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ABSTRACT

This paper describes a comprehensive approach to construct
quality meshes for implicit solvation models of biomolecular
structures starting from atomic resolution data in the Pro-
tein Data Bank (PDB). First, multi-scale volumetric syn-
thetic electron density maps are constructed from parsed
atomic location data of biomolecules in the PDB, using
Gaussian isotropic kernels. An appropriate parameter se-
lection is made for constructing an error bounded implicit
solvation surface approximation to the Lee-Richards molec-
ular surface. Next, a modi ed dual contouring method is
used to extract triangular meshes for the molecular surface,
and tetrahedral meshes for the volume inside or outside the
molecule within a bounding sphere/box of in°uence. Fi-
nally, geometric °ows are used to improve the mesh quality.

Some of our generated meshes have been successfully used

in nite element simulations.

Categories and Subject Descriptors: 1.3.5 [Computa-
tion Geometry and Object Modeling]: Computer Graphics
- Computational Geometry and Object Modeling

Algorithms

Keywords:  Quality mesh, biomolecule, implicit solvation
models, multi-scale model, nite element simulations

General Terms:

1. INTRODUCTION

Finite Element Method (FEM) has become an important
tool in the analysis of physical properties of complicated
biomolecules, such as biomolecular electrophoresis, electro-
statics and di®usion in°uenced reaction rate constants [26],
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[27], [31]. In etcient and accurate nite element simula-
tions, adaptive and quality meshes are required. Quite often,
people have to give up FEM because they can not generate
satis ed triangular or tetrahedral meshes to represent the
geometric model for large complicated biomolecules such as
Ribosome (Fig. 1), or those structures whose active site oc-
curs at the bottom of a narrow pocket (deep gorge) (Fig.3).
The protein data bank (http://www.rcsb.org/pdb) pro-
vides PDB format Tes for protein and RNA structures, with
the location of principally all the major atoms (e.g., hy-
drogen atoms are not discernible via X-ray di®raction and
therefore rarely present in the PDB). The summation of ker-
nel functions centered at each atom can be used to construct
a smooth volumetric electron density map from PDB data
[10] [3]. The volumetric data is often sampled at each rec-
tilinear grid point, V = fF(i;j;k )ji, j, k are indices ofx, vy,
z coordinates in a rectilinear grid g, and the implicit solva-
tion surface is approximated as a level setSg (¢) = f(X;y;2)j
F(i;j;k ) = cg, where c is a constant [10] [16]. The compu-
tation of density maps can be made very excient with worst
case complexity linear in the number of grid points and the
number of atoms [2]. In this paper, we describe an approach
to generate quality triangular/tetrahedral meshes for com-
plex biomolecular structures from PDB format data, con-
forming to good implicit solvation surface approximations.
There are three main steps in our mesh generation process:

1. Implicit Solvation Surface { A good approximation of
the implicit solvation surface is generated from multi-
scale volumetric synthetic electron density maps by a
careful choice of Gaussian kernel parameters.

2. Mesh Generation { The modi ed dual contouring meth-
od is used to generate triangular and interior/exterior
tetrahedral meshes.

3. Quality Improvement { Geometric °ows are used to
improve the quality of extracted triangular and tetra-
hedral meshes.

The summation of Gaussian kernel functions is used to
construct the density map of a biomolecule and sampled vol-
umetric data. Implicit solvation models can be constructed
at multiple scales by choosing various Gaussian kernel pa-
rameters. The correspondence between di®erent parameters
is addressed in the error analysis.

The dual contouring method [12], [32], [33] is selected for
mesh generation as it tends to yield meshes with better as-
pect ratio. In order to generate exterior meshes, we add a
sphere or box outside the biomolecular surface as an outer
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boundary. A variant of the dual contouring method is de-
veloped to extract interior and exterior meshes. Our tetra-
hedral mesh is spatially adaptive and attempts to preserve
molecular surface features while minimizing the number of
elements. An extension step is performed to generate the
exterior mesh.

The extracted triangular and tetrahedral meshes can not
be directly used for "nite element calculations, they need to
be modied and improved. Since the isosurface generated
from discrete volumetric data su®ers from noise, geometric
°ows are used to smooth the generated surface meshes with
feature preserved. The quality of extracted surface and vol-
ume meshes is also improved.

