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Abstract

Over the past two decades, several
consistent procedures have been de-
signed to infer causal conclusions
from observational data. We prove
that if the true causal network might
be an arbitrary, linear Gaussian net-
work or a discrete Bayes network,
then every unambiguous causal con-
clusion produced by a consistent
method from non-experimental data
is subject to reversal as the sample
size increases any finite number of
times. That result, called the causal
flipping theorem, extends prior re-
sults to the effect that causal dis-
covery cannot be reliable on a given
sample size. We argue that since re-
peated flipping of causal conclusions
is unavoidable in principle for consis-
tent methods, the best possible dis-
covery methods are consistent meth-
ods that retract their earlier conclu-
sions no more than necessary. A se-
ries of simulations of various meth-
ods across a wide range of sample
sizes illustrates concretely both the
theorem and the principle of com-
paring methods in terms of retrac-
tions.

1 Introduction

Over the past two decades, several procedures
have been designed to infer causal conclu-
sions from observational data. However, there
is an essential difference between causal con-
clusions based on experiments and those in-
ferred from non-experimental data. Consider
a randomized experimental trial to determine

whether X causes Y. Following the usual
logic of statistical testing, one can suspend
judgment regarding the relationship between
X and Y until a statistically significant corre-
lation is detected. If sample size is not suffi-
ciently large, one can safely conclude that the
missed effect is too small to be of practical
consequence even if it exists. The same can-
not be said of causal relations discovered, even
unambiguously, from non-experimental data
when the underlying causal truth is assumed
to be linear gaussian or a discrete Bayes net
(Spirtes et al. 2000, p. 83). Because the
orientation of arbitrarily large causes can be
retracted or reversed as sample size increases
in these cases, it is impossible to find non-
trivial interval estimates of the effect of a pol-
icy; depending on the orientation of the rele-
vant causal connection, the result of the pol-
icy might either be null or quite large (Robins
et al. 1999).

In this paper, we extend the result in (Robins
et al. 1999) that causal discovery cannot be
reliable on a given sample size. We prove
that every causal conclusion drawn by a con-
sistent causal discovery procedure can flip in
orientation any number of times and with ar-
bitrarily high chance as the sample size in-
creases, as long as the truth might be a lin-
ear Gaussian network or a discrete Bayes net-
work. That is the case regardless of the sam-
ple size at which the first conclusion in the se-
quence is produced. It is also true regardless
of the strength of the causal connection be-
tween X and Y, so the practical consequences
of the flips could be immense. Finally, it re-
mains true even if the truth might be an ar-
bitrary, linear Gaussian or a discrete Bayes
net. One application of the causal flipping
theorem is that the two causal flips of the ar-
row between X and Y as depicted in figure



1 are unavoidable, regardless of the param-
eter settings of the first network in the se-
quence, if the causal discovery procedure is
consistent and if the networks are either lin-
ear Gaussian or discrete. We illustrate the
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Figure 1: Causal Flips

causal flipping theorem by showing in simu-
lations how four published causal discovery
algorithms perform the causal flips in figure
1 with high chance when provided with ran-
dom samples of increasing size generated from
a fized setting of the free parameters in the
third causal network in the series.

We do not infer from the causal flipping the-
orem that causal discovery is unjustified and
should, therefore, be abandoned. Rather, we
view the unavoidability of causal flipping as
the proper justification for causal discovery,
in the sense that the best causal discovery
algorithms are those that minimize flipping
prior to convergence to the true model. It
can be shown (Kelly 2010, Kelly and Mayo-
Wilson 2010, Kelly 2007b) that causal infer-
ence methods that systematically prefer sim-
pler models (where simplicity is measured in
terms of the number of conditional depen-
dencies entailed by the model, and hence, by
number of edges) are exactly those that also
minimize retractions of earlier judgments.
That result, called the Ockham Efficiency
Theorem, provides a theoretical justifica-
tion for existing algorithms that favor simpler
models; a justification that does not depend
in any way on question-begging, simplicity-
biased prior probabilities. Moreover, meth-
ods that retract their conclusions less can be
said to improve upon methods that retract
more, so retraction minimization provides an
objective standard of progress in the design of
causal discovery algorithms. The simulations
at the conclusion of the paper illustrate con-

crete comparisons for some published meth-
ods.

