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Schmittlein et al. (1987) and Fader and Hardie (2005) derive expressions for the likelihood
(denoted by L(A, u|z,t,,T)) that a specific customer has an observed transaction history, as implied
by the assumptions of the Pareto/NBD model. Further, they derive the corresponding expression
for the likelihood for a randomly chosen customer (denoted by L(r, «, s, 8|z, t;, T)). This expression
can be used to recover the values of the underlying parameters for a cohort of customers, using
calibration data. In this note, we derive the expression for the likelihood of observing customer
transaction activity in the holdout period, for a randomly chosen customer, given his calibration
period transaction history.

The time line for a customer is shown in figure 1. We start tracking the customer at time 0
(when he is assumed to be alive). In the calibration period (that extends till time T'), the customer
makes x purchases at times t1,ta,...,t; (if £ = 0 we assume t, = 0). In the holdout period
(that extends till time T"), the customer makes x” purchases at times %, & ... t’;h (if 2" = 0 we
assume t;‘h = T). We denote the likelihood for the holdout data for a randomly chosen customer
by L'(r,a, s, 8|z, ty, T, zh, th T).
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Figure 1: Time line for a customer

We carry forth the following notation from Fader and Hardie (2005). The detailed derivations
and expressions for these quantities can be found in that note.

o L(\ plz,ty, T) and L(r,«, s, B|x,t,, T) denotes the likelihood expressions for a specific and
randomly chosen customer respectively for the calibration data.

e Pr(alive at T'|x,t,,T) = % denotes the expression for the probability that the cus-

tomer is alive at T' (end of calibration period) given his history.
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e g(\|r,a) and g(uls, B) denotes the prior distributions of A and u respectively.

o g\ plr,ay s, B2, T) = L(A’”|i’(t;f’oéjjz7gf§|’;|;’i)ﬁ)(”‘s’ﬁ) denotes the joint posterior distribution of
A and p.

Let L(A, u|z", tg,, ,T",T) denote the likelihood of observing the holdout data given the customer
is alive at T'. Then, closely following the derivation for the calibration likelihood, we have:
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Using the above, the holdout likelihood for a specific customer is:

—(A+p)(T"=T)

LM\, pla, te, T, 2 0, T = 5,02 Pr(alive at T|x, t,, T)L(N, plz ,twh,Th T)
+ 0ph_g [Pr(alive at Tz, ty, T)L(N, plz”, :Ch,Th T) + Pr(dead at Tz, tx,T)]
= Pr(alive at T'|z,t,, T)L(\, p|z ,tzh,Th,T) + d,h—q Pr(dead at T'|z,t,,T)

For a randomly chosen customer, we obtain the likelihood expression by integrating L (\, p|x, t,, T, z", th, T)
over A and p using their joint posterior distribution, g(\, u|r, a, s, 8,2, t5, T)
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To solve A:
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where tzh = T if " = 0 and the last step follows from observing equation (15) in Fader and Hardie
(2005).
To solve B
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where the last step is from equation (34) in Fader and Hardie (2005).
Substituting for A and B in (1), we obtain:

L(r,a, s, Bz + 2, ch,Th)
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that can be written in a more intuitive form as

Lh(r,a,s,ﬂ]az,tw,T 2" th Th)
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wheret;‘h:Tith:()andtz:0ifx:().
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