The main contributions of this paper include: a simple
and uniform treatment for approximating implicit solvation
models, a modi ed adaptive surface and volume mesh ex-
traction scheme combined with geometric °ows and there-
fore yields high quality meshes. The generated meshes of
the monomeric and tetrameric mMAChE have been success-
fully used in solving the steady-state Smoluchowski equation
using adaptive nite element methods [26], [27], [31].

The remainder of this paper is organized as the following:
Section 2 reviews related previous work. Section 3 intro-
duces how to construct implicit solvation surface from PDB
format data. Section 4 explains mesh generation schemes.
Section 5 discusses surface smoothing and quality improve-
ment. Section 6 presents results and conclusion.

2. PREVIOUS WORK

Molecular Modeling: There are three di®erent approx-
imations of molecular surfaces or interfaces [22], the van der
Waals surface (VWS), the solvent-accessible surface (SAS)
and the solvent-excluded surface (SES) or the Lee-Richards

(f) B=-0.125
Figure 1: Implicit solvation models of Thermus Thermophilus sm
various Gaussian kernel parameters. The pink color shows 16S rRNA

(99 B=-0.5
all Ribosome 30S (1J5E) crystal subunit for
and the remaining colors are proteins.

surface [15]. The VWS is simply the boundary of the union
of balls. As introduced in [15], the SAS is an in°ated VWS
with a probe sphere. The SES is a surface inside of which
the probe never intrudes. According to the properties of
molecular structures, Laug and Borouchaki used a combined
advancing-front and generalized-Delaunay approach to mesh
molecular surfaces [14], Algorithms were developed for sam-
pling and triangulating a smooth surface with correct topol-
ogy [1] [5], and Cheng et. al [4] maintained an approxi-
mating triangulation of a deforming skin surface. Simplex
subdivision schemes are used to generate tetrahedral meshes
for molecular structures in solving the Poisson-Boltzmann
equation [11]. However, it still remains a challenging prob-
lem to generate triangular and tetrahedral meshes for large
complicated molecular structures.

Mesh Generation: As reviewed in [21], [28], octree-
based, advancing front based and Delaunay like techniques
were used for triangular and tetrahedral mesh generation.
The octree technique recursively subdivides the cube con-
taining the geometric model until the desired resolution is
reached [24]. Advancing front methods start from a bound-
ary and move a front from the boundary towards empty
space within the domain [17]. Delaunay re nement is to
re ne the triangles or tetrahedra locally by inserting new
nodes to maintain the Delaunay criterion [6], [25].

The predominant algorithm for isosurface extraction from
volume data is Marching Cubes (MC) [18], which computes
a local triangulation within each cube to approximate the
isosurface by using a case table of edge intersections. MC
was extended to extract tetrahedral meshes between two iso-
surfaces [7]. A di®erent and systematic algorithm was pro-
posed for interval volume tetrahedralization [20]. By com-
bining SurfaceNets [9] and the extended Marching Cubes



algorithm [13], octree based Dual Contouring [12] generates
adaptive multiresolution isosurfaces with good aspect ratio
and preserve sharp features. The dual contouring method
has already been extended to extract adaptive and quality
tetrahedral meshes from volumetric imaging data [32], [33].
Quality Improvement: Algorithms for mesh improve-
ment can be classi ed into three categories [28], [21]: lo-
cal coarsening/re nement by inserting/deleting points, local
remeshing by face/edge swapping and mesh smoothing by
relocating vertices. Laplacian smoothing and optimization
techniques are developed to improve the mesh quality. The
Laplacian operator was discretized [19], and geometric °ows

have been used in surface and imaging processing [23], [30].

3. IMPLICIT SOLVATION SURFACE FROM
VOLUMETRIC DENSITY MAPS

In this section, we extract the implicit solvation surface
(molecular surface) as a level set from volumetric synthetic
electron density maps. The implicit solvation surface can
approximate di®erent Lee-Richards molecular surfaces [15]
with various Gaussian kernel parameters .

As used for Poisson-Boltzmann electrostatics calculations
in [11], a characteristic function f (x) is selected to represent
an ‘in°ated' van der Waals-based accessibility
1
f(x) = % 1; if kx i Xik<ri+ % for i=1;:::;N;

0; otherwise;

1)

where (x;, ri) are the centers and radii of the N atoms in

the biomolecule, and %is the radius of the di®using species,
here we choose¥s= 2 [27]. When %= 0, the VWS is con-

structed. The function f (x) provides a grid-based volumet-

ric data which can be isocontoured at the isovalue 0.5 to

represent the SAS. Fig. 3(a) shows one constructed geomet-
ric model of mAChE.

