be equal to the number of constraintdn the dual

formulation of the DC optimal power flow problem, theme
four constraints. Thus, the dual problem does not gdtisf

The matrixH in the Wheatstone network is given by: | > 1 “
constraint qualification condition.

Bo B
H'= Bz B Bas . 8 Ordinarily, we would expect the rank ldfto be equal tm — 1, to account
B3 By, =By for the reference bu3he result that is not of full rank is independent of the
-B,,— By, choice of reference bus. .

® This is really just the same condition as in thiengl formulation, except
that in the dual problem all constraints are asstiméold with equality.
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The rank ofH provides a simple test for uniqueness of tifeom (19). To prove the second part of the claim, wargxe
nodal prices. The nodal prices are unique if the rartk of  F7°" in the limit as4B,; becomes arbitrarily large:
equal to the number of buses in the network. Any system

containing a symmetric Wheatstone sub-network willtfais R Id
A 12 B A238125§3

rank test, since in that sub-network there will beedirly FOt= lim F%= Iim FJY+

i ; DBy AByz o0 AB..T+A. . B7lA
dependent line constraints. The Wheatstone networl nee 23 23 23 23 23
not be unbalanced for the network to fail the rank t8$tus, 4 A, BTIA 5B,

. . ) = EQd 4 A 12 23B12923
the mere existence of a symmetric Wheatstone netigork 12 ALy B—lAZS .

enough to result in a degenerate solution to the DC optima
power flow problem.

VII. DISCUSSION

Result 4 hatF™ =F for some line | in ) . .
esult 4 Suppose thath | for some fine & Result 1 establishes that the conditions under which the

syrlnmetric unbalanced Wheatstone network in - wWhighaess paradox will occur in a power network are mafet st

d°¢>0. IncreasingB, for any | while simultaneously than for other types of networks. Thus, the theorér8o

increasing ™™ will increase the power flow on that line,that an embedded Wheatstone sub-network is a necessary a
sufficient condition for the network to exhibit the Bss
Paradox, does not apply in power networks. Results 2

Proof of Result 4 We are most interested in thoséhroth 5 have more interesting implications for pricigrid

situations in which line | is not the Wheatstonedgs, but management, and investment in the electric transonissi

the result will hold either way. The proof is a direc?etwork'

application of the formulae [12], using equation (10°):

even if the Wheatstone network is unbalanced.

Result 2 mirrors the results of [8] and [5], [10] for imetr
routing networks. It says that in a symmetric unbadnc
Wheatstone network, congestion will occur on two ef fibur
boundary lines (if any congestion occurs at all), anak th
Calculate the sensitivity: network upgrades amounting to a capacity expansion on only
one of those lines will not alter the dispatch. Bobimgested

oY= (FOY -aB % Ja-b A B1A,). (107

OF "o —L(AB, S A BIA ) lines must be upgraded before the dispatch will be altered a

0AB,  0AB, ! ! the marginal and total system costs will be lowerbdother

words, relieving congestion in Wheatstone configurations

- 0 AB@W (22) requires more than simply upgrading the most congested line.

0AB, (ABIA'| B‘lA,)_l+l Congestion may occur on two of the boundary links in the
Wheatstone network, but the active system constiagither
_ 5|0|d(A'| B_lA|)2 in those two links together, or in the Wheatstoneldei
(AB| +A B‘lA,)Z. Both interpretations are technically correct, but fraicy

implications are different. If the two boundary linlepresent
the active system constraint, then either reducing ddnoa
expanding capacity on both links would be optimal policies.
0 and AB > 0 by assumption. For the power flow to have i& the Wheatstone bridge is viewed as the active syste
solution,B must be positive definite, implying thBt* is also constraint, then the optimal policy would be to remtve
positive definite andA’, B™A, > 0. bndgg_enhrely, or (if the brldge_ was \/_lewed as beimdfior
reliability reasons) equip the bridge with fast relayploase-

ngle regulation devices that would permit power to floer ov

. Result 5In a symmetric unbalanced Wh(_aatstone netwc_)fke bridge only during contingencies. The preferable pddic
with fixed susceptances on the boundary links, the StwbllI'argely a matter of network parameters and the state of
limits on the boundary links required to avoid congesti@n

