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Abstract

Lewis signaling games illustrate how language might evolvdérom
random behavior. The probability of evolving an optimal signaling
language is, in part, a function of what learning strategy the agents
use. Here we investigate three learning strategies, each wtich allows
agents to forget old experience. In each case, we nd that fagetting
increases the probability of evolving an optimal language. It does
this by making it less likely that past partial success will continue
to reinforce suboptimal practice. The learning strategiesconsidered
here show how forgetting past experience can promote leamg in the
context of games with suboptimal equilibria.

We often decry our own forgetfulness, wishing that we couldemember
more of the past in order to successfully guide our actionsday. It is tacitly
believed by many that forgetfulness is a human frailty, whit should be re-
duced wherever possible. The present study may shed doubt this widely
held belief.

In this paper, we present a model of language evolution, wieeforgetful-
ness plays an important role. In this model, a learning rule kich remembers
the entire past, basic Herrnstein reinforcement learningfiairs much worse
than three other learning rules that discard varying amourd of past expe-
rience. These results show how forgetting can be a virtue ihé context of
games with suboptimal equilibria.



We begin, in Section 1, by describing a game theoretic modeair fthe
evolution of language from random signaling { the Lewis sigiing game.
Unsurprisingly, the probability of evolving an optimal sighaling language in
such a game depends on the learning strategy used. In Secttynve describe
the successes and failures of basic Herrnstein reinforcairiearning in evolv-
ing an optimal language. In the next three sections we pregdhree di erent
learning rules, all of which outperform basic Herrnstein reforcement learn-
ing in developing near-optimal languages. All three of theslearning rules
feature a type of forgetting that helps to achieve optimalit.

1 Signaling Games

David Lewis (1969) describes a type of game which can providenodel for
the emergence of signaling systems. These games have siremnhlused to
investigate the evolution of language (cf. Barrett, 2006,@7, 2008; Grim
et al., 2004; Huttegger, 2007a,b; Huttegger et al., 2007;\8kns, 1996, 2006;
Zollman, 2005).

Lewis signaling games provide a general model of languagattican be
extended not just to the evolution of human languages but adsto the evo-
lution of simple signals in other living organisms (cf. Skyns, 2006). These
games model two individuals, thesenderand the receiver, who have common
interest. The sender is aware of some state of the world andshat her dis-
posal several terms which she can send the receiver. The reeemust then
take some action, which will determine if he and the sender erewarded.
The correct action depends on the state, of which the receives ignorant.
In the simplest model there are equal numbers of states, tessmand acts and
each state has one and only one appropriate act.

In this model there are a limited number of strategies that dgeve the
maximum payo for the sender and receiver. In these strategs the sender
uses a di erent term in each state and the receiver choosesetlappropriate
act based on the term. Lewis calls these strategies signalinystems.

That signaling systems are Nash equilibria in such games issu cient
to guarantee the evolution of signaling systems. If the sead sends the
same term regardless of the state it does not much matter whttie receiver
does, and vice versa. Consequently, there are many Nash difuia in such
signaling games that fail to achieve the highest possibleym. As a result,
the question of how signaling emerges even in simple signglgames requires



a careful answer.

Attempts to provide this answer have focused on two strategs. One
strategy is to identify features of the signaling system edjibria which would
motivate intelligent players to settle on those and not the thers! Alterna-
tively, one might use an evolutionary approach, asking whicof the equilibria
are the likely end points of evolutionary or learning dynanas.

Skyrms (1996, 2006) is one the rst to have investigated thesgames
using the tools of evolutionary game theory. Skyrms (1996) investigated the
two-state, two-term, two-act Lewis signaling game both uspg the replicator
dynamics for the evolution of a population of individuals wh performed as
both senders and receivers. In his (2006), Skyrms investiga the same game
using Herrnstein reinforcement learning for the evolutiownf the dispositions
of a single sender-receiver pair. In both cases, he found thavhen the
states are equiprobable, every run of a computer simulatioconverges to a
signaling system. More recently, an analytical proof of tkiresult for the two-
state, two-term population model with replicator dynamicshas been supplied
(Huttegger, 2007a).

Based on these successful results, it was conjectured tha&trfect signaling
would also evolve when there were more states, terms, and scand also
when the states were not equiprobable. However, it has singeen discovered
that this is not the case. Signaling systems are not guarardd to evolve for
population models using replicator dynamics (Huttegger etl., 2007) or for
individual learning models using Herrnstein reinforcemerearning (Barrett,
2006). In each case, the systems sometimes converge to stiba equilibria.