(a) (b)
Figure 2: Multi-scale models by choosing various

Cin (a) and B i in (b). Yellow balls are two input
atoms. The correspondence between C/B i values
and multi-scale models are shown in Table 1.

Table 1: C/B i and Multi-scale Models in Fig. 2

Red Green Magenta Blue
Fig.2(a) | C=-0125 |C=-025 | C=-05 | C=-10
Fig.2(b) | Bi=-0.125 | Bj=-0.25 | Bi=-0.5 | Bi=-1.0

Molecules are often modelled as the union of hard spheres
Si (atoms). The surface, denoted as Mg, of a molecule is
therefore described as the boundary of the union of the balls.
To have the blurring e®ect at the intersection parts of atoms,
the molecular surface is approximated by the isocontour [3]:

a

© 3
M= x2R:G(x)=1 @)

with q

G= e 7 @3
i=1

where (i, ri) are the center and radius of the ith atom in
the biomolecule, and B;j < 0 is called “blobbiness', which
controls the blurring e®ect. Note that B; must be negative
to ensure that the density function goes to zero ask xi x; k
goes to in nity. To have the distance between M and Mg
as uniformly as possible, we take

C = Bi=r{; 4
where C < 0 is a given constant. Now G(x) becomes
G(x;C) = X eC (kxi xi k?j riz): (5)

i=1
The multi-scale presentation M (C;) = fx 2 R®: G(x;Ci)
= 1g of the molecular surface is therefore achieved by taking

C and constant Bi (= B) are studied in a two-sphere system,
one is centering at (0, 0, 0) with the radius of 1.0, the other
one is at (2.8, 0, 0) with the radius of 2.0. It could be
observed that

2 C leads to more uniform in°ation than B;.
2 Small balls have more in°ation than big ones.

2 Large error happens around the intersection region,
and error reduces gradually away from it.

2 Larger C and B; lead to more in°ation. For the same C
and B; value, e.g., -0.125,B; tends to introduce more
in°ation.

In order to correspond M (C;) to the VWS and the SAS
by choosing various Ci, we need to relate C with % Of
course, the in°ated radial distance by M (C) is not uniform.
It is thick around the intersection part of the atom surfaces,
and becomes gradually thinner away from the intersection
region. Therefore, we de ne three metrics to measure the
global radial distance between M (C) and My:

emn (M (C)) = min kai Puc)(d) ki ©
emax (M (C)) = max kqi Pwmc)(a) k; (7
g2Mo
N, Kdi Pwm(c)(q) kdg

€mean (M (C)) =

Area(Ny) ' ®

where Py (c)(q) is the projection of q 2 No % Mo on the

surface M (C) in the normal direction n(q) (the nearest in-

tersection point of the line g+ n(qg)t with M (C)), No ¥2 Mg

is de ned as
n 0

No= g2 Mo:P)(c, exists at Py (c)(q) 2 M(C) : (9)

To make P}, %C) meaningful, we rst classify the points of
M (C) according to the sphere S;. Let x 2 M (C), if

kx i xik?i rf -k xi xkir? 861 (10)
then we say x belongs to S;. If the inequality (10) is strict,
then we say x belongs to S; properly. It is easy to see that
(10) holds if and only if

o€ (kxi xik2i r2)

B

Cxi ki Th). gi g .

Hence the point classi cation is achieved from the Gaussian
function.



(d) C =-0.07865
Figure 3: Implicit solvation models of mAChE for

N,
@) (b)
Figure 4: (a) De nition of N(Si); (b) N(Sk) is an
empty set.

If apoint x 2 M (C) belongs to S properly, then P}, %C)(x)
exists. Therefore, No is de ned as the union of open subset
of sphereS;:

M

No = N (S); (11)
i=1
where © a
N(Si)= 02 Si:Pwmc)(q) belongs to § properly :(12)

Fig. 4(a) shows the de nition of N (S;) for the sphere S;.
In Fig. 4(b), the sphere Sx has empty N (Sk).

Now our problem becomes: given a% >0, nd a constant
C such that

eM(C)) = % (13)

where e represents one of the three metrics, emin (M (C)),
€max (M (C)) or emean (M (C)). We denote the solutions of
Eqgn. (13) by Cmin , Cmax and Cmean respectively. It is easy
to see that M (Cmin ) is the minimal surface that contains

the ¥zin°ated molecule, M (Cmax ) is the maximum surface
that is inside the ¥sin°ated molecule, while M (Cmean ) IS
between M (Cnin ) and M (Cmax ). By choosing di®erent Cs
in the range [Cmin ; Cmax ], we will achieve di®erent features
of the in°ated molecule. Basically, smaller C captures global
features, and larger C captures local features.

