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Abstract

This Appendix contains details on identification, estimation, and asymptotic properties of

the estimator.

1 Identification

N, T
n=1,r&{P,NP}t=1"

the year, we outline our identification strategy below.

Given panel data, {ant, Znt, Cats 2y, St } where n indexes individual and ¢ indexes

1. We show that under standard regularity conditions on w(cs; z¢,€9¢), if it is multiplicatively
separable in £9¢, then the standard independence assumption between z; and €9; allows us to

identify nA; up to a proportionality constant.

2. Assuming that 2/ is fully observed by the econometrician, we show that, under standard

regularity conditions, the equilibrium salary schedule and g are identified.

3. Let Fi(eot,€1¢) be the marginal of Fi(egs,€1¢,€2:). Given that Sir¢(hy;we), B, and nA; are
identified, we show that wg;(z¢, ;) and w1 (ls; 2:) are identified up to Fi(eot,e1) and two
additive constants. Putting 1, 2, and 3 together, we conclude that our model is identified up

to Fi(eot,€1¢) and two additive constants.
The following assumption is used in the proof of all the steps above:

Assumption 1.1 The econometrician observes all the worker’s state variables except for the idio-
syncratic components ent, the unobserved heterogeneity (in production) vy, and the worker’s mar-

ginal utility of wealth, n,, .



1.0.1 Identification of the Marginal Utility of Wealth

It is well known in the literature on the estimation of consumption functions that the general form
of utility with risk aversion is not identified without quantity and price data, which we do not
have. Therefore, we follow the literature and state sufficient conditions to obtain identification of

the marginal utility of wealth. We state the conditions below.

Assumption 1.2 The marginal utility of consumption has the following form.

(1) aui2(0nt,l‘nt,€2t)

e = exp(uzc(cnt)) exp(—uzz (Tnt)) exp(—eant).-

Assumption 1.3 1) Eleg|xy] =0 for all n and t. 2) E,[log(n,,)|xnt] = 0.

Assumption 1.4 1) z,; has a continuous element xcnt with continuous variation on its support

[c, Te). 2) exp(—uag(z,,.)) = 0.

Assumption (1.2) states that the marginal utility of consumption is multiplicatively separable.
For example, both the class of constant absolute risk aversion and the class of constant relative
risk aversion satisfy this assumption. Assumption 1.3(1) formally states that the error is mean
independent of z,,; with expectation zero. Assumption 1.3(2) is the standard normalization needed
in a panel data model in order to recover the level of the time component. Finally, Assumption
1.4(1) states that at least one variable with continuous variation on its support is required, and
Assumption 1.4(2) is a boundary condition. Assumption 1.4 can be replaced with a parametric

assumption on the function ugy (zps).
Lemma 1.1 If ugc(cnt) is known, and assumptions 1.2-1.4 are satisfied. Then n,\; is identified.
Proof. Using the functional form assumption in (1.2) the Euler equation is therefore:
(2) exp(uac(cnt)) exp(—uaz (Tnt)) exp(—eant) = Ny e
Taking the log and then first difference of equation (2) and rearranging gives us
(3) Auze(cnt) = Augy(Tne) + Alog(Ae) + Acon
By assumption 1.3(1), then,

(4) E[AUZC(C’nt”xnh xnt—l] = Au2x(xnt) + log(At)



Taking the derivative of E[Auac(cnt)|Tnt, Tni—1] with respect to zen: and xeni—1, respectively, and

integrating back up to z.n; and xn¢—1, respectively, gives

(5) U2:pi(xnt) = u2x($07$c'nt)+/

Tc

Tent 8E[AU2(:(Cnt)|xnt7 xntfl] dax
. 0z, ¢

Tent=1 (OB [Augc(cnt)|Tnts Tnt—1] dz
atrcfl c—1

(6) u2xi($nt—1) = u22(37c7xc’nt—1)+/

Tc

which by Assumption 1.4(2) and from Chesher’s (2007) results is identified. Therefore

Alog(N) = E[Auzc(cm)\xnt,xnt_l]_/ - {BE[AUQC(Cnt)mntaxntl]} dz.

x 0z,

- +/ ent— {aE[Auzc(Cntﬂxnt’xm_l]} dw.1

a:L'c—l

and, by Assumption 1.3(1),

(8) log() = Eluzc(en)am] -

Te

{3E[Auzc(c”t)xnl] } da.
0z,

Hence, ); is identified. Finally, by Assumption 1.3(2), we have

(9) log(n,,) = Ei{uge(cnt) —1og(A) — uge(Tni )|t }-

Using Chesher’s (2007) result and the fact that ug.() is assumed known, we use the results from
equations (7), (8), and (9). =

1.0.2 Identification of the Equilibrium Salary Schedule

Next, we establish the identification of the equilibrium salary schedule. First we will carry out
the analysis assuming that all the element of 27, are observed by the econometrician. The modi-
fication to include unobserved (to the econometrician) individual specific effect requires additional
functional form assumptions. These assumptions are made in the estimation section where the esti-
mation and identification are illustrated using standard linear panel data methods. We will derive
the result under symmetric information, but the proof goes through under asymmetric information

by replacing w; with wj.

Assumption 1.5 There exist observable characteristics, wy, on a set of positive measure, such that
1. A priv1(he, wi) = Dmrt+1(hes wi) — Dwrer1(he,wi) #0 VT
2. Y. (0,2, Kr) =0 VT, 2F, K.

Assumption 1.5(1) states that in each occupation there is a range of hours, labor market ex-
perience and individual characteristic for which the employers hold different belief about men and

women, Assumption 1.5(2) states that an input of zero hours produces zero output.



Lemma 1.2 Under Assumption(1.5), yr+(ht, Hi—1,2%), B, and 7, are identified, and there are at

least two over-identifying restrictions.

Proof. of Lemma 1.2.
This result is established by proving the following (all the differences are taken with respect to
gender).

(10) 677— — A Et[di’bvt[nTtSnT”hntywnt]
A th-l-l(hnt;wmt)

fne Ey[dnt Lt Sinrt| Pt Wit
. hn P K’T _ b tYntdnrtintt|!int, “nt on\ dn
Y t( tjznt? t) /0 { |: Et[dntInTt‘hntawnhi] \

B /hnt {a |:A Et[dntInTtSnTt|hnt7wnt]
0 A Pri1(hnt, Wnt)

(11) } \ah} dh

for i € {m,w} and

hint Ey[dnt Lnrt Sinrt|Pont, Wi Ey[dnt It Sinrt | Pt W]
. = 8 t|UnttnTtPintt|int, nt:| 8h} dh — tUntinTtPinTtt|/int, 'nt }
v {/0 { I: By [dntInTt|hnt7 Wnit, 7/] \ E; [dntInTt ’hnt’ Wnt, Z]

hane A Et[d iLnrtS t’h 1, W t] A Et[d iLnrtS t’h 1, W t]
12 _ 9 2 nttOntt|Mnt, