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ABSTRA CT

It is a challenging task to design orthogonal Tter banks, especially multidimensional (MD) ones. In the one-
dimensional (1D) two-channel nite impulseresponse(FIR) Tter bank case,seweral designmethods exist. Among
them, designsbasedon spectral factorizations (by Smith and Barnwell) and designsbasedon lattice factorizations
(by Vaidyanathan and Hoang) are the most e®ective and widely used. The 1D two-channel in nite impulse
response (I IR) “Tter banks and assaiated wavelets were consideredby Herley and Vetterli. All of these design
methods are based on spectral factorization. Sincein multiple dimensions,there is no factorization theorem,
traditional 1D designmethods fail to generalize. Tensorproducts can be usedto construct MD orthogonal “Tter

banks from 1D orthogonal “Tter banks, yielding separable Tter banks. In contrast to separable Tter banks,
nonseparable Tter banks are designeddirectly, and result in more freedom and better frequency selectivity. In
the FIR case,Kovacevif and Vetterli designedspeci ¢ two-dimensionaland three-dimensionalnonseparableFIR

orthogonal Tter banks. In the IIR case,there are few designresults (if any) for MD orthogonal IIR "Tter banks.

To designorthogonal "Tter banks, we must designparaunitary matrices, which leadsto solving setsof nonlinear
equations. The Cayley transform establishesa one-to-one mapping betweenparaunitary matrices and para-skew-
Hermitian matrices. In corntrast to nonlinear equations, the para-skew-Hermitian condition amourts to linear
constraints on the matrix ertries which are much easierto solve. We presen the complete characterization of
both paraunitary FIR matrices and paraunitary IIR matrices in the Cayley domain. We also propose e+cient
design methods for MD orthogonal "Tter banks and corresponding methods to imposethe vanishing-momert
condition.

Keyw ords: O rthogonal Filter Banks, Cayley Transform, NonseparableMultidimensional Filter Design, Parau-
nitary Matrix.

1. INTR ODUCTION

Over the last decade,the theory and applications of Tter bankshave grown rapidly [1],[2], [3], [4], [5], [6]. Among
them, orthogonal Tter banks received attention due to their useful properties [7], [8], [9]. First, orthogonality
implies energy presenation, which guaranteesthat the energy of errors generatedby transmission or quartiza-
tion will not be ampli ed. Second,under certain conditions, orthogonal Tter banks can be usedto construct
orthonormal wavelet bases[10]. The vanishing-momen condition plays a crucial role in the construction of
orthonormal wavelet basesfrom orthogonal Tter banks. An orthogonal lowpass Tter is said to satisfy the N -th
order vanishing-momeri condition if it hasan N -th order zero at aliasing frequencies.

There are two typesof orthogonal Tter banks: nite impulse respnse (FIR) Tter banksand in nite impulse
respnse (IIR) Tter banks. FIR Tters are more etcient to implemernt and hence more popular. In the 1D
two-channel Tter bank case,there exist sewral Tter design methods. Among them, designsbasedon spectral
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factorizations [11] and designsbasedon lattice factorizations [12] are the most e®ective and widely used. The rst
method, which wasproposedby Smith and Barnwell [11], designsthe autocorrelation sequenceof a Tter and then
obtains that Tter via spectral factorization. This method was usedby Daubediesto construct celebratedfamily
of orthogonal compactly supported wavelets [10]. However, as the size of the "Tter grows, spectral factorization
becomesnumerically ill-conditioned. Moreover, due to the lack of an MD factorization theorem, this method
cannot be extended to higher dimensions. The second method, which was proposed by Vaidyanathan and
Hoang [12], formulates the TTter designproblem asthat of a polyphasetransform matrix U (z) which hasto be
a paraunitary ® FIR matrix, i.e.

U(z)UT(zi )= 1; for real coexcients: (1)

These authors provided a complete characterization of paraunitary matrices for 1D "Tter banks via a lattice
factorization. However, it is dizcult to imposethe vanishing-momert condition in a lattice factorization. As for
spectral factorization methods, the lattice factorization designmethod cannot be extendedto higher dimensions.

Although more complex, orthogonal IIR "Tter banks have greater design freedom, comparedto FIR case.
Moreover, |IR “Tter banks generally o®erbetter frequency selectivity. The 1D two-channel orthogonal IR “Tter
banks and assiated wavelets were consideredby Herley and Vetterli [13]. The designmethod in [13] also needs
spectral factorization and cannot be extendedto higher dimensions.