The failure to evolve perfect signaling when there are morédn two
states, terms, and acts is a result of a type of equilibria ko as partial
pooling equilibria. One such equilibrium is illustrated inFigure 1. Here the
sender uses term 1 in states 1 and 2 and randomizes betweemt®r2 and
3 in state 3. The receiver randomizes between act 1 and 2 whea feceives
term 1 and deterministically takes act 3 when he receives tes 2 and 3. To
see that this strategy set constitutes a Nash equilibrium, @ must consider
the possible deviations. Suppose that the states are equpable andx and
y equal 0.5. In the state described in Figure 1 the payo to bottplayers is
2/3. In state 3, both players always coordinate and in state4 and 2 they
coordinate half of the time. Since each state occurs with goability 1/3, the

1This was the strategy suggested by Lewis (1969) and Crawforand Sobel (1982).
2Earlier investigations include (Warneryd, 1993; Blume et al., 1993).



State Term Act

Figure 1. An illustration of a pooling equilibrium

average payo is 2/3.

Suppose the sender were to switch to a strategy which used aedent
term in each state, for instance, 1-1, 2-2, 3-3. The sendercareceiver con-
tinue to perfectly coordinate in state 3, coordinate half ofhe time in state 1,
but they always fail in state 2. As a result, the average payoto both players
is 1/2 (lower than it is in the pooling equilibrium). Similar arguments can
be made for alternative sender strategies and alternativeceiver strategies.

2 Herrnstein Reinforcement Learning

One model of learning which has been used often in evolutiogaame theory
is Herrnstein reinforcement learning (cf. Roth and Erev, 185). The underly-
ing motivation is Richard Herrnstein'smatching law (Herrnstein, 1970), that
players will play a strategy in proportion to the accumulaté payo s for that

action. Formally, this is achieved by postulating propensies that determine
the probability of an agent's action on each round and that a updated ac-
cording to success or failure in signaling attempts. The Herstein learning
model is characterized by (1) the updating rule, which detemines how the
propensities evolve, (2) the response rule, which deternam how the propen-
sities in uence behavior, and (3) the initial propensities which determine
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the starting point of the process.

1. The Updating Rule.  Let g(t) be and agent's propensity for strategy
i at time t. In Herrnstein reinforcement, the propensity evolve accding to
the following updating rule:

( g(t)+ (t) if action i was taken
g(t) otherwise

g(t+1)= 1)
Where (t) represents the payo received by our agent on rountl

The propensities determine the probability of a given actimon each round
via a response rule.

2. The Response Rule. Let pi(t) represent the probability that our
agent takes actioni on roundt. Herrnstein reinforcement uses the following
linear response rule:

oy = p30_ )

i g(t)

These two rules implement Herrnstein's suggestion that imgdduals will
choose a behavior in proportion to the accumulated payo s #y have re-
ceived by engaging in that behavior as compared to other alable behaviors.
Finally, we must specify the initial propensities.

3. The Initial Propensities. Each strategy is given equal initial
weight, g (0) = 1 for all i.2

There are two general approaches to implementing a parti@rl learning
model in the context of signaling games. Alternatively, on atrategy-based
implementation, players reinforce propensities for comgtie contingency plans
for each possible state of the world or each term on each plaiytloe game. On
an act-based model, players reinforce propensities assbed with particular
conditional actions, either sending a particular term give a state or acting
in a particular way given the reception of a term. In such an iplementa-

3Note that the initial propensities speci ed in Rule 3 are equal to the magnitude of the
reinforcements speci ed in Rule 1. Even in the context of sinple Herrnstein reinforcement
learning, one observes quite di erent behavior if this is nd the case. If the initial propensi-
ties are signi cantly less than the magnitude of the reinforcements, then this signi cantly
lowers the probability of converging to a suboptimal equilbrium in signaling games. This
e ect is apparently due to rapid initial exploration of possible strategies by the agents. If
S0, it represents a signi cant consideration in the analyss of learning strategies but is also
relatively independent of the e ects of forgetting.



tion, each conditional propensity to send a term or to act maype updated
independently of each other conditional propensity.

We will start with an act-based implementation of Herrnsten reinforce-
ment learning. One can think of this as a simple urn process.n@ach round
of the game, the state of the world is randomly determined, & sender is
informed of the state of the world and then consults the urn ccesponding
to the current state and draws a ball at random, where each Hah the urn
has the same probability of being drawn. A ball represents &tm, and the
term represented by the drawn ball is sent to the receiver. Enreceiver then
consults his urn corresponding to the sent term and draws a bat random,
which represents the act. The receiver then takes the seledtact, and if it
matches the current state of the world, both players are rewded. If the
players are rewarded both return their drawn ball to the respctive urn and
add another ball to the urn with the same label as the drawn bkl other-
wise, the sender and receiver just return their drawn ball tohe respective
urn without modi cation. (On the basic urn learning strategy, there is no
penalty to the agents for the act failing to match the state.) The game is
then repeated with the updated urns.