Now we consider the computation of e(M (C)). First we
assume that each atom (sphere) is uniformly triangulated
with m vertices. This triangulation is achieved by trans-

(e) C =-0.137177

¥F2, various
(a). Cavity vanishes in (d) and (e). (a), (b), (c) and (f) show mul

() C =-0.262346

Bs and Cs. mAChE has a cavity as shown in
ti-scale models and cavities.

lating a triangulated unit sphere to each of the atom center

and re-scaling it to the atom size. We obtain the unit sphere
triangulation from [29]. For each vertex q on the triangu-
lated atom, Py (c)(q) is computed. The integration in Eqn.

(8) is computed as the summation of k g Pu (c) k 4Y4rP=m,
where r is the radius of the atom considered.

Pwm (cy(q) is computed as the intersection of the line g+
n(q)t with the surface M (C). This is computed by Newton
iteration method. Let Py (c)(q) = g+ t’n. Then t* =
ki Pwm(c)(a) k. The Newton iteration is as follows:

G(g+ tkn(a) .
nT(gr G(a+ tkn(q) |

The main cost in this iteration is computing G and r G.
It is dizcult to "nd the exact solution of Egn. (13) for
unknown C, here we choose an approximating approach.

(14)

tker = ti i

Ck+1 =2Cy, forexample C; = j 0:0625,C, = j 0:125,C3 =

i 0:25,:::. Then compute e(M (Ci)). e(M (C)) decreases as
C!il . Now given a %2 [e(M(Cis1)), eM (Ci))], we
can use the cubic inverse interpolation to compute a C.

The Min, Mean, Max Error and Probe Radius for mAChE
10 : .
e . (M(C)

t —&—min

e (M(C)

e, M(©)
—— Probe Radius

oo

S (=)

e(M(C)) or Probe Radius
N

Figure 5: Error and probe radius for mAChE.



(a) C = -0.03125
Figure 6: Implicit solvation models of Haloarcula Marismortui |
The light yellow and the pink color show 5S and 23S rRNA respective

Fig. 5 shows the three error functions for mMAChE. When
%= 2, we canobtain Cnin = j 0:078650,Cean = j 0:137177
and Cnax = j 0:262346. Fig. 5 also shows a curve of
the probe radius, de ned as the maximal radius of sphere
which can touch the surface everywhere. Let H(x) 2 R®
be the mean curvature normal at a surface point x. First
the principal curvatures ki(x), k2(x) are computed with
HT(xX)r G(x) - 0, then the probe radius is 1=maxx k(x),
where k(x) = max fj ki1(x)j; jk2(x)jg. From the multi-scale
geometric models of MAChE as shown in Fig. 3, we can
observe that

2 The mAChE structure has an active site, the cavity.
It is important to construct a good approximation for
the molecule, especially for the cavity.

2 SinceB leads to non-uniform in°ation as shown in the
two-sphere system (Fig. 2), no good approximation
can be obtained, especially for local features such as
the cavity (see Fig. 3(b» c)).

2 When C = Cnin Or C = Cpean , there is too much
in°ation and the cavity vanishes. When C = Cpax ,
the constructed geometric model as shown in Fig. 3(f)
provides a good approximation to Fig. 3(a).

2 Given a ¥or the radius of a probe sphere, we can nd
a C corresponding to it in Fig. 5. Therefore we can
approximate the three surfaces (VWS, SAS and SES).

Fig. 1 shows multi-scale models of Ribosome 30S. Com-
pared with Fig. 1(a), proteins in°ates much more seriously
in Fig. 1(e). rRNA in Fig. 1(c) and (f) looks similar, but
proteins in Fig. 1(f) look a little more in°ated than Fig.
1(b). rRNA in Fig. 1(d) and (g) looks similar too, but
proteins in Fig. 1(g) are close to proteins in Fig. 1(c).

In our multi-scale modeling, the scale is controlled by the
parameter C 2 (j1 ;0) in the Gaussian map. Mathemat-
ically, there are in nitely many scales. To make the con-
structed geometric model correspond to a certain level, such
as the residual level, C needs to be selected properly. For
a xed level, the structure at this level should be distin-
guishable, while the structure at a higher level may not be
presented remarkably. For instance, at the residual level, the
chain structure of residuals should be observed, while atoms
may not be distinguished clearly. In Fig. 6, selected Cs
make the constructed models represent the low resolution,
residual and atomic levels respectively.