In multiple dimensions,there are two typesof orthogonal "Tter banks: separableand nonseparableorthogonal
“Tter banks. For a separableTter bank, its transfer functions are products of multiple 1D orthogonal Tters.
Therefore, tensor products can be usedto construct separableorthogonal "Tter banks from 1D orthogonal Tter
banks. In cortrast to separable Tter banks, nonseparableorthogonal ‘Tter banks are designedbasedon the MD
structure directly, resulting in more freedomand better frequencyselectivity. Therefore, nonseparableorthogonal
“Tter banks have received more interest in recert years. Howewer, due to complexity, it is a challenging task to
design nonseparableorthogonal FIR and IIR “Tter banks. In the FIR case,Kovacevi§f and Vetterli successfully
designedspeci ¢ two-dimensional(2D) and three-dimensional(3D) nonseparableorthogonal FIR “Tter banks|[9].
Howeer, their method could not give complete solutions and it is ditcult to apply to Tters with larger size. In
the IIR case,there is no existing literature addressingthe designproblem.

In this work, we proposea novel designmethod for both orthogonal FIR Tter banks and orthogonal I IR “Tter
banks using the Cayley transform (CT) [14]. Designingorthogonal Tter banksamourts to designingparaunitary
matrices. The main feature of the CT is that it maps a paraunitary matrix U(z) to a para-skew-Hermitian¥
(PSH) matrix H(z) that satis es

Hz' Y =i H"(2): 2

Conversely the CT maps a PSH matrix to a paraunitary matrix. Therefore, the CT establishesa one-to-one
mapping betweena nonlinear Stiefel manifold of paraunitary matrices and the linear spaceof PSH matrices, as
shown in Fig. 1. Our key obsenation is that in cortrast to solving for the nonlinear paraunitary condition in (1),

the PSH condition amourts to linear constraints on the matrix ertries in (2), leadingto an easierdesignproblem.
The basicidea is that we rst designa PSH matrix and then map it badk to a paraunitary matrix by the CT.

Howe\er, there are two challengesin this design approach. The rst is how to imposethe vanishing-momert

condition in the Cayley domain. Sincethe vanishing-momer condition requiresthat the lowpass Tter hasa zero
of speci ¢ order at aliasing frequencies,it is dizcult to imposethe vanishing-momer condition on the polyphase
transform matrix and its CT. The secondchallengeis that the CT is a nonlinear operator and it destroys the
FIR property, that is, the CT of an FIR matrix is no longer FIR. Thus, the CT mapsa paraunitary FIR matrix

to a PSHIIR matrix. We needto nd a complete characterization of these PSH matrices such that their inverse
CTs are FIR. In this paper, we addresstheseissues,which lead us to a novel designmethod for MD orthogonal
“Tter banks and wavelets.

®A paraunitary matrix is an extension of a unitary matrix when the matrix entries are polynomials. Paraunitary
matrices are unitary on the unit circle.

YA para-skew-Hermitian matrix is an extension of a skew-Hermitian matrix when the matrix entries are polynomials.
Para-skew-Hermitian matrices are skew-Hermitian on the unit circle.
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Figure 1. Oneto onemapping betweenparaunitary matrices and para-skew-Hermitian matrices via the Cayley transform.
ANALYSIS SYNTHESIS

Figure 2. An MD N -channel Tter bank.

The paper is organized as follows: In Section 2, we give a brief introduction to orthogonal Tter banks and
the Cayley transform. We introduce the special paraunitary matrix and its property in Section 3. The theory
and designof orthogonal FIR “Tter banks, including the generalmultiple-channel caseand the two-channel case
are given in Section4 and Section 5, respectively. The theory and designof orthogonal IIR "Tter banks is given
in Section 6. We concludein Section7. Due to the spacelimitation, we only presen the results in this paper.
Pleaserefer to [15] for proofs and designexamples.

2. ORTHOGONAL FIL TER BANKS AND THE CAYLEY TRANSF ORM

We start with notation. In MD, z stands for an M -dimensional variable z = [z1;25;:::;zw]". For an M-
dimensionalintegerk = [ki;ko;:::; kw17, an MD power is written aszk = [2'1‘1;2‘2‘2;:::;2,'\‘”M ]". Specically, zi *
stands for [z} 1;z‘2 Lo ;z,‘vll]T. We will refer to a Laurent polynomial matrix asFIR or FIR matrix if all of its

ertries are nite length Laurent polynomials. Otherwise, it is an IR matrix.