2 Statistical Questions and
Consistent Methods

Let P be a set of probability measures over
a common o-field. A statistical question
with presupposition P is a partition © of
P into a countable collection of mutually ex-
clusive and exhaustive theories. The aim
is to find the theory T, in © that contains
the unknown, true probability measure p by
means of samples from p. For example, one
might ask whether the mean of an unknown,
one-dimensional normal distribution of stan-
dard variance is or is not exactly 0. In that
case, let P be the set of all normal measures
of standard variance, let T,—o be the set of
all such measures with mean 0, and let T,
be the set of all measures in P with non-zero
mean. Then the question corresponds to the
partition ©,, = {T,=0, Tpxz0}

Define a method for © to be a mapping
M from i.i.d. samples to theories in ©. If
p € P, let p™ denote the sampling density
over i.i.d. samples of size n. Typically, as in
the question whether p = 0, there is no way
to bound the chance of error at a given sam-
ple size over all of P, but one can at least
choose a method that converges to the truth
in probability. Say that M is consistent for
O if and only if for each p in P and for each
e > 0, there exists sample size n such that
for each sample size m > n, it is the case
that p™(M = T,) > 1 —e. Consistency is
a weak property, but it is the most that has
been claimed for many published algorithms
for causal discovery (Spirtes et al 2000). Our
proposal, described in greater detail below, is
that such discovery procedures are motivated
and justified better if one refines the concept
of consistency by minimizing fluctuations in
the chances of producing alternative theories
prior to convergence down to those that are
unavoidable in principle.

3 Causal Discovery

It is a familiar fact that causal questions are
not necessarily reducible to statistical depen-
dency, since statistical dependency between
X and Y is compatible with X being a cause
of Y, with Y being a cause of X, or with
a common cause of X and Y. One of the
bold insights of the recent literature on causal



discovery is that, nonetheless, some interest-
ing causal conclusions are determined entirely
by probability, under some plausible assump-
tions. In this section, we present the most
basic ideas behind the approach in order to
fix notation—extended, motivated presenta-
tions may be found in (Pearl and Verma 1991,
Spirtes et al. 2000). Let V be a fixed, finite set
of random variables and let Py, denote the set
of all probability measures induced by joint
probability densities over the variables in V.
Let DAG denote the set of all directed acyclic
graphs on the fixed variable set V. The arrows
or directed edges in these DAGs are under-
stood to indicate causal influence (as distinct
from mere statistical dependence).

The key idea behind causal discovery is to as-
sume some plausible principles that connect
causal structure with the pattern of statistical
dependencies holding in p. Let XIIY | § ab-
breviate that X is probabilistically indepen-
dent of Y conditional on the values of vari-
ables in S, where S C V' \ {X,Y}. Call such
a statement a conditional independence
constraint (CIC) over V, and let CIC denote
the set of all cics over V. If p € Py, de-
fine the CciC pattern Ip to be the set of all
CICs satisfied by p. If G € DAG, say that p is
Markov for G if and only if for all variables
X €V, it is the case that X is independent
of its non-descendants conditional on its par-
ents. Let the cIC pattern of DAG G be de-
fined as IG = ({Ip : p € Py and p is Markov
for G}. When IG = Ip, say that p is faithful
to G. Faithfulness is the assumed connection
between probability and causation. Define:

{IG : G € pAG};
{p e Py :(3JA e Fcic) Ip = A}.

FCIC =
F =

That is, F is the set of measures faithful to
some DAG over V. Let A € Fcic. Define:

Gas = {Gepac:IG=A}
Fy, = {peF:Ip=A}

Then ©g = {F4 : A € FCIC} is a purely sta-
tistical question over F, since Ip is a function
of p. Theory F 4 uniquely determines A and,
hence, the set of DAGs G4, so Oy has po-
tential causal significance. If all of the DAGs
in G4 share a feature (e.g., the causal ar-
row X — Y), then that feature is entailed
by the statistical hypothesis F 4, so the sta-
tistical question ©y may have strong, causal
implications.