While the basic 2-state/2-term signaling game with urn learing is rel-
atively simple, it seems to present a di cult context for the evolution of
a successful language. The space of possible states is symmeith no
special saliencies and the learning dynamic is simple reanfement learning
with no penalty for failure. The argument that is sometimes rade is that if
a successful term language can evolve in this context, theng all the more
plausible that a successful language might similarly evavn contexts where
there are special saliencies or more sophisticated leampistrategies?

Recently Argiento et al. (2007) have proven that in two statetwo term,
two act signaling games with equiprobable states, Herrnstereinforcement
learning will converge to a signaling system. Skyrms (2006as also shown,
with simulation, that perfect signaling evolves is a systerwith two senders

4While an even distribution of states may seem to contribute © a di cult environment

for language evolution, it is harder for perfect signaling b evolve under simple reinforce-
ment learning when the probability distribution over state s of the world is not uniform.
The agents might get a good enough success rate by always ctsing the more likely state
to reinforce the use of more than one term for this state; and imce there is no punish-
ment for failure on this learning strategy, there is no evoluionary pressure to undo these
reinforced dispositions. This e ect is described for the relicator dynamics in (Huttegger,
2007a).



Model Run Failure Rate

3-state/3-term 0.096
4-state/4-term 0.219
8-state/8-term 0.594

Table 1: Run failure rates for Lewis signaling games with urlearning

and one receiver when the senders observe di erent, preamged two-cell
partitions of a four-state space.

It is easy to get a sense of how this works in the 2-state/2-ter Lewis
signaling game with simple reinforcement learning. Addingalls to the term
and act urns when an act is successful changes the relativeportion of balls
in each urn, which changes the conditional probabilities dhe sender's terms
(conditional on the state) and the receiver's acts (conditinal on the term).
The change in the proportion of balls of each type in each urméreases
the likelihood that the sender and receiver will draw a type foball that
will lead to successful coordinated action. Here the sendand receiver are
simultaneously evolving and learning a meaningful languag That they have
done so is re ected in their track-record of successful aoh.

The situation, however, is more complicated for signalingagnes with
more states or terms or if the distribution of states is biask (see Barrett,
2006; Huttegger, 2007a). In such modi ed games, partial ptrg equilibria
may develop and prevent convergence to perfect signalingalle 1 shows the
run failure rates for Lewis signaling games with more than tw states and
terms (see Barrett 2006 for more details). Here there are *l@uns of each
model with 1C° plays/run. A run is taken to fail if the signal success rate is
less than 0.8 after 10 plays.

While these results illustrate failures in uniform convergnce to perfect
signaling, each system is always observed to do better thamance and hence
to evolve a more or less e ective language. In those cases wh@erfect
signaling fails to evolve in the 3-state/3-term game, the sgem nevertheless
approaches a signaling success rate of about 2/Bimilarly, in the 4-state/4-
term game, when a system does not approach perfect signaliig@pproaches

SSystems that approach a signaling success rate of 2/3 here daot learn to signal
reliably with two out of three terms; rather, such systems approach a partial pooling
equilibrium like the one described above. See Barrett (2006for more details.



Signal Success Rate Interval Proportion of Runs

[0.0, 0.50) 0.000
[0.50, 0.625) 0.001
[0.625, 0.75) 0.045
[0.75, 0.875) 0.548
[0.825, 1.0] 0.406

Table 2: Distribution of signal success rates in the 8-staf&term signaling
game

a success rate of about 3/4.

The behavior of the 8-state/8-term system is more complicat since there
are several partial pooling equilibria corresponding to dirent signal success
rates. The distribution of signal success rates in the 8-g&8-term game
with 102 runs and 16 plays/run is given in Table 2.

The partial pooling equilibria that limit convergence to pefect signaling
in such games is in part an artifact of simple reinforcemenearning. If one
allows for a slightly more sophisticated learning strategyhen one gets better
convergence to perfect signaling. On the 8-state/8-term (&, -1) signaling
game, success is rewarded by adding to the relevant urns twalls of the type
that led to success and failure is punished by removing frorhé relevant urns
one ball of the type that led to failure. As illustrated in Table 3, this learning
strategy more than doubles the chance of perfect signalingodving in the
8-state/8-term game.

The overall e ectiveness of learning here is improved by a pishment that
lowers the agents' propensities when they fail to coordinat The essential
di erence between this learning model and Herrnstein reinfcement learning,
then, is that here there is a mechanism by which agents mighorget past
reinforcements that might otherwise have driven them towar suboptimal
pooling equilibria. This provides a positive role for forgéing in learning and
motivates our investigation of three other learning stratgies which also allow

81t is a curious feature of these games that the signal successate is always observed
to be greater than 1/2. While Simon Huttegger has an argumentfor why the success rate
should be better than chance signaling, it is unclear, at leat to us, why it should always
be better than even. This may be a property related to the surere evolution to perfect
signaling in the context of the original two-state Lewis. If so, it may also depend on the
even distribution of states.



Signal Success Rate Interval Proportion of Runs

[0.0, 0.50) 0.000
[0.50, 0.625) 0.000
[0.625, 0.75) 0.002
[0.75, 0.875) 0.110
[0.825, 1.0] 0.888

Table 3: Distribution of signal success rates in the 8-staff@term (+2, -1)
signaling game

for reductions in past reinforcement weights, but do so in arther fashion.

Each of the following learning rules is a modi cation of the bsic idea
of Herrnstein reinforcement, that past success and failudetermines future
action, but each includes some method for the reduction of gigoropensities’
These models show how forgetting the past can aid in learnify avoiding
suboptimal equilibria.

3 The ARP Model
3.1 The Model

The Adjustable Reference Point with Truncation (ARP) learnng model is a
generalization of reinforcement learning designed to cape that fact that
perceived reward is a function of one's experience and thaalrning in the
context of perceived loss can be faster than in the context perceived gain.
The model allows that one may become accustomed to a level afp in such
a way that one values the same payo less over time and begins perceive
even positive payo s as punishments if they are below the acstomed level.
This evolving perception of rewards is seen in both animal drhuman
data. A classic example by Tinklepaugh (1928) illustrateshie e ect of past
payo s on future perceptions of rewards. Tinklepaugh taughmonkeys a
simple discrimination task. One group was reinforced with dnanas and

"These three rules were each chosen because they have somecpase in the experimen-
tal or modeling literature surrounding game theory. While they do not exhaust the space
of possible learning rules, they represent three very di eent approaches to an underlying
reinforcement process.



another with lettuce, and both groups learned quickly. But wmen a monkey
that was usually paid in bananas got lettuce instead, the aacacy exhibited
on the discrimination task dropped signi cantly suggestig that the monkey
perceived the lettuce as a punishment rather than as a rewagiven its past
experience with banana payo s. The ARP model is designed taceount for
such reference point e ects.

Like Herrnstein Reinforcement, the ARP model can be charaetized by
specifying the updating rule, the response rule, and the tral propensities.

1. The Updating Rule. = The agent's propensities evolve over plays of
the game by the rule

g(t+1)= max[v;(1  )q(t) + Ex(i;R:( )] ®3)

Herev > 0 is a truncation parameter that ensures positive propensss,
and is a forgetting parameter that slowly reduces the signi cace of past
experience. The reward function

R( )= i (1) 4)

translates the payo ; into a reward given the agent's expectations from
experience. The function (t) is the reference point against which the agent
judges the current payo . The reference point is updated byhe rule

A owy @y i@

(t+1)= @ w) ({)+(w ) ; otherwise

(5)

wherew® andw are the weights associated with positive and negative
reinforcement respectively. The experience function

CR(O@ ) ifj=k

Ex(i;Re( ) = Re( ) otherwise

(6)
expresses how the experience of playirkgand getting the reward R¢( ;)
a ects the agent's propensity to play strategyi, and is the associated
parameter.

2. The Response Rule. The probability pi(t) that i will be played at
time t is again given by the linear response rule.

pi(t) = Pﬂ 7)

i g (t)
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where the sum is over all pure strategies.

3. The Initial Propensities. Attime t =1, before the rst play of the
game, the agent's propensity to play pure strategy is given by the number
G (1). Inthe ARP model Bereby-Meyer and Erev (1998) use the suof initial
propensities divided by the average reinforcement on a rameh action S(1)
to characterize initial propensities. We here will vary thanitial propensities
in order to judge the robustness of our results over this modation.

3.2 An Act-Based Implementation of the ARP Learn-
ing Model

The ARP learning dynamics may be used to update conditionalrppensities
to signal and act in the context of a Lewis signaling game. Orhis imple-
mentation ¢ represents the sender's propensity to send terkon state s,
ok represents the receiver's propensity to do actioa on term k, and the
conditional propensities are updated using the ARP dynami; the sender's
propensitiesq; for the actual states are updated after each play treating each
k as a possible pure strategy, and the receiver's propensitig for the actual
term k are updated after each play treating each as a possible pure strategy.
The probabilistic response rule only sums over propensii¢hat corresponds
to the current state for the sender and over the propensitigtat correspond
to the current term for the receiver. The payo for a successf signal is 1.0
and 0.0 for failure.

The APR model has seven free parameters. While the values diese
parameters for human subjects would certainly depend on thegarticular
game being played, we will start by assuming an even state tlibution and
with the values estimated by Erev and Roth (1998) for the rstsix model
parameters, = 0:2, v = 0:0001, = 0:001, (1) = 0, w* = 0:01, and
w =0:02, and set the initial sender and receiver conditional pr@msitiesg
for each act to 27.0. We will then vary the experience paramet, the initial
propensities, and the forgetting parameter in turn to see oeach a ects the
evolution of an e ective language in the context of the 3-sta/3-term Lewis
signaling game. There are B0runs and 1¢ plays/run in each trial.

In the ARP model the experience parameter a ects how propeities for
strategies that were not played are updated { the larger thealue of this
parameter the greater the e ect. Table 4 shows how changin@peé experience
parameter a ects the mean signal success rate and the exdept rate (the

11



Experience  Forgetting Initial Mean Signal Exception
Parameter Parameter Propensities Success Rate Rate (0.8)

0.2 0.001 27 0.822 0.035
0.1 0.001 27 0.966 0.000
0.0 0.001 27 0.995 0.003

Table 4: A ect of varying the experience parameter in the ARPlearning
model

Experience  Forgetting Initial Mean Signal Exception
Parameter Parameter Propensities Success Rate Rate (0.9)
0.0 0.001 27 0.995 0.006
0.0 0.001 9 0.994 0.006
0.0 0.001 3 0.995 0.011
0.0 0.001 1 0.996 0.006

Table 5: A ect of varying the initial propensities in the APR learning model

cuto for an e cient language here is set at a signal successate of 0.8).
The lower the experience parameter, the higher the mean s&jrsuccess rate.
The exception rate is also generally lower for lower expenige parameters.
The moral is that one does best in learning to signal in this atext if one
only updates the propensities corresponding to the stratgghat was actually
played on each play of the game and not others. We will set theperience
parameter ARP model to 0.0 in order to consider the conditiaunder which
one has the best chance of learning to signal. Note, howewrat suboptimal
equilibria are still observed in the ARP model with an even site distribution
and with the experience parameter set to zero.

Di erent initial propensities do not a ect the behavior of the ARP learn-
ing model much. As suggested by the data in Table 5, both the rae signal
success rate and the exception rate (here set to 0.9 mean sigsuccess rate)
are roughly constant for di erent initial propensities. Sothe ARP model is
relatively stable under di erent initial propensities for 1 plays/run.

Since the ARP model explains how it is possible for an e ectvlanguage
to evolve most of the time with an even state distribution in a3-state/3-
term signaling game, let's consider uneven state distribiains. It is here
where forgetting can play a signi cant role in helping agerst avoid suboptimal

12



Experience  Forgetting Initial Mean Signal Exception
Parameter Parameter Propensities Success Rate Rate (0.93)

(Max)
0.0 0.001 27 0.944 (0.997) 0.364
0.0 0.01 27 0.986 (0.987) 0.000
0.0 0.1 27 0.964 (0.965) 0.000
0.0 0.3 27 0.937 (0.938) 0.000

Table 6: A ect of varying the forgetting parameter in the APR learning
model

equilibria.

Suppose that the random state distribution is (0.8, 0.1, 0)lover the
three states in the 3-state/3-term signaling game, and coiaer varying the
forgetting parameter. First, note that with the uneven stae distribution and
a low forgetting parameter, the exception rate is extremeliigh for the ARP
model with more than 36% of runs failing to evolve an e cient &nguage.
Raising the forgetting parameter discounts the e ect of pdsexperience on
current propensities, and it thus allows agents to evolve amcient language
even in the context of a very uneven state distribution. As gygested by
the data of Table 6, there is a trade o: the more forgetful theagents,
the less likely they are to get stuck in suboptimal equiliba, but also the
lower the maximum signal success rate on a run. Forgetful ads forget the
evidence that might send them to a suboptimal equilibrium, bt in this case
they also forget the evidence that would allow them to convge to perfect
signaling, and hence evolve an imperfect language where teems have only
approximate meanings.

Agents may, however, do quite well here. With a forgetting pameter of
0.01, a very e cient language (with a mean signal success &bf better than
98%) is always observed to evolve in the 3-state/3-term Lesvsignaling game
with an uneven state distribution. So the evolved meaningsf the terms of
the agents' language are sharply approximate, and, in thiesse, similar to
the terms of human natural languages.