Consideran MD N -channel Tter bank as shown in Fig. 2. In the Tter bank, the input X (z) is fed to the
N subband Tters, Ho(z) to Hy; 1(z). After TTtering, ead output is downsampledby an M £ M sampling
matrix D with the sampling rate jdetDj. The N branch outputs of the analysis part are upsampled with the
same sampling matrix and subsequetly Ttered by a bank of subband Tters, Go(z) to Gy; 1(z). Finally, all
the N branches are added together to generatea single output X (z). The whole system can be divided into
two parts, analysis part and synthesis part. The analysis part consistsof subband Ttering and downsampling,
while the synthesis part consistsof upsampling and subband Ttering. In the analysisand designof Tter banks,
polyphaserepresenation is often usedasit allows for time-invariant analysisin the polyphasedomain. In the
polyphasedomain, the analysispart and synthesis part can be represeried by N £ N matrices H ,(z) and G,(z)
respectively. We are interested in the critically sampled Tter bank in which the sampling rate is equal to the
number of channels,i.e., jdetDj = N. Also, perfectreconstruction is a desirableproperty of a systemsothat the
output X (z) is always equalto the input X (z). Under theseassumptions,the perfect reconstruction condition is
equivalert to H,(z)G,(z) = |. For orthogonal Tter banks, Gp(z) = Hg(zi 1), and thus H (z) is a paraunitary
matrix. Throughout the paper, we will always refer to M as the number of dimensions; N as the number of
channels.

The complex nonlinear paraunitary constraint leadsto a dizcult nonlinear spectral factorization problem.
The Cayley transform is a powerful tool to convert a nonlinear problem into a linear one. It is widely usedin
cortrol theory and Lie groups [14]. The Cayley transform of a matrix U (z) is de ned as

ili

i ¢ ¢
H(z)= 1+ U(2) i U(2): 3)



The inverseof the CT is o
I

i ¢ ¢
U(z)= 1+ H(2) i H(z) : 4)

By denition, the CT is formulated asthe product of two matrices. Actually, it can also be expressedn an
alternativ e way:
Pr oposition 1. Suppsethat U(z) is a matrix and H(z) is its CT. Then

H(z) = 2 1 _ 1o
(z)=21+U(2) il and U(z)=21+H(2) il

The Cayley transform is a matrix generalization of the bilinear transform [16](pp. 415{417), which is de ned
ass= (1+ z)i 1(1+ z). The bilinear transform maps the imaginary axis of the complex s-plane onto the unit
circle in the complex z-plane. It is widely usedin signal processingtheory, for example,to map cortin uous-time
systemsto discrete-time systems. Similarly to the bilinear transform, the Cayley transform maps paraunitary
matrices to PSH matrices.

Pr oposition 2. The Cayley transform of a paraunitary matrix is a para-skew-Hermitian matrix. Conversely,
the Cayley transform of a para-skew-Hermitian matrix is a paraunitary matrix.

Based on Proposition 2, the CT establishesa one-to-one mapping between paraunitary matrices and PSH
matrices. It mapsthe nonlinear Stiefel manifold of paraunitary matrices to the linear spaceof PSH matrices. In
corntrast to solving for the nonlinear paraunitary condition, the PSH condition amourts to linear constraints on
the matrix ertries.

To illustrate this, considerthe two-channel case.Let U(z) be a 2£ 2 paraunitary matrix with

H Uoo(z) Uo1(2) ﬂ.

U()= Uo(z) Uu(z) °

then it satis'es U (z)UT (zi ') = |. Speci cally,

Uoo(z)Uoo(z' 1) + U (z)Uoa(z' ) = 1; (5)
Uoo(z)U1o(z' 1) + Uo1(z)Uri(z' ) = ©O;
Uio(z)Uio(z' 1) + Ur1(z)Un(z' ) = L

Solving the systeminvolves solving three nonlinear equations with respect to coexcients of U(z). In cortrast,
let H(z) bea2£ 2 PSH matrix with

U 1
M He@ Ha@ T
H@) = 4@ Hu)

then it satisesH (zi ') = | HT(z). Specically,
Hoo(z' 1) = i Hoo(z); Hu(z' M) =i Hu(z); and He(z' ) = i Hio(2): (6)

Here, solving the system involves solving only three independert linear equationswith respect to coexcients of
H (z). Moreover, we do not needto solve thesethree equationsin the design. Instead, we only needto designtwo
anti-symmetric linear phaselters independertly, Hoo(z) and H1(z), chooseone arbitrary Tter Hqq(z) leading
to Ho1(z) asin (6).



3. THE SPECIAL PARA UNIT ARY MA TRIX

Using the CT, the designproblem of paraunitary matrices is simpli ed to that of PSH matrices. However, it still
involvestoo many equations, especially when the number of channelsis large. The special paraunitary matrix is
prosperousto simplify the design.