Therefore, causal discovery decomposes nat-
urally into two parts, the purely empirical
problem of determining Ip by sampling from
p and the purely deductive problem of recover-
ing G, from Ip. Much of the recent progress
in causal discovery has centered on the de-
ductive phase of the problem, which proceeds
as follows. The causal skeleton skel(G) is
just the undirected graph with vertices V that
has a undirected edge X — Y between X and
Y if and only if G has an edge between X
and Y. A vee in G is a configuration of form
X—Y —Z such that X and Z are not adjacent.
An unshielded collision is a vee oriented as
X =Y+ Z

Proposition 1 (Verma and Pearl 1991).
IG = IG' if and only if skel(G) = skel(G')
and G,G’ have the same unshielded collisions.

Thus, the causal skeleton of the true G and
all of the unshielded collisions in G are recov-
erable uniquely from the purely probabilis-
tic information IG. It may also be possi-
ble to derive further conclusions about G. If
the vee X — Y — Z results from orienting
some unshielded collision, then it follows that
X — Y — Z is not a collision, and the only
remaining possibility is Y — Z. Also, DAGs
are acyclic, so if there is a directed path from
X toY and an edge X — Y, then it is safe to
conclude that X — Y. These two conditions
can be iterated until no more orientations can
be obtained. The resulting method is called
the sGs algorithm, after the initials of its in-
ventors (Spirtes et al. 2000). The same au-
thors have produced a several more efficient
and more sophisticated variants of the same
idea, called the pC, cpcC, and FCI algorithms
that will employed in the simulation studies
below.

Often, the pertinent causal question concerns
some local feature of causal structure, such as
whether X causes Y or Y causes X or nei-
ther, rather than some global causal struc-
ture, like the CIC pattern, which concerns
all the variables in V. Say that causal edge
X — Y is essential in G if for all G’ such
that IG = IG’, the graph G’ contains the di-
rected edge X — Y. Define T x. y similarly,



and let:

Tx_y = (J{Fg: X =Y o X« Yisin

G non-essentially };

T x_y) = U{Fg : X,Y are (essentially)

non-adjacent in G}.

Define the causal question ©x y concerning
X,Y to be

Oxy ={Txov,Txcy, Tx_v, T (x-v)}

4 Causal Flipping

The preceding section focused entirely on the
purely deductive inference from Ip to Gy,.
But Ip must be inferred from samples. One
approach is to assume that a given CIC is
true until it is rejected by a statistical test.
If the significance levels of the tests are ad-
justed downward at a sufficiently slow rate,
then this procedure converges in probability
to Ip. Application of the above deductive
rules computes a pattern that uniquely de-
termines Gy,. The resulting method My is
consistent for ©¢ (Spirtes et al. 2000).

The consistency property does not imply a
non-trivial bound on chance of error in the
short run (Robbins et al. 1999), but the sit-
uation is worse than that. It is possible for a
consistent method to produce the causal con-
clusion X — Y with arbitrarily high chance
at a given sample size and then to produce the
contrary conclusion X < Y with arbitrarily
high chance as sample size increases, and so
on, any number of times as sample size in-
creases. Each such reversal in chance of the
inferred causal orientation is a causal flip.
Causal flips are not so surprising for the sGs
algorithm, since that algorithm bases its con-
clusions entirely on the pattern of currently
accepted and rejected null hypotheses, and
the accepted null hypotheses may be rejected
with high chance at higher sample sizes. The
causal flipping theorem, however, asserts the
unavoidability of arbitrarily many causal flips,
if the causal discovery method is consistent
and if arbitrary, linear Gaussian or discrete
Bayes networks are theoretical possibilities.
In the linear Gaussian and discrete Bayes net
cases, it is as if every consistent method is
essentially forced to base its causal conclu-
sions on inferred patterns of conditional in-
dependence, and the inferred independence
hypotheses may always be overturned as the

sample size increases. That includes methods
based on consistent scoring rules like BIC (see
the GES simulation below) or even methods
based on Bayesian posterior probabilities.