The ARP learning model was designed to capture the psycholpgf how
human agents learn. Here we see how the very human trait of ¢@tfulness
can facilitate the successful evolution and learning of ar@ language.

13



4 Smoothed Reinforcement Learning

Forgetting also provides benets in the context of other leaning models.
The smoothed reinforcement learning model results from a miccation of
the updating and response rules of Herrnstein reinforcentdearning.?

1. The Updating Rule. The weights are updated according to this
rule:

( (2 )g()+ (t) ifaction i was taken
g(t) otherwise

(8)

Instead of summing the current payo with the previous payo, in this
learning rule the current payo is averaged with the prior weghts using a
parameter . This results in past payo s becoming less and less relevatu
the current play, e ectively being discounted.

2. The Response Rule. Rather than using a simple averaging, the
probability of an action being chosen uses a logistic respsrule:

g(t+1)=

ed i(t)
pi(t) = PW (9)

3. The Initial Propensities. Like the previous two models we will set
g(1) =1 for all i.

We thus have a two parameter model. represents the degree of averag-
ing. A high (close to 1.0) represents a learner who puts the most stock in
recent events at the cost to previous ones; a lowrepresents the opposite.

represents the degree of \smoothness" to the function. Thedher the
more small di erence a ect the probability.

Consider an act-based implementation of this learning mobeSupposing
that there are two strategies, 1 and 2, and thatp(t) = 1:5, Figure 2 shows
p.(t) for varying values ofq(t) and . This shows that as becomes larger
small di erence in past payo s correspond to greater di eraces in response
probabilities. Since(t) = 1:5, this represents a situation where strategy
2 has been reinforced already. Suppose instead an early attan where no
action has yet been rewarded. In this casep(t) = 1:0. The varying values
of qu(t) and are represented in Figure 3. Here we see that agyrows, the

8This model was suggested in conversation (with Brian Skyrmsby Ed Hopkins and is
similar to a version of stochastic ctitious play analyzed in Benasm et al. (2006).
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50 100 15.0 20.0 250

0.001| 0.380 0.922 0.973 0.984 0.988
0.01 | 0.832 0.989 0.996 0.998 0.999
0.1 | 0.774 0.992 0.999 0.999 0.999
0.99 | 0.793 0.999 0.999 1.000 1.000

Table 7: Average e ciency

50 100 15.0 20.0 25.0

0.001| 0.000 0.511 0.898 0.943 0.962
0.01 | 0.000 0.967 0.989 0.993 0.996
0.1 | 0.000 0.976 0.997 0.999 0.999
0.99 | 0.000 0.999 1.000 1.000 1.000

Table 8: Converged to Signaling Systen>( 0.99% e ciency)

response function tends to take any initial success more gersly, responding
by almost deterministically choosing the reinforced actin®

In order to determine the convergence properties of this leang rule,
we will study simulations for several parameters. An instare of successful
signaling results in a payo of 2.0° As in previous models we will treat
each state and term as a distinct learning situation. Table3 and 8 show
the results for varying 's and 's. These results are from 1,000 runs each
of 10,000 generations of a 3-state/3-term signaling gametlwiequiprobable
states. Table 8 represent the proportion of these runs thabaverge to almost
perfect signaling €;(t) was greater than 0.99 for both the sender and receiver
for a given term-act).

These simulation result show that for low 's none of the tested values
for are su cient to result in convergence to optimal signaling. This oc-
curs because players continue to randomize su ciently lonthat all available

9This response mimics the \win-stay" response rule discusskin more detail in the next
section.

10This is necessary because the initial propensities are eqli 1 and averaging requires
that the payo be greater than 1.
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strategies are equally reinforced. As a result, no converge is ever achieved.
For larger 's, initial success increases the probability of choosing® strat-
egy over another, which results in disproportionate use ohbse strategies in
the future. This begins a process that leads to successfuhgergence.

With these larger values of , it appears that larger 's are better for
the evolution of e cient languages. The larger is the more weight indi-
viduals place on recent payos. This again represents a gtea degree of
forgetfulness.

In this model we nd two features appear to assist in the evotion of
optimal signaling. First, a large helps substantially. A large intuitively
corresponds to one taking small di erences in payo s more 8eusly. Second,
alarge , which corresponds to taking the recent past more serioudlyan the
distant past also helps. Again, forgetting proves e cacios in the evolution
and learning of a successful language. And here, unlike inethARP learning
model, perfect signaling may evolve even with very high foegting ( = 0:99).