Special paraunitary matrices are a special classof paraunitary matrices.

Definition. 1. A paraunitary matrix U (z) is said to be a special paraunitary (SP) matrix Z if its determinant
equalsto 1.

SP matrices satisfy all the property of paraunitary matrices. The product of two SP matrices is also SP.
Therefore, the set of SP matrices is also a Stiefel manifold. Moreover, it is easierto design SP matrices than
paraunitary matrices.

Pr oposition 3. SupmseU (z) is a matrix and its determinant equalsto 1. Then U(z) is SP if and only if
Ui;j (Zi 1) = minor Ui;j (Z); (7)
where U;; (z) is the entry of U (z) at (i; j).
By Proposition 3, the designof SP matrix amounts to the determinant condition and (7). By (7), we can get

rid of somenonlinear equations. To illustrate this, considerthe two-channel case. SupposeU (z) isa2£ 2 SP
matrix, then (7) becomes

Uo(z) = i Uor(z' ') and Uii(z) = Uoo(z' 1);
and the determinant condition becomes:
Uoo(z)Uoo(z' 1) + Up(z)Uoa(z' ) = 1 (8)

Therefore the complete characterization of U (z) is

u

U(z) = Uoo(2) Uo1(2) ! :

i Uoi(z 1) Ugo(zi ) ©

where Upo(z) and Upy(z) satis es the power complemertary property givenin (8). Note that (8) is the sameas
(5). Therefore, for 2£ 2 SP matrices, we needto solve only one equation of the three equationsrequired by the
general2 £ 2 paraunitary matrices.

One useful property of the SP matrix is that every paraunitary matrix can be represened asthe product of
an SP matrix and a diagonal paraunitary matrix:

Theorem 1. SuppseU(z) is a paraunitary matrix. Then U(z) can be written as U (z) = Us(z)U 4(2), where
both U(z) and U 4(z) are paraunitary, and

i ¢
detUs(z) =1 and Ugy(z) = diagI 1;¢¢¢; 1; detU(z) :

Moreover, if U(z) is FIR, then detU (z) is a pure delay.

By Theorem 1, a paraunitary matrix can be \normalized" asan SP matrix, wherethe rst N j 1 columnsof
the matrix are kept the sameand the last column is multiplied with the allpass Tter (detU(z))! *. It meansthat
the rst N | 1 Tters of the corresponding orthogonal "Tter bank are kept the sameand the last Tter is changed
only in the phase. In the FIR case,the changeis just a pure delay. SP matrices can be usedto simplify our
designproblem. To illustrate this, considerthe two-channel case. By Theorem 1 and (9), the characterization
of the 2£ 2 paraunitary matrix is

Ivll 0 1 _ H Uoo(2) Uo1(z)¢( z) f .

U(z) = Ug(2) 0 ¢(z2) = i Uo(zi l) Uoo(Z' 1)¢( z)

“The concept of the special paraunitary matrix is similar to that of the special orthogonal matrix. An orthogonal
matrix is said to be a special orthogonal matrix if its determinant equalsto 1.
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Figure 3. One-to-one mapping between SP matrices and SPSH matrices

where Ugp(z) and Up;(z) satisfy the power complemerary property. Herley and Vetterli showved the similar
result for the 1D casein [13].

By Proposition 2, the characterization of paraunitary matrices in the Cayley domain is PSH matrices. For
an SP matrix U(z), detU(z) = 1. Let H(z) bethe CT of U(z), then
Uz)= (1 +H@) (I H(2):
Therefore, the necessaryand suzcient condition for the CT of H(z) to be SP is
i ¢ [ ¢
det | + H(z) =det | H(2) : (10)
Accordingly, if a PSH matrix satis es (10), it is said to be a special PSH (SPSH) matrix. Thus, the characteri-
zation of SP matrices in the Cayley domain is SPSH matrices.
For the two-channel case,the characterization is simple.

Pr oposition 4. SupmseH (z) is a 2£ 2 PSH matrix. Then it is SPSH if and only if its trace equalsto O.

It is clearthat the setof 2£ 2 SPSHmatricesis alsoa linear space. Therefore, the CT mapsthe complicated
nonlinear Stiefel manifold of 2£ 2 SP matrices to the linear spaceof 2£ 2 SPSH matrices as shown in Fig. 3.

4. ORTHOGONAL FIR FIL TER BANKS

To designorthogonal FIR Tter banks, we needto designparaunitary FIR matrices. By Theorem 1, any parau-
nitary FIR matrix canbe\normalized" asan SP FIR matrix and the only di®erencebetweentwo corresponding
“Tter banksis a pure delay in the last highpass'lter. Therefore, the designproblem of paraunitary FIR matrices
is equivalert to that of SP FIR matrices. In this section, unlessexplicitly stated otherwise, assumethat U (z) is
anN £ N SP FIR matrix, and H(z) isits CT.

As mertioned in Section1, the FIR property is destroyed t&y the CT becauseof the matrix inversionoperation

in (3). Specically, U(z) is an FIR matrix, but | + U(z) ' Yisin generalnot an FIR matrix, neither does
H(z). Thus, we needto nd a compl&te characterléatlon of these SP%H matrices sud that their CTs are FIR.

The CT of U(z) isH (z) = 1+ U@) ' Ij U(z), where'I + U(z) '~ canbellR. Note that the inverseof a
nonsingular matrix A canbe expressedasAi ! = (detA)i tadjA, whereadjA is the adjoint of A. Therefore,
¢ i ¢ d'il + U ¢i| U ¢
- a z i z
L ute MIPU@ Y@

det | + U(z2)

H(z) = iI + U(2)

The qjjssenal obsenation is that H(z) car&be represerted asthe quotient of an FIR matrix, adj I + U (z)
U(z) , and an FIR Tter, det'l + U(z) . Let D(z) and H%z) be the scaled denominator and numerator
respectively, i.e.,

D(z) &' 2 N+ det | + U(z) (11)

HOz) %" 2i N1 50| + U(z) Iy U(z) (12)



where the scalar2i N*1 is intro duced for later corvenience. Then H (z) can be expressedas

_ HY).

H(z) = Do) (13)

From Proposition 1, X ¢ ) ¢

! — oN I i1,
det 1+ U(z) =2"det | + H(z) " (14)
From (11), we have an alternativ e expressionfor D (z):
i ¢

D(z)=2det | + H(z) (15)

Our task now is to obtain the characterization of both D(z) and HYz).

Lemma 1. SupmseU(z) is an SP FIR matrix. Then the Cayley transform of U(z), H(z), can be written as
D(z)' *HYz), wher D(z) is a symmetric FIR TTter and HYz) is a PSH FIR matrix. Moreover, if D(z) and
HYz) are coprime, then they are unique for each SP FIR matrix U(z).

According to Lemma 1, the problem of designingH (z) is corverted into that of designinga symmetric FIR
TTter D(z) and a PSH FIR matrix H%z). Howewer, they are not independert of eac other, as shown in the
following Lemma:

Lemma 2. Supmsethat U(z) is an SP matrix, and D(z) and HYz) are given by (11) and (12), respectively.
Then i ¢
2D(z)Nit=det D(z)1 + HY2) : (16)

We are now in a position to formulate the complete characterization of paraunitary FIR matrices in the
Cayley domain.

Theorem 2. The CT of a matrix H(z) is an SP FIR matrix if and only if it can be written as H(z) =
D(z) *HYz), wher D(z) is a symmetric FIR Tter and HYz) is a PSH FIR matrix, and they satisfy the
following two conditions:

i ¢
1. 2D(z)Ni 1= det'D(z)1 + HYz) -
2. DNi 2(z) is a common factor of all minors of D(z) | + HYz).
Moreover, the CT of H(z) can be written as

iy ¢
adj D(z)I + HYz)
D(z)Ni 2

U(z) = il a7

Therefore, our problem of designing an SP FIR matrix U(z) is corverted to a problem of designing a
symmetric FIR Tter D(z) and a PSH FIR matrix H9z), and they satisfy the two conditions givenin Theorem 2.
The rst condition guaranteesthat U(z) is SP and the secondcondition guararteesthat U (z) is FIR. In the
two-channel case, the secondcondition holds automatically. Thus, we can design D (z) and H%z) “rst, then
compute the CT of H(z) = D(z)i *HYz) by a simple formula without matrix inversion manipulation given in
7).



5. TW O-CHANNEL ORTHOGONAL FIR FIL TER BANKS

Among MD orthogonal “Tter banks, two-channel onesare the simplest and most popular. Also, this is the case
of most interest to us. In this special case,we can simplify our designmethod. In this section, supposeD (z)
is a symmetric FIR Tter and HYz) is a 2£ 2 PSH FIR matrix, asdened in (11) and (12). The goal here is
to expressU (z) directly asan FIR matrix using the terms from D(z) and H %(z) sothat we canimposefurther
conditions on them (e.g., vanishing-momer condition).

The characterization of SP matrices in the Cayley domain is SPSH matrices. Therefore, H(z) isa 2£ 2

SPSHmatrix. By Proposition 4, tr H(z) = 0. From (15), H%z) can be written as
2H(z2)

H%z) = D(z2)H(z) = —F——~-—4¢: 18

@)= DHD = i i (18)

Therefore, tr H(z) = 0, i.e., HYz) is also an SPSH matrix. One interesting obsenation is that H9%z) is an

SPSHFIR matrix, while H(z) is an SPSH (generally IIR) matrix. Therefore, (18) can be regardedasa mapping

from the SPSHIIR matrix to the SPSHFIR matrix. The CT destroys the FIR property from U (z) to H(z).

Here this mapping \restores" the the FIR property from H(z) to H%z). Put them together, we can map the

SP FIR matrix to the SPSHFIR matrix! To further our discussion,a formal de nition of the mapping given in

(18) is necessary:

Definition. 2. The post-Cayley transform (PCT) of a rational matrix H(z) is de ned as
2H(z) .
det | + H(z) ~
Using the CT, we map the SP FIR matrix to SPSHIIR matrix. Using the PCT, we can map the SPSHIIR

matrix to the SPSHFIR matrix. We called this sequenceof mappings the FIR-Cayley transform (FCT). The
FCT of an SP FIR matrix U(z) can be obtained by (3) and (14):
2H(z)

0y — ; P ¢ ¢
H(z)—W—Z det' I +U(z) | +U(2)

HYz) =

BT U(z)¢: 2 Tad'l + U(z)¢il i U(z)¢:

To usethe FCT in our design,we needto compute its inversemapping. For the CT, we know its inverseis
itself. How about the PCT? First, is the PCT a one-to-onemapping?

Pr oposition 5. Suppsethat H1(z) and H,(z) are two 2£ 2 rational matrices suchthat their PCT's are equal.
Then they are equal or

Hi(z) ,.

H2@) = et r, @)

(19)

By Proposition 5, if the determinant of H(z) is 1, then the mapping is one-to-one. Otherwise, the mapping is
two-to-one.

Secondly what's the inversetransform of the PCT? By Theorem 2,
2D(z) = detiD(z)I + Ho(z)¢:
SinceHYz) is SPSH,
D2(z) 2D(z) + detHYz) = 0: (20)

Then we can obtain the inversemapping of the PCT in the following proposition:
Pr oposition qﬁ SupmseH %z) is a2£ 2 SPSHFIR matrix. Then the inverse PCT transform of H%z) exists
if andonly if 1 det HYz) is FIR. If it exists, it is given by

0
HEZ) = — gt
18 1 det HYz)
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Figure 4. Mapping from SP FIR matrices to SPSH FIR matrices

By Proposition 6, the characterization of SP FIR matrices in the FCT domain is a subset of SPSH FIR
matrices and they satisfy the condition given in Proposition 6. The FCT establishesa two-to-one mapping
betweenSP FIR matrices and SPSH FIR matrices, as showvn in Fig. 4.

Now we can nd the inversetransform of the FCT and formulate an explicit formula for U(z). Suppose
HYz) isa2£ 2 SPSHFIR matrix with

U

HYz) = Hgo(2) H6,1(2)

i HO(Z'Y) i HY(z)

where H3,(z) is an antisymmetric Tter and H3;(z) is an arbitrarily “Tter. By Theorem 2, the CT of H(z) can

be written as

_Mo@)i Hy@i 1 iHL@

HA(Z'Y) D)+ H&G(@)i 1 (21)

N o &
U(z)=adj D(z)I + HY(z) j I
We summarize our results in the FCT domain in the following Theorem:
Theorem 3. SupphseHO(z) is a2£ 2 SPSHFIR matrix. Then the inverse FIR-Cayley transform of H %z)
exists if and only if  1j det'HO(z) is FIR. If it exists, it is given by

q4i—¢
U(z)=8§ 1j det HYz) 1j HY2):

Theorem 3 provides the characterization of 2£ 2 SP matrices in the Cayley domain. Howewer, the condition
for H9z) is complex. For implemertation, we will designD(z) and H%z) simultaneously in terms of (20), and
D(z) is symmetric and HYz) is SPSH. Then we can compute the SP FIR matrix by (21).

5.1. Vanishing-Momen t Condition and 2D Quincunx Orthogonal Filter Banks Design

Quincunx sampling is density-2 sampling, leading thus again to the two-channel case. Of all MD sampling
patterns, the quincunx oneis the most common. However, sincethe samplingis nonseparablet o®erschallenges.