Recent work (Hoyer et al. 2009) establishes
that in some questions that exclude linear
Gaussian models and discrete Bayes nets as
possibilities, the true causal structure can be
identified without risking any retractions of
earlier conclusions. However, that approach
avoids retractions by producing no causal con-
clusions whatever all until the departure from
the linear Gaussian case is noticeable in the
data. Therefore, unless one foregoes all causal
conclusions in linear Gaussian models, causal
flipping remains an unavoidable feature of
causal discovery from non-experimental data.

5 Empirical Approximation

To prove the causal flipping theorem, we in-
troduce a few crucial definitions. Let P be a
set of probability measures on a common o-
field F, and define the total variation dis-
tance between two measures in p,q € P as
p(p,q) = supper [p(E) — q(E)|. Total vari-
ation distance is a very natural measure of
indistinguishability, since it bounds the dif-
ference in chances the two measures assign to
an arbitrarily chosen “acceptance zone” for a
test that distinguishes them. Total varia-
tion space is the topology induced by open
p-balls. When p is applied to sampling densi-
ties in statistical applications, we assume that
one first converts the sampling densities to
their induced, infinite product measures.

Given T, T’ C P, define the empirical ap-
proximation order with respect to P:

T<pT & TCcl(T)

where the topological closure operation is de-
fined with respect to total variation space.
When P is clear from context, we write drop
the subscript P on <. The empirical approx-
imation order is one of the main ideas in this
paper—it embodies the philosophical problem
of induction as it arises in statistical infer-
ence. Suppose that T < T’. Then no matter
how much evidence you think you have for
concluding that the true distribution is in T,
there is an essentially indistinguishable distri-
bution in T’. For example, recall the question
O, = {T,—0, T,x0}, which asks whether the
mean of a univariate normal distribution of
standard variance is or is not identically 0.



Let p, be the univariate normal with vari-
ance 1 and p. The unique element of T,—o,
then, is po. If § > 0 is sufficiently small, then
p(po,ps) < e. Thus, T\ = < Tx0.

Because T,—o < T,z0, any -consistent
method for ©, can be forced to first conjec-
ture T,—o, with arbitrarily high probability,
and then later conjecture T,.o, again with
arbitrarily high probability, at some larger
sample size. Why? Suppose that M is a
consistent solution to ©,, and let ¢ > 0
be small. Then there exists sample size n
such that p§(M = T,—o) > 1 —¢/2. Since
T,—o < T+, there is some ps € T ;¢ such
that p(po,ps) < pg (M = Tu—o) — (1 —€/2).
By the definition of p, it follows that ¢"(M =
T,—0) > 1—¢/2, since M = T, is an event
in F. But then the consistency of M in ps
guarantees that pJ" (M = T o) > 1—¢/2, for
some m > n. Thus, the chance that M pro-
duces T,—p plummets by a whopping 1 — ¢
from sample size n to sample size m. The
change of heart on increasing information is
not a mere matter of sampling noise; it rep-
resents a fundamental reversal in the signal
the method sends to the user regarding theory
T,—o and it is a consequence of nothing more
than the (desirable) consistency of M and an
unavoidable structural fact about the ques-
tion addressed, namely, that T, _q < T 0.

So much is implicit in standard, textbook dis-
cussions of statistical power, but the argu-
ment iterates as sample size increases without
bound. Suppose that one is confronted with
a question © in which there is an empirical
approximation chain To < Ty < ... < Ty,
where T; € O for all i < k. As long as
your method is consistent, it can be forced
to return the various theories Ty, T5, and so
on, with arbitrarily high probability as sample
size increases. It does not matter how clever
or subtle your consistent method is at “min-
ing” empirical samples—in fact more sensi-
tive and informative data-mining techniques
will “leap” for the successive theories in the
empirical approximation chain more quickly
than dull, insensitive ones. Moreover, it turns
out that there is no way to bound the time at
which these theories are produced—they hap-
pen when nature chooses, if the method is
paying attention. These ideas are made pre-
cise in the following proposition, which is the
central lemma for the causal flipping theorem:

Proposition 2. Suppose that M is consistent

for © and that there exists chain
Ty <T; <...<Tg

where T; € © for alli < k. Let p € Ty and
let O be an arbitrary, open neighborhood of p
in total variation space. Let € > 0 and let d
be an arbitrary natural number. Then there
exists ¢ € O N'Ty and there exist increasing
sample sizes ng < ny < ... < ng such that for
each i < k:

n, >d-(i+1) and ¢"(M =T;) >1—e

Proof: By induction on k. When k = 0, just
choose ¢ to be p and then ng > d=d-(0+1)
exists by the consistency of M. At k41, there
exists chain Top < Tj < ... < Tgyq. Let p €
Ty and let O be an open neighborhood of p in
total variation space. Since M is consistent,
there exists ng > d such that:

P (M =Ty >1—e

There exists total variation ball B, around
p such that for each p’ in B,, the preced-
ing, strict inequality holds (again, p bounds
the probabilities of arbitrary events in the
sigma field of the product measure induced
by the probability measures under consid-
eration). Hence, the inequality holds over
all of S = O N B,, which is open. Since
Ty < T;, there exists p’ € SN T;. By
the induction hypothesis, there exists ¢ €
S N Ty41 and there exist increasing sample
sizes nq,...,ngy1 such that n; > 2-ng-(i+1)
and:
qnl(M = Tl) >1-—c¢,

for each ¢ from 1 to k+1. Thus, n; > d-(i+1),
for each ¢ from 0 to k + 1. Since ¢ € S C B,
we have that:

an(M = To) >1—e
Finally, g € S C O.

If A, B € rcic, write A < Bif F4 < Fp. Say
that P is dependency driven if and only if
for all A, B € Fcic,

BCA=A<LB.

Dependency driven-ness is the second impor-
tant concept in this paper. When P is depen-
dency driven, statistical dependencies suffice
to disambiguate any causal questions that can
be disambiguated. As it happens, two of the
most studied applications of causal discovery
are dependency driven:



Proposition 3. The set of linear Gaussian
distributions over V and the set of discrete
multinomial distributions over V are both de-
pendency driven.

The proof of the preceding proposition is pre-
sented in (Kelly and Mayo-Wilson 2010).!
Recent work (Hoyer et al. 2009) suggests
that non-dependency-driven questions may
be more commonplace than we initially ex-
pected.

6 Retractions in Chance

In light of Proposition 2, any method M prob-
ably can be forced, at successively large sam-
ple sizes, to produces T, then produce Ts,
and so on, with arbitrarily high probability.
These theories may be different. At each
change of heart, the chance of producing the
preceding theory drops severely (by at least
the amount 1 — €, where € may be chosen as
small as you please). We call that a retrac-
tion in chance. To quantify retractions in
chance, let P be a set of measures on a com-
mon o-field, © be a question, and let M be a
method, let p € P and let n > 0. For two real
numbers z and y, define x8y = max{0, z—y}.
Then define:

T@(MaTapa n) = pnfl(M = T)
@pn(M:T);
re(M,p,n) = Y re(M,T,pn);

TeO

T@(Mvp) = Zr@(M,p,n);
n>0

re(M) = supre(M,p).
peP

Then rg(M,p) represents the total retrac-
tions in chance of M in p as sample size in-
creases, and rg(M) is the worst-case bound
on rg(M,p) with respect to P. By tuning
€ > 0 in the preceding proposition arbitrarily
low, one obtains the following lower bounds
on retractions in chance:

Proposition 4. Let the situation be as de-
scribed in proposition 2, and suppose that
T, # Tiy1 for all i < k. Then q satisfies
re(M,q) >k —e¢ and re(M) > k.

!The proof crucially employs the fact the set
of unfaithful linear gaussian and discrete multi-
nomial distributions each have Lebesgue mea-
sure zero; the linear gaussian case is discussed
in (Spirtes, et. al 2000), and the discrete case in
(Meek 1995).

7 Causal Flipping Theorem

Suppose that X — Y is an edge in G. Say
that X — Y is covered if and only if the
parents of X in G are the same as those of Y
except for X itself. A covered edge rever-
sal involves flipping a covered edge to obtain
a new G’. Define G < H to hold if and only if
H is obtained from G by a finite sequence of
covered edge flips and edge additions. Then:

Theorem 1 (Chickering 2002). IG C I'H if
and only if H = G.

Call a sequence Gy < G; < ... < G a Chick-
ering chain. For example, the sequence in
figure 1 is a Chickering chain. From (i) to
(ii), start by adding edge Z; — Z5 and then
flip the following edges in sequence: Zy — X,
Z1 — X, X =Y, Y — Z3. Then add edge
Z4y — Y. From (ii) to (iii), the process is sim-
ilar, starting from the addition of Z3 — Zj.
We now present the main result of the paper.
Say that a vertex X is isolated in G if and
only if X has no causal connections to other
variables in G. Then:

Theorem 2 (Causal Flipping). Suppose that
M 1is consistent for the edge orientation ques-
tion ©xy over dependency driven P. Let
p € P, G e G,, and suppose there are at least
k isolated variables in G. Let O be an arbi-
trary, open neighborhood of p in total varia-
tion space, and let € > 0. Then there exists
q € O such that re ., (M,q) > k — €. Thus,
Tex,y (M) > k.

Proof: It suffices to construct a Chickering
chain G = Gy <X G; <X ... <X G, in which
causal edge X — Y flips k times. If k = 0,
then the proposition is trivial, so suppose
that £ > 0. Suppose that DAG G contains the
edge X — Y, so that Tg is either Tx_,y or
Tx_y. Extend G to some complete DAG H
on the non-isolated vertices V' (i.e., a DAG
in which each vertex is adjacent to every
other). There exists a complete DAG H' over
V' with edge Y — X. Then IH = IH', by
proposition 1, and so H' results from H by a
sequence of (covered) edge flips, by theorem
1. Let Z be an isolated variable of G. Add
the edge Z — X to H’ to obtain the DAG
G1. Then, as Z was isolated in G, the vee
Z — X < Y is an unshielded collision in
G1. By Proposition 1, the edge ¥ — X is
essential in Gp, and so Tg, = Ty_,x. Hence
Tg, # Tg. Iterate this construction until the
isolated variables are used up.



Then every published causal conclusion X —
Y drawn by a consistent method for the edge
orientation question ©xy over dependency
driven Py, is subject to flipping any number of
times, no matter how strong the evidence for
that conclusion happens to be at present. The
bound k on causal flips based on the number
of isolated variables remaining in V is mainly
a formal nicety. In practice, there are always
new, unmeasured variables that have no no-
ticeable correlation with the variables in V),
so the potential for future flips is, essentially,
endless.

8 Causal Flips in Simulation

Suppose that the truth is the standardized
structural equation model with independent,
Gaussian error terms and causal path param-

eters fixed at the values depicted in Figure
2.
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Figure 2: The Truth Behind the Simulations

We generated line graphs of frequency of out-
put of the true edge X — Y (the pink “true”
line) and the flipped edge X + Y (the blue
“reversed” line) over 100 trials at each sample
size examined, for each of four causal search
algorithms implemented in TETRAD version
4.3.9-21.2 The algorithms simulated are pPC
and FCI (Spirtes et al. 2000), cpc (Ramsey
et al. 2006) and GES (Chickering et al. 2002).
The retractions in chance of algorithms Pc,
CcPC, and FCI in the causal scenario depicted
in figure 2 are depicted in figures 3, 4, and 5.
The GES algorithm is a bit hesitant to flip all
the way to the false conclusion in the exam-
ple depicted (the truth is still fully retracted),
but on a slight refinement of the example in
figure 2 (set Z3 — Z4 to —.02501, Zg — X to
.005, and X — Y to .5) - Reversing the sign
on X — Y was an oversight that theoretically
has nothing to do with the improved flips.) it

The TETRAD package is freely down-
loadable at www.phil.cmu.edu/projects/tetrad/
tetrad4.html.

bites enthusiastically for the first flip; the sec-
ond flip being assured by the consistency of
the GES method (figure 6).
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Figure 4: CPC Algorithm

9 What Good are Methods
that Flip?

Some advocates of causal discovery tech-
niques invoke principles stronger than causal
faithfulness that rule out the possibility
of causal flips (Zhang and Spirtes 2003).
Bayesians lay down prior probabilities that
make the flips improbable. In contrast, we
propose that the justification for existing
causal discovery procedures is a consequence
of the unavoidability of flipping, rather than
assurances that flipping will not happen.
Since repeated causal flips are unavoidable
for consistent methods, the best that a truth-
seeker can expect is to minimize such flips
or retractions (Schulte et al. 2007). Hence,
we propose that retraction minimization pro-
vides the best available explanation of how it
is that causal discovery algorithms find true
causes better than alternative strategies bi-
ased against simple causal networks can, at



./ \
/\ ] \
\/

v |

) A 7
. ARVA /
10 ‘_{/\\/ X \ ./

o B

500 600 700 800 800 1000 2000 5000 10000 50000 100000 200000 500000
Sample Size

—#—Truth ——Reversed

e S N
\

Percentage
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Figure 6: GES Algorithm

least in application to linear Gaussian and
discrete causal networks. For comparisons of
the retraction minimization approach with al-
ternative foundations for model selection, see
(Kelly 2010, Kelly and Mayo-Wilson 2008,
Kelly 2008).

It can be demonstrated that, in both causal
inference and some instances of scientific the-
orizing more generally, methods that mini-
mize retractions are those that employ Ock-
ham’s razor, i.e. a systematic preference for
simpler models (Kelly 2010, Kelly and Mayo-
Wilson 2010, Kelly 2007b). The basic idea is
that simpler theories imply fewer detectable
effects, where effects are arbitrarily subtle
phenomena that may me encountered arbi-
trarily late or only in arbitrarily large sam-
ples. Therefore, positing a theory that im-
plies a potentially subtle effect that has not
yet been detected leaves one open to having to
retract the theory if the effect never appears
(e.g., after a long sequence of failed or “null”
attempts to produce the effects in question).
That retraction gets added to all the unavoid-
able retractions that may follow, resulting in a
sub-optimal retraction bound. So one ought

not to produce complex theories that imply
extra effects until those potentially subtle ef-
fects have been verified.

Standard causal discovery procedures, like
CPC and GES, do implement a version of Ock-
ham’s razor because they all employ a system-
atic bias toward causal networks with fewer
edges. That explains the nearly optimal per-
formance of cPC and GES in terms of retrac-
tions (i.e. two full retractions in chance) in
the above simulations. In contrast to cpcC
and GES, the PC and FCI algorithms exhibit
“spikes” in their output around sample size
10,000. The pC algorithm is less computa-
tionally costly than the sGs, but its com-
putational heuristics result in a violation of
Ockham’s razor with respect to real statisti-
cal data. The pC algorithm checks the in-
dependence of X and Z3 conditional on Zy,
Zo, and Zg. At sample size 10,000, the tests
fail to reject about 1/3 of the time. In these
cases, independence is not checked condition-
ally on Y, and hence, the method (efficiently)
concludes, via deduction, that there is a col-
lision Z3 — Y < X.2 The deduction pre-
sumes that results of independence tests are
faithful to some graph, which is often false
due to sampling variation. Method PC con-
cludes, therefore, that the truth is X — Y
when X < Y is compatible with the data and
is equally simple. Ockham'’s razor (and com-
mon sense) demand that science wait for na-
ture to choose which effect (the rejection of an
independence test, in this case) will actually
extend currently unfaithful results, which en-
tails explicitly testing whether Z3 is indepen-
dent of X given Y before inferring that result
from the false assumption that the data are
faithful. The penalty for violating Ockham’s
razor is not unreliability—reliability is impos-
sible in this question, in any event, without
unrealistic background assumptions stronger
than faithfulness. One demonstrable penalty
concerning the method’s objective connection
with the truth is the extra retraction incurred
on the downside of the spike. In contrast,
the cpcC algorithm does cross-check in the rec-
ommended manner, and as a result, it avoids
violating Ockham’s razor in the manner just
described. Thus, it avoids the spike, as does
the score-based GES method. This simulation
study concretely illustrates, with real meth-
ods, how the retraction minimization theory

3We are indebted to Joe Ramsey for this ex-
planation.



can motivate and justify concrete improve-
ments in data mining technology.
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