4. MESH GENERATION

(b) C = -0.125

(c)C=-05
arge Ribosome 50S (1JJ2) crystal subunit.
ly, the remaining colors are proteins.

There are two main methods for contouring scalar "elds,
primal contouring [18] and dual contouring [12]. Both of
them can be extended to tetrahedral mesh generation. The
dual contouring method [32], [33] is often the method of
choice as it tends to yield meshes with better aspect ratio.

4.1 Triangular Meshing

Dual contouring [12] uses an octree data structure, and
analyzes those edges that have endpoints lying on di®erent
sides of the isosurface, calledsign change edges The mesh
adaptivity is determined during a top-down octree construc-
tion. Each sign change edge is shared by either four (uni-
form case) or three (adaptive case) cells, and one minimizer
is calculated for each of them by minimizing a prede ned
Quadratic Error Function (QEF) [8]:

X
QEF [x]=  [ni ¢(xi p)l*; (15)
I
where p;, n; represent the position and unit normal vectors
of the intersection point respectively. For each sign change
edge, a quad or triangle is constructed by connecting the
minimizers. These quads and triangles provide a “dual' ap-
proximation of the isosurface.

A recursive cell subdivision process was used to preserve
the correct topology [33] of the isosurface. During the cell
subdivision, the function values at each newly inserted grid
point can be exactly calculated since we know the function
(Gaussian functions, Eqgn. (3)). Additionally, we can gen-
erate a more accurate triangular mesh by projecting each
generated minimizer onto the isosurface (Eqn. (2)).

4.2 Tetrahedral Meshing

The dual contouring method has already been extended to
extract tetrahedral meshes from volumetric scalar “elds [32],
[33]. The cells containing the isosurface are called bound-
ary cells, and the interior cells are those cells whose eight
vertices are inside the isosurface. In the tetrahedral mesh ex-
traction process, all the boundary cells and the interior cells
need to be analyzed in the octree data structure. There are
two kinds of edges in boundary cells, one is a sign change
edge, the other is an interior edge. Interior cells only have
interior edges. In [32], [33], interior edges and interior faces
in boundary cells are dealt with in a special way, and the
volume inside boundary cells is tetrahedralized. For interior
cells, we only need to split them into tetrahedra.

4.2.1 Adding an Outer Boundary

In the biological di®usion system, we need to analyze the
“eld which is from in nite faraway to the molecular sur-



) (a),,

Figure 7: The analysis domain of exterior meshes. (a) - °

sphere of the biomolecule has the radius of
sphere inside the box, the radius is

r; the box represents the volumetric data; °
ro(ro >r); “Si' is an outer sphere with the radius of
(b) - the di®usion domain is the interval volume between the bio

(©

O' is the geometric center of the molecule; the circum-

So' is the maximum
ri(ri = (20 » 40)r).
molecular surface and the outer sphere ° S,

here we choose ri1 =5r for visualization. (c) - the outer boundary is a cubic box.

face. Assume that the radius of the circum-sphere of a
biomolecule isr. The computational model can be approxi-
mated by a “eld from an outer sphere S; with the radius of
(20 » 40)r to the molecular surface. Therefore the exterior
mesh is de ned as the tetrahedralization of the interval vol-
ume between the molecular surface and the outer sphereS:
(Fig. 7(b)). Sometimes the outer boundary is chosen to be
a cubic box as shown in Fig. 7(c).

First we add a sphere Sy with the radius of ro (where
ro>r and ro = 2"=2 = 2"i 1) outside the molecular sur-

face, and generate meshes between the molecular surface

and the outer sphere Sp. Then we extend the tetrahedral
meshes from the sphereS, to the outer bounding sphere
S:. For each data point inside the molecular surface, we
keep the original function value. While for each data point

outside the molecular surface, we reset the function value
as the smaller one off (x) i ® and the shortest distance
from the grid point to the sphere Sy. Egn. (16) shows the
newly constructed function g(x) which provides a grid-based
volumetric data containing the biomolecular surface and an

outer sphere Sp.

g min(kx i Xokj ro;f(x)i ®); if f(x) <®; kxj Xok<rg;
g(x)=_ kxi xokij ro; if f(x)<®; kxi Xok, ro;

BRLECORINCY if f(x), ®

(16)

where X are coordinates of the molecular geometric center.
The isovalue ® = 0.5 for volumetric data generated from
the characteristic function, and ® = 1.0 for volumetric data
generated from the summation of Gaussian kernels.