In the context of wavelet design, the vanishing-momert condition plays an essetial role. This condition
requiresthe lowpass Tter to have L-th order zeroderivativesat z = [j 1;i 1]". By Theorem 3, the lowpass Ter
will be

F(z1;22) = 2V "H3 (20 12b 121 *20) + D (212052425 1) § HOo(zazo; 2225 ) i L (22)
Therefore, the vanishing-momen condition imposesthe values on the derivatives of D(z), H3(z) and HY (z)
at z = [i 1;i 1]". If we parameterizesthese 3 TTters, then the vanishing-momert condition amourts to linear
equations, which can be solved easily.

The design processis as follows: First, we parameterize the Tters. Second,we compute the lowpass -
ter. Third, we imposethe vanishing-momern condition on the lowpass Iter. Finally, we solve the spectral
factorization problem. The speci ¢ designprocedureis given as follows.

1. Parameterizethe symmetric FIR TTter D(z1;2z,) and anti-symmetric FIR TTter H$,(z1; z2).



2. Parameterizean FIR "Tter Hgl(zl;zz) of the samesize.

3. Imposethe L-th order vanishing momert on the lowpasslter givenin (22):

@F (z1;22). i
7@21(@)1“;2)101”1):0; for n=0;1::5;L;0i=01:05n: (23)

It amounts to linear equations.

4. Solve the spectral factorization equation by comparing the coexcients of z:
D?(z1;22) i 2D(21;22) + H3y(21:22)HQ (2L 524 Y) | HEp(z1:22) = O (24)
It amourts to quadratic equations.

5. Compute U (z3;22) by (21).

6. ORTHOGONAL [|IR FIL TER BANKS

As we said, designingorthogonal IR TTter banksis more complexthan designingFIR orthogonal ones,although
it has greater freedom. For implementation purposes,we only considerrecursive Tters, z-transforms of which
are rational functions. It is straightforward to designan orthogonal "Tter bank in the Cayley domain via a PSH
matrix, and then map it back to a paraunitary polyphasematrix. Therefore, the range of paraunitary matrices
in the Cayley domain is the set of all PSH matrices. In this section, unlessexplicitly stated otherwise, assume
that U(z) isan N £ N paraunitary 1IR matrix and H(z) is its CT.

Theorem 4. The rangeof paraunitary IIR matricesin the Cayley domain is a linear space.

Take the two-channel caseas an example. For the multiple-channel case,we have similar results. Let H(z)
be a PSH matrix H q
H(z) = Hoo(z) Hou(z) .

Hio(z) Hii(z)

Then the PSH condition implies
Hoo(z' ') = i Hoo(z); Hu(z' %) =i Hu(z); and Hi(z' ') = Hou(2):

We can select antidiagonal ertries arbitrarily (under the constraint Hio(zi ') = i Ho1(2)). For the diagonal
ertries, we just needto nd anti-symmetric 1IR “Tters. Then the problem of designingH (z) corverts to that of
designinganti-symmetric |IR TTters.

Pr oposition 7. Supmsew(z) be an IIR Tter with a rational function: W(z) = a(z)=Kz), wher a(z) and
b(z) are coprime polynomials. If w(zi ') = | w(z), then

a(z' 1) = cz¥a(z) and bz'?l) =i cz¥b(z);
where k is an arbitrary integer.

6.1. Vanishing-Momen t Condition and Simpli cations

The CT has a simple form for the design of orthogonal IIR Tter banks. It avoids the problem of spectral
factorization, which is ditcult (if possible)in the MD case. As in the orthogonal FIR case,the vanishing-
momert condition plays an essetial role in the context of wavelet design. This condition requires the lowpass
TTter to have speci ¢ order zeroderivativesat z = [j 1;i 1;i 1;:::;i 1]7. However, it is dixcult to imposethe
vanishing-momen condition on MD orthogonal IIR “Tters becauseit involvesrational functions in the design.
First, many parametersare required. For each Tter in H(z), not only the numerator but also the denominator
requires parameters. Second,to impose the vanishing-momen condition on the IIR “Tter, we needto solve
nonlinear equations with respect to those parameters (as opposedto the linear equations in the FIR case).
Therefore, we needto simplify the designof orthogonal IR “Tter banks.



As mertioned in Section 3, SP matrices are simpli ed paraunitary matrices and ead paraunitary matrix can
be \normalized" as a paraunitary matrix with only a phasechangein one highpass'lter. This doesnot a®ect
the vanishing-momern condition. Therefore, we can simplify our designby SP matrices. In this subsection,we
only considerthe two-channel case.