. . : . &echnology.
strictly increasing in the susceptance of the Wheagsto 9y

bridge.  Further, there is an upper bound on the bour]dary'Result 3 illustrates how nodal prices in the DC optimal

link flow F3" once the Wheatstone bridge is added. power flow formulation may not always send clear sigrial
system operators and planners. Note that this phenaomsno
Proof of Result 5 The first part of the claim, thatgeneral in the sense that it depends only on the networ
theF 3™ required to keep the Wheatstone network frot@pology and not on the level of demand. The two condeste
lines in the Wheatstone network will, indeed, sport-non
negative shadow prices (see Figure 5, for example). While

To show that (22) is greater than zero, we note &?5t>

becoming congested is strictly increasing 4B,; follows
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[16] note that nodal price differences do not always liage can be prevented altogether. It provides an upper bound for
physical interpretation of being congestion costs, Restil the new flows on the boundary links following the
and 3 taken together would seem to say that shadow pmicesanstruction of the Wheatstone bridge (for a fixed lesfel
power networks do not necessarily represent the equitibridemand in the system). In the planning stage, thelistabi
value of capacity expansion in the network. Result 3 limit should be set abové&®™ to avoid the problem of
particularly important in the context of electric indystrcongestion in the Wheatstone network. This introdyegs
restructuring, where nodal prices and shadow prices arether aspect of the cost-benefit calculus of theatéhene
supposed to guide operations and investment decisions. brfidge. If the cost of attaining™ on the boundary links
the symmetric unbalanced Wheatstone network, the nodateeds the total social cost of the Wheatstone britige,
prices and shadow prices are not representative tleé boundary links should be strengthened and the bridge
investments that would be profitable or socially binedf (see should not be built; reliability criteria can be metona
also the example in [17], Ch. 3 and 4). cheaply with a smaller number of higher-capacity
transmission links.

Result 3 also suggests that using the DC power flow
approximation for the purpose of calculating nodal prices (as
well as the value of transmission congestion corgjaciay VIIl. ECONOMICWELFARE ANALYSIS

not be appropriate for all systems. One possible rensetly  Aside from causing congestion in the network, Braess's

replace the DC power flow model with a full AC powenflo paradox has implications for the economic welfare hef t

The nonlinearities in the AC power flow model implatithe system, as well as distributional implications.  These

flow constraints on the transmission lines are i@y to  implications are particularly important in systems thave

be independent. As a side benefit, it would also altovitfe yndergone restructuring and where power is supplied (and

optimization of real and reactive power dispatch and wowgngestion is managed) using market mechanisms. The

account for marginal losses. The tradeoff is that A& power market represented in the Wheatstone network of

model is computationally more expenstie. Figure 5 is shown here as Figure 6. SupposeThit the
amount of power transferred across the network (fromlbus

Another possible remedy would be a two-stage calculatigi bus 4) for a given level of demand in the absencnyf

of the nodal prices. The first stage would run the D@v@dt transmission constraints. Once the Wheatstone brisige

power flow, as in (18) and (19). The second-sta@gilt, the transfer capability decreasesTto (thus, T, — T*

optimization problem would choose from among the set @fegawatts must be generated at the load bus).

shadow prices satisfying the first-stage problem accgrtin

some decision rule. This two-stage method has beenfigure 3.7 illustrates two distinct welfare concepts.stFir

proposed in the telecommunications literature, wherealin congestion in the network results in the generatoruat 4

independence of the network flow constraints is raredpllecting revenue that would not have been generatétkin

satisfied [18]. absence of congestion. This amount, equal to areaBAn+
Figure 6, is known as congestion rent (or merchandizing