The biomolecular surface and the outer sphere Sp can
be extracted as an isosurface at the isovalue 0,S4(0) =
fxjg(x) = 0g. All the grid points inside the interval volume
I14(0) = fxjg(x) - Og have negative function values, and all
the grid points outside it have positive values.

4.2.2 Primal Mesh Extraction

Here we introduce a di®erent algorithm, in which we do
not distinguish boundary cells and interior cells when we

analyze edges. We only consider two kinds of edges - sign
change edges and interior edges. For each boundary cell, we

can obtain a minimizer point by minimizing its Quadratic
Error Function. For each interior cell, we set the middle
point of the cell as its minimizer point. Fig. 8(b) shows
a simple 2D example. In 2D, there are two cells sharing
each edge, and two minimizer points are obtained. For each
sign change edge, the two minimizers and the interior vertex

of this edge construct a triangle (blue triangles). For each
interior edge, each minimizer point and this edge construct a
triangle (yellow triangles). In 3D as shown in Fig. 9, there
are three or four cells sharing each edge. Therefore, the
three (or four) minimizers and the interior vertex of the sign
change edge construct one (or two) tetrahedron, while the
three (or four) minimizers and the interior edge construct
two (or four) tetrahedra.

[l ]
q iz >
B¢ 81 % ‘.
m imia :‘
)’ ) )’
AT ARRAIATT
@ (b)

Figure 8: 2D triangulation. (a) Old scheme, (b) New
scheme. Blue and yellow triangles are generated for
sign change edges and interior edges respectively.
The red curve represents the molecular surface, and
the green points represent minimizer points.

Compared with the algorithm presented in [32], [33] as
shown in Fig. 8(a), Fig. 8(b) generates the same surface
meshes, and tends to generate more regular interior meshes
with better aspect ratio, but a little more elements for inte-
rior cells. Fig. 8(b) can be easily extended to large volume
decomposition. For arbitrary large volume data, it is dit-
cult to import all the data into memory at the same time.
So we “rst divide the large volume data into some small sub-
volumes, then mesh each subvolume separately. For those
sign change edges and interior edges lying on the interfaces
between subvolumes, we analyze them separately. Finally,
the generated meshes are merged together to obtain the de-
sired mesh. The mesh adaptivity is controlled by the struc-
tural properties of biomolecules. The extracted tetrahedral
mesh is "ner around the molecular surface, and gradually
gets coarser from the molecular surface out towards the
outer sphere, So. Furthermore, we generate the "nest mesh
around the active site, such as the cavity in the monomeric



and tetrameric mAChE as shown in Fig. 14 (a» b), and a
coarse mesh everywhere else.

() (d)
Figure 9: Sign change edges and interior edges are

analyzed in 3D tetrahedralization. (a)(b) - sign

change edge (the red edge); (c)(d) - interior edge
(the red edge). The green solid points represent
minimizer points, and the red solid points represent

the interior vertex of the sign change edge.

4.2.3 Mesh Extension

vo - v2 N v2

v/ ol

w0 & u2 w0 SN w2

ul ul

(b) (c)
Figure 10: (a) - one triangle in the sphere So (blue)
is extended n steps until arriving the sphere S (red);
(b) and (c) - a prism is decomposed into three tetra-
hedra in two di®erent ways.

We have generated meshes between the biomolecular sur-
face and the outer sphere Sy, the next step is to construct
tetrahedral meshes gradually from the sphere Sy to the bound-
ing sphere S; (Fig. 7). The sphere Sy consists of triangles,
so we extend each triangle radially as shown in Fig. 10 and
a prism is obtained for each extending step. The prism can
be divided into three tetrahedra. The extension step length
h can be calculated by Eqn. (17). It is better for the sphere
So to be triangulated uniformly since the step length is "xed
for each extending step.

ro+h+2h+ ¢¢€ nh=r; =) h:H a7)
where n is the step number. In Figure 10, suppose Uouiuz
is a triangle on sphere Sy, and ug, u;, Uz are the unique
index numbers of the three vertices. For one extension step,
UoUiUy is extended to vovivz, and the two triangles con-
struct a prism, which can be decomposed into three tetra-
hedra. In order to avoid the diagonal con’ict problem, a
di®erent decomposition method (Fig. 10 (b» c)) is chosen
based on the index number of the three vertices.