5 Win-Stay/Lose-Randomize

We will consider a nal learning rule, win-stay/lose-randanize, which is in a
sense maximally forgetful. Here we imagine that individualonly remember
their most recent successes for each state/term. If theirdaaction in a given
state/term was successful they keep that strategy, otherae they choose a
new strategy for the current state or term at random! This represents a
sort of extreme version of smoothed reinforcement, where= 1:0 and goes
to in nity.

In-keeping with our convention, we will restrict individuds to learning
only in the context of a given state or term. l.e., individuas who fail to

1From the description presented in (Wilcox and Jackson, 200 it appears that the
Portia jumping spider employs the strategy when attempting to fool prey. This strategy
is also similar to another learning rule, win-stay/lose-switch, which was rst introduced in
the context of learning in bandit Problems (Robbins, 1952). Bandit problems are a class of
learning problems where one is intent on maximizing a payo h an uncertain environment.
Win stay, lose switch was rst applied to game theory by Nowak and Sigmund (1993).
Interestingly, win-stay/lose-switch is a terrible learni ng rule in signaling games. While the
only xed points in this learning rule are signaling systems these states are not accessible
from others in a 2-state/2-term/2-act signaling game. So, aly players that begin in a
signaling system will ever reach one. All other initial states follow closed loops, repeating
ine cient strategies forever.
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coordinate in a given state/term pair will only randomize treir action for
that state or that term and not their contingency plans for oher states or
terms. The same result would hold (with a far simpler proof)fiallowed
individuals to randomize over the set of all contingency pfss.

In the context of signaling games, win-stay/lose-randomézonly has xed
points where both individuals play complementary signaligp systems'? In
fact, not only are these the only xed points, but one can alsprove that as
the number of plays goes to in nity, the probability that the players achieve
optimal signaling systems approaches 1. This is true regdeds of the number
of states, terms, and acts (so long as they are the same) andjaedless of
the probability distribution over the states (as long as edt state receives
non-zero probability). Informally this occurs because, t players randomly
try things out succeeding and failing until the states and awns proceed in
the right order to result in their perfect coordination. One there, they never
leave.

Assume anN -state/N -term signaling game, where the number of states
of the world, number of terms, and number of actions are all thrsame. We
will represent a sender's strategy as a functiors,: N ! N and the receiver's
strategy as another function,r : N ! N. Let S and R represents the set of
all sender and receiver strategies respectivéfy. The state of the system at
any given time can be represented as an elementh R.

Since there is a randomizing component we can represent tBistem as a
Markov chain. Certain states in this Markov chain areabsorbing that is once
the system enters these states it never leaves. It is stratgiorward to see
that signaling systems are the only absorbing states, sintteere is a potential
loss (and thus a potential switch) in any other state. This ishowever, not
su cient to prove that the system will converge to signalingsystems in the
long run, itis also necessary to prove that the signaling sgsns are accessible
from every other state.

De nition 1  Suppose two statess S,;ra >;<Sp M, >2S R. <sprp >
is directly accessiblefrom < s,;r, > if and only if:

1. (Sender failure) If sy(X) 6 sp(X) thenra(sa(x)) 6 x

127 xed point of the learning rule is a strategy set such that if both players play it on
one round they will play it forever thereafter.

B3r() and s() represent full contingency plans for every state and everysignal. Thus
our learning rule does not allow for an agent to choose an arbiary r or s when they fail.
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2. (Receiver failure) If ry(x) 6 rp(x) thenry(sa(x)) 6 x

3. (One change) There is at most one such that,s,(x) 6 sp(x) and there
is at most oney such thatr,(y) 6 ry(y) and

4. (Coordinated change) If there is arx such thats,(x) 6 sp(x) and ay
such thatr,(y) 6 rp(y), theny = s3(x).

This de nition coincides with there being a non-zero probalbty of reach-
ing one state from another using win-stay/lose-randomizeBy using only a
de nition of accessibility, we are remaining neutral with espect to both the
distribution over the states and the distribution over the $rategies used by
an agent when he switches strategies. It suces then to showhat (1) a
signaling system is accessible from any state and (2) signgl systems are
the only absorbing states.

De nition 2  Two statesa;b2 S R are accessible if and only if there is

previous state in the sequence.

In order to prove our main result we will divide all states inb two classes.
Let P(s) = jfn:s(n) = s(m) for somem 6 ngj, this represents the number
of states that map onto the same term. We will rst show the fdbwing
result:

Lemma 1 For every statea=<s,;r, > whereP(s,) > 0there is some state
b=<sy;ra > such thatb is directly accessible froma and P(s,) <P (sa).