In the polyphase domain, the characterization of MD orthogonal IIR Tter banks is SP matrices. The
characterization of MD SP matrices in the Cayley domain is SPSH matrices. By Proposition 4, a 2£ 2 SPSH
matrix, H(z), can be formulated as

vl 1
Hzy = @ 9@
igzih) if(z)
wheref (z) is an anti-symmetric “Tter, and g(z) is an arbitrary Tter.

The set of SPSHmatrices is a linear space. Obviously, every SPSH matrix can be represenied asthe sum of
a diagonal matrix and an anti-diagonal matrix, i.e.,

“f(z) 0 mou 0 g(Z)ﬂ.

1@ 0 it T iwy o

Note they are independert and both of them are SPSH matrices with simple structures. The rst one is
called the diagonal SPSH (DSPSH) matrix and the secondone is called anti-diagonal SPSH (ASPSH) matrix.
Correspondingly, their CT's also have simple structures. The CT of a DSPSH matrix is

Alif(z) 0 !
U@y= "9 1, (25)
0 T
The CT of ASPSH matrix is
o i1 : f
U(z) = 1 1i 9(z)9(z' %) i 29(2) : (26)

1+d(2)9z' Y) 29(z' ) 1i 9()9(z' )

In the sequel,we only consider1D case.For a 1D orthogonal I IR “Tter of the N -th order vanishing-momen, it
can be factored as (1 + zi *)N R(z)=D(z), whereR(z) and D(z) are FIR, and D(j 1) 6 0. Moreover, if R(z) ~ 1
and D (z) hasthe lowest order, then it is called a Butterw orth “Tter. Otherwise, it is an intermediate Tter.

First considerDSPSH matrices. From (25), the lowpassTer is Ug(z) = (1+ f (z?))! (1 f (z?)). Imposethe
N -th vanishing-momert condition, then 1 f(z%) = (1+ zi )N R(z). Note f(zi 1) = | f (2), then 1+ f (z?) =
1i f(z13) =1+ 2VR(zi Y) and Up(z) = zi NR(2)=R(z' ). Hence,the corresponding low-pass Tter cannot
have vanishing momerts.

Now consider ASPSH matrices. To simplify the problem, we make one assumption: g(z)g(z' 1) = ¢, wherec

is a nonzeroconstart. Evenwith this simpli cation, we still have many designresults. The following proposition
givesthe characterization of "Tters under such assumption.

Pr oposition 8. Supmse g(z) is a rational Tter with the form g(z?) = p(z)=z), wher p(z) and q(z) are
coprime FIR TTters. Then g(z)g(z' !) equalsto a constant if and only if p(z) = czXq(zi 1), where c is a nonzew
constant, and k is an integer. _ ¢

By this simplication, the low-pass Tter can be represerted asUg(z) = (1 + ¢?)i 1, @i 2z 19(z%) . By
Proposition 8, it can be further formulated as

(Li A)d(z)i 2czki gz Y).
(1+ c2)q(2) '

Now considerthe N-th vanishing-momer condition, and then (1 ¢?)q(z) i 2cz¥i 1g(zi }) = (1 + zi YN R(2),
where both g(z) and R(z) are FIR and q(j 1) 6 O;R(j 1) 6 0. Solutions are given in the following Theorem:

Uo(2) =

Pr oposition 9. A low-pass Tter Ug(z) geneated by an ASPSH matrix is an orthogonal Tter with the N -th
order vanishing-moment if and only if one of the following conditions holds:



1. 1 ¢®)?6 4¢?, and

— 1 [ ki 1 N il . R2 i 1\N ¢.
q(z) = a7 @7 i@ 2cz "1+ 2)"R(ZI )+ (1 )AL+ 2z H)VR(2) :
2.c=18 pi, R(zi 1) = z'i ki NR(z), and
1 .
A2) = s(2)i ,(1+ 2 HVR();
where s(z) is an arbitrary nonzeio antisymmetric Tter suchthat s(zi 1) = j z%i Xs(z2).
3.c=j18 pZ R(zi 1) = j zti ki NR(z), and
4@ = s@)+ =1+ 2 HVR();
4c
where s(z) is an arbitrary nonzeio symmetric Tter suchthat s(zi 1) = zi Ks(z).

If we let R(z) be 1in Proposition 9, then we generateButterw orth “Tters. Herley and Vetterli also got the

closesolutions for 1D N -th order Butterw orth “Tters in [13].

7. CONCLUSION

We preserted the complete characterization of both paraunitary FIR matrices and paraunitary |IR matrices in
the Cayley domain and proposed excient design methods for MD orthogonal Tter banks and corresponding
methods to imposethe vanishing-momen condition.
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