Result 4 shows that increasing the susceptance, ratoer tsurplus) and can be calculated (@5 — 75)F,2®. The area C

the stability limit, of congested lines in the unbakeah
Wheatstone network will have the desired effect develg
some congestion. With respect to the current issue

i in th id, thi h i j . . .
investment in the grid, this suggests that strategiealtiing dost by consumers in the form of higher congestiortscos

susceptance in concert with capacity should be considered .
P . . pacity . while area D represents the loss borne by producetse T
part of an optimal policy. In market settings, where

policymakers have emphasized the role of non-utilityigsrt general expression for the congestion cost is:

in grid expansion, Result 4 also suggests that any market- S .

based transmission investment should be compensate with cOng(;ospI ° MC(Pg,)dPs, _I °|\/|c(pel)dpel_ (23)
portfolio of rights related to the physical and eleetric 0 ™

properties of new lines, and not just for capacity (megesy _ _
as is currently the case. Assume that there are no congestion contracts in the

system; that is, assume that the merchandizing surplus
Result 5 shows how congestion in Wheatstone netwo&ounts to a transfer of social wealth to the geoetatated

at bus 4. Some of this wealth is transferred frormrsgorers
10 The solution to the AC power flow also suffersiirthe potential problem @Nnd some is transferred from the remaining producerisein t

of non-uniqueness. system (i.e., the generator at bus 1).
1 Of course, as Wu et. al. (1996) point out, itasgible to cause congestion

by raising the susceptance of a line, so any sagfments would need to be

structured carefully.

+ D represents extra congestion costs borne by thensys
egfual to the higher generation cost from having to uee th
generator at bus 4. Area C represents social weadthigh
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bridge, the hourly prices for a demand of 100 MW are

MW Congestion Cost Supply $11.96/MW andrz = $51.67/MW, per Figure 5. In the
atbus 1 absence of the Wheatstone bridge, the prevailing ptiedl a
' four nodes would beg = $12.11/MW. We note also th&g
Congestion = 100 MW, andT* = 91.67 MW (these quantities must be

Rent determined empirically). As noted in Section 3, the lyour

congestion cost is equal to $323.27.

First, we calculate the loss in producer surplus due to the
addition of the Wheatstone bridge, using equation (3.34a):

(Net) demand
atbus 4
MW APS=(100-9167)x1211~ (Cg, (100 - Cg; 0167)) =$071
T* T,
1

Figure 6: Distribution of congestion rent, congastcost, and social surplus in P€r hour.
the four-bus Wheatstone network.

From this, we evaluate equation (3.34b) to calculate the

] loss accrued by consumers:
The share of the social surplus transferred from the

generator at bus 1 to the generator at bus 4 is given by: ACS=(32327- 071 + G167-1211)x 9167 = $394903.

Producer surplus transferred tg € (7, - 72) R3™,  (24) Thus, we see that nearly all of the social lossesbarne
by consumers. Note that more than 90% of the loss in
where 75 is the marginal cost of serving the load withoutonsumer surplus is reflected in the congestion rent
congestion (this is also equal to the nodal price piiegadt transferred to the generator at bus 4.
all four buses in the system). Thus, the share oftival
surplus transferred from consumers to the generatausatt b
is given by the remainder: IX. CONCLUSIONS
Let us briefly return to the three network charactiess
Consumer surplus transferred to6(7, — ;) F5%.  (25) arising from the study of Braess’ Paradox in networkeroth
than power systems, as mentioned in Section 2:

Given (24) and (25), we can calculate the total loss in

producer surplusAPS) and consumer surplusdsS) as: 1. Braess’'s Paradox occurs only in Wheatstone

networks, and these networks are guaranteed to

. max exhibit the Paradox over a certain range of flows;
APS= (R - lr;a")ﬂo—j :d MC(P;;)dR;;  (26a) 2. When the network is upgraded, such upgrades
Fiz should be made system-wide and should not focus
ACS=(CongCost APS) + (717, - 1) F 3 ™. (26b) on correcting local congestion;
3. “Sources” should not be located far from “sinks,”
Equation (26a) represents producer surplus lost by the at least not topologically.