Proof. SinceP(s,) > 0 there is at least onen and m 6 n such that
Sa(n) = sa(m). Sincer, is a function, at least one of the following must be
true: (1) ra(sa(n)) 6 nor (2) ra(sa(m)) 6 m. WLOG assume (1). Becausa
and m both map to the same term, there must be one2 f 1; 2; :::N g which
is not in the range ofs, (an unused term). Letsy(X) = sa(x) for all x 6 n.
Let sy(n) = t (the unused term). It should be clear thatP (sp) < P (Sa), SO
it is su cient to prove that b=<sy;r, > is accessible froma=<s,4;r, >.

By assumptionr,(sa(n)) 6 n, and by de nition sy(x) = sy(x) for all
X 6 n, sob satis es sender failure Sincer, is constant across both states,
b trivially satis es receiver failure and coordinated change By de nition b
satis es one change 2
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As a result of this lemma, we can show that a stat& sy, r, >, where
P (sp) = 0 is accessible from any initial state< s,;r, >.

We will now de ne a function Q which measures the average success of
the sender/receiver pair. It will count the number of stateswhere the two
fail to coordinate, Q(<s;r> )= jfn:r(s(n)) 6 ngj

Lemma 2 For any statea =< s,;r, > whereP(s;) = 0 and Q(a) > 0,
there is a stateb =< s,;r, > such thatb is directly accessible froma and

Q(b) <Q(a).

Proof. SinceQ(a) > O, there is at least onen such that r,(sa(n)) 6 n.
Choose such am. Let ry(x) = ra(x) for all x 6 n. Let rp(n) = s,(n)
(sinceP(s,) = 0, this is unique). It should be clear that Q(b) < Q (a), so it
su cient to prove that bis accessible frona.

Since s, Is constant betweena and b, sender failure and coordinated
changeare trivially satis ed. By assumption r,(sa(n)) 6 nandry(x) = ra(x)
for all x 6 n, satisfying receiver failure and one change 2

Lemmas 1 and 2 together entail that the agents will always appach
perfect signaling. Lemma 1 shows that from any state we canasss a state
where P(s) = 0, and the receiver strategy is unchanged. Lemma 2 shows
that from that state we can access a state wher@(a) = 0, i.e. a signaling
system?!* Since a signaling system is accessible from any state, anghsiling
systems are the only absorbing states, the probability thad random state
converges to a signaling system approaches 1 as the numberuofs goes to
in nity. 1°

The upshot is that while win-stay/lose-randomize is in a sese maximally
forgetful, it is also perfectly successful in the evolutiomnd learning of a
language. Here we see how an extreme form of forgetting migditogether
avoid the threat of suboptimal equilibria.

14The path detailed in the proof of Lemma 1 and 2 is typically not the most e cient or
the most probable path to a signaling system. However, sinceve are only here concerned
with limiting behavior, demonstrating that one such path exists is su cient.

5\We could have got this result directly with a learning rule that always allowed for
a positive probability of switching to an absorbing state. Implementing win-stay/lose-
randomize on entire contingency plans is such a learning rel.
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6 Conclusion

The APR learning model, smoothed reinforcement learningnd win-stay/lose
randomize all outperform traditional Herrnstein reinforement learning in the
evolution of optimal languages in signaling games. Each dfdse learning
models provide mechanisms whereby agents may forget pastdewce that
would otherwise have driven them toward suboptimal equilita.

In each case, forgetting allows for a persistent randomnesgich can
help move a sender-receiver pair away from the suboptimal webpria and
toward optimal ones. In the case of ARP learning, this perdent randomness
prevented the model from ever achieving optimality. The maadd response
rule used in smoothed reinforcement learning, however, ped to overcome
the persistent randomness introduced by discarding the pasand to settle
on the optimal equilibrium. This settling e ect is taken to an extreme in the
last learning rule, win-stay/lose-randomize. Here indiduals are persistently
random until they are optimal in which case, they stick to opimality because
it is an absorbing state. This illustrates a sense in which g maximally
forgetful can be maximally bene cial in achieving perfectignaling.*®

The moral is that forgetful learning rules outperform theirretentive coun-
terparts in the evolution and learning of language in signalg games. More
generally, some form of forgetfulness may prove to be a vigwhenever there
is the threat of suboptimal equilibria. In this, something hat might have
seemed unquestionably detrimental may in fact be bene cial

8There are other ways to introduce persistent randomness ird learning. In the con-
text of reinforcement learning, perhaps the most direct wayis to randomly perturb the
memories of each agent on each play of the signaling game to &gree proportional to the
current level of reinforcement. Such models do in fact outpdorm Herrnstein reinforce-
ment learning in signaling games (Barrett, 2006). They alsdllustrate a form of forgetting
that provides the direct bene t of persistent randomness.
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