Assume there are m triangles on the sphere Sg, which is
extended n steps to arrive the sphere S;. m prisms or 3m
tetrahedra are generated in each extending step, and totally
3mn tetrahedra are constructed in the extension process.
Therefore, it is better to keep coarse and uniform triangular
mesh on the sphereSp.

5. QUALITY IMPROVEMENT

In general, the molecular skin generated by iscontouring
the Gaussian density function or the characteristic function
is bumpy. This is because the volume data could not be
suzciently "ne due to the capacity limit of the computer,
and is not smooth enough, especially for the data generated
from the characteristic function. The error of the isosurface

from the characteristic function could be as large as half of
the grid size, and could be very large relative to the atom
size. Therefore, a post-processing step for the extracted
isosurface is necessary. There are three tasks for the mesh
quality improvement:

1. Denoising the surface mesh (vertex adjustment in the
normal direction).

2. Improving the aspect ratio of the surface mesh (vertex
adjustment in the tangent direction).

3. Improving the aspect ratio of the volumetric mesh
(vertex adjustment inside the volume).

We use geometric partial di®erential equations (PDES) to
handle the “rst two problems. Geometric PDEs, such as the
mean curvature °ow, the surface di®usion °ow and Willmore
°ow, have been intensively used in surface and imaging pro-
cessing (see [30] for references). Here we choose the surface
di®usion °ow to smooth the molecular skin.

@x_ i )

o H (x)in (x); (18)
where H is the mean curvature,! in is the unit surface normal
vector, and ¢ is the Laplacian-Beltrami operator. This °ow
is area shrinking and volume preserving. Furthermore, it
preserves sphere exactly and torus approximately. Suppose
a molecular skin could be ideally represented by the joining
of spherical and torus surface patches [14], it is desirable
to use the surface di®usion °ow to evolve the isosurface.
However, this °ow could only improve the surface shape,
not the mesh regularity. In order to improve the aspect
ratio, we need to add a tangent movement in Eqn. (18).
Hence the °ow becomes

@x_
@t
I .
where v(x) is the velocity in the tangent direction T (x).
Egn. (19) is solved over a triangular mesh with vertices
f x; g by discretizing each of its terms. In the temporal space,

+1]X

= ¢ HOIn () + V()T (%); (19)

%X is approximated by the Euler scheme * , where ¢,
is time step- Iength X{' is the approximating solutlon at t=
né, where x? = x; serves as the initial value. Discretizing
schemes for ¢ and H in the spatlal space are given in [30],

we do not go to detail here. v(x)'T (x) is approximated by
M) i Tt OIme) i XM (x!); (20)

where m(x{") is de ned as the mass center of all the triangles
around x{'. A mass center P of a region V is de ned by
nding p2 V, such that

z

kyi pk?d¥%= min: (21)
\Y

V could be a piece of surface or a volume inR%. For our
surface mesh casey consists of triangles around vertex x{'.

Then from Egn. (21), we could derive that
m(x") = %xr o 1 X4+ 450)=AK") (22)

j2N (i)

where N (i) is the index set of the one ring neighbors of x{".
4 ; is the area of the triangle [x' x{"; 1x{']. A(x[") is the total

of triangle areas. ) )
Usually, people use the geometric center [30], instead of

the mass center. But we found that the mass center works
better. The discretization will lead to a linear system. The
approximated solution is obtained by solving it.



(a)

Figure 11: Comparison of mAChE (9308 vertices, 18612 triangles)

original; (b) - after smoothing.

Figure 12: Comparison of Ribosome 30S (13428
vertices, 26852 triangles) before and after surface
smoothing. Left - original; Right - after smoothing.

After the molecular skin is smoothed and regularized, the
next step is to improve the volumetric mesh by relocating
each interior vertex to the mass center of its surrounding
tetrahedra. Let p; be an interior vertex, p; be one of its
neighboring vertices, then the mass center of all tetrahedra
around p; is computed by

-—1-+1XV---' 23

m(pi) = Zp' nva i Bjs (23)

where V; is the volume summation of all the tetrahedra

around the edge pip;], Vi is the volume summation of the
tetrahedra around the vertex p;.
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Figure 13: The histogram of the aspect-ratio (left)
and Joe-Liu parameter (right).

Here we choose the aspect ratio (twice of the ratio of incir-
cle radius to circumcircle radius) to measure the quality of

(b)

before and after surface smoothing. (a) -

triangular meshes, and the surface di®usion °ow to smooth
the surface. The left picture in Fig. 13 shows the improve-
ment of the aspect ratio, and Fig. 11» 12 show the improve-
ment of molecular skins. We can see that noises are removed
and features are preserved since the surface di®usion °ow
preserves volume and spherical geometry. The surface error
is restricted within half of the grid size for the binary data
from the characteristic function, and almost zero for the
data from Gaussian density map since we have projected
each boundary vertex onto the isosurface.

In [33], the edge contraction and linear averaging method
was used to improve the quality of tetra meshes with the
edge-ratio and Joe-Liu parameter as metrics. The goal is
to improve the worst parameters in each iteration. Here
we still use the same edge contraction scheme, but relo-
cate each interior vertex to its mass center (Egn.(23)) since
it can minimize the energy de ned in Eqn.(21). From the
right picture in Fig.13, we can see that the worst Joe-Liu pa-
rameter is improved signi cantly after quality improvement.
Fig.14(a), (c) show the two interior tetra meshes, mAChE
(C = j 0:262346) and Ribosome 30S C = j 0:03125).

6. RESULTS AND CONCLUSION

Monomeric mAChE: For etcient and accurate "nite
element calculations, adaptive meshes are preferred. There-
fore we generated ner meshes around the cavity region since
the bottom of the gorge is the active site in mAChE, while
coarser meshes in other regions. The extracted tetrahedral
meshes of the monomer as shown in Fig. 14(a) have been
used as the geometric model in the "nite element analysis
of the steady-state Smoluchowski equation (SSSE) for rate
constant calculations [26], [27]. The calculated rates showed
good agreement with experimental results. Our generated
surface mesh is being used in calculating the electrostatic
potential distribution of biomolecules.

Tetrameric mMAChE: We also applied our approach to
generate tetrahedral meshes for the tetramer, which has two
di®erent arrangement formats from four monomers accord-
ing to previous crystallographic studies. Each monomer has
an active site accessible though a long gorge (20 Angstrom),
so there are a total of four gorges. Fig. 14(b) shows the two
crystal structures. In the “rst crystal structure, two gorges
are partially blocked, while the other two are completely ac-
cessible to solvent. In the second one, all the four gorges
are open. Similarly, we generated ne meshes around the
region of the four gorges and coarse meshes in other regions
for "nite element simulations [31].



Ribosome: Ribosomes are macromolecular complexes
responsible for the translation of mRNA into protein. These
complexes consist of two subunits: the large 50S and the
small 30S, both of them are composed of rRNA and protein
constituents. Atomic level, residual level and low resolution
structures were constructed from density maps as shown in
Fig. 1 and 6. Multi-scale structures help to study the ma-
chinery of protein production. Fig. 14(c » d) show interior
and exterior meshes of Ribosome 30S/50S.

We have developed a quality molecular meshing approach
from PDB data, including implicit solvation surface con-
struction from multi-scale density maps, triangular/tetrahedral
mesh generation and quality improvement with surface smooth-
ing. Geometric features are preserved for the molecular sur-
face. Some of our generated meshes have been used or is
being used in boundary/ nite element simulations.
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(a) Monomeric mAChE. From left to right: Y= 2 (65147 vertices, 323442 tetra) and (121670 vertices, 656 823 tetra), C = j 0:262346
(103680 vertices, 509597 tetra) and (138967 vertices, 707284 tetra). The color shows potential (leftmost) or residues  (the right two).

(b) Tetrameric mMAChE, 3%.=2. The left two pictures show the 1st crystal structure 1C20 (133078 vertices, 670950 tetra), and the right
two pictures show the 2nd one 1C2B, (106463 vertices, 551074 t etra). Cavities are shown in red boxes.

(c) Ribosome 30S, low resolution, C = j 0:03125. From left to right: (33612 vertices, 163327 tetra), ( 37613 vertices, 186496 tetra) and
(40255 vertices, 201724 tetra). The pink color shows 16S rRN A and other colors show proteins.

(d) Ribosome 50S, residual level, C = j 0:0625. From left to right: (230025 vertices, 1141575 tetra), (234902 vertices, 1162568 tetra),
(260858 vertices, 1315112 tetra). The light yellow/pink co lor show 5S/23S rRNA, other colors show proteins.

Figure 14: Interior and exterior tetra meshes of monomeric/te trameric mMAChE, Ribosome 30S/50S from the
volume data generated by the characteristic function ( %= 2) or the Gaussian summation (various Cs).