generator at bus 1. An amourig, - 75)F 57 is simply

transferred to the generator at bus 4 (and thus issstilhl This paper has largely addressed the first two points,

wealth captured by producers), while the remainder %l'thqugh easy arguments can be_ made that the third is
equation (26a) represents the social loss associated W Ilcaple to power sys_tems justas itis tc,) otheesyst The
having to use the generator at bus 4 to Ser(l,rest point, that the existence of Bragsss Par_adox ted

old _ rmax £ g 4. The first t in thWhea?tstone network structure are equivalent, simply do?s
Fiz” ~Fp™ megawatts of demand. € first term Fold in power networks. The dependency actually fails to
right-hand side of equation (26b) represents the consumeysiy both ways. A network exhibiting Braess’s Paradox is
share of total social wealth lost to congestions;oshile the npeither a necessary nor a sufficient condition fatt thetwork
second represents the transfer from consumers t0 {h€have an embedded Wheatstone structure. Nor is the
generator at bus 4 in the form of congestion rent. presence of congestion a necessary or sufficient Gondiir

the network to have an embedded Wheatstone sub-network.

Equations (26) can be applied to the system in Figure 5Tige most general form of Braess's Paradox, that adding
illustrate the social losses associated with a coedestapacity can constrain a network, has been showoltbfbr
Wheatstone network. First, we note that with theedthtone 5 simple two-bus parallel network. The conditions for a
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Wheatstone exh|b|t|ng Braess’s Paradox are much m&b Cohen, J. and P. Horowitz, ,1991. “ParadoxBahavior of Mechanical

stringent in power systems than they appear to behiar Otyg)
networks. The line limits and susceptance of the Vétaaed
bridge must be within certain limits for the additiontbe [
bridge to constrain the system. Transmission andureso (1
planners might keep this condition in mind to help deteemin
optimal line limits for new and existing lines. [11]
If a Wheatstone network is constrained by the addision [12]
the bridge, increasing the capacity of one congestedniithe
not remove the constraint. All congested lines maseive [13]

capacity upgrades, or the bridge must be disconnected. Thus

and Electrical NetworksNature352, pp. 699 — 701.

Milchtaich, 1., 2005. “Network Topology and figiency of Equilibrium,”
Bar-llan University Department of Economics WorkiRgper.

Duffin, R., 1965. “Topology of Series-Parallsletworks,” Journal of
Mathematical Analysis and Applicatiot®, pp. 303 — 318.

Korilis, Y., Lazar, A., and A. Orda, 1997. &@acity Allocation Under
Non-Cooperative Routing/EEE Transactions on Automatic Conte2,
pp. 309 — 325.

Blumsack, S., 2006. “Network Decompositiona viGraph Theory,”
working paper, available at www.andrew.cmu.edultisisiic/decomp.pdf.
Ejebe, G. and B. Wollenberg, 1979. “Automaiiontingency Selection,”
IEEE Transactions on Power Apparatus and SystemS-98, pp. 97 —
109.

Irisarri, G., D. Levner, and A. Sasson, 1978utomatic Contingency
Selection for On-Line Security Analysis — Real-TimMests,” IEEE

'Transactions on Power Apparatus and SystétAS-98, pp. 1552 —

the second point (that system upgrades should not be madeissg.

locally) seems to hold true in power systems. Local ageg [14]
will at best do nothing and at worst shift the problem
somewhere else. Further, focusing attention to upgratig t
megawatt capacity of a line may, in the Wheatstorieork, (19!
be misguided.
have a beneficial effect, depending on the relative upgrade

cost. [17]

The discussion in this paper has mentioned several times

that the primary motivation for installing the Wheatse
bridge is that it may provide a reliability benefit. hi§
reliability, however, comes at the cost of increhse
congestion. The amount of congestion actually caused is
representative of the system’s willingness-to-pay ffow
control devices (relays, FACTS, phase-shifting tramséss,

and so on). Based on some simple simulations usingtine f
bus Wheatstone test network, the amount by which the
reliability benefit will exceed the congestion coseotime is
increasing in the variability of demand. Even with reno
variable demand levels, the probability of a line outamest

be relatively large for the Wheatstone network tddyiny

net benefit over time.

(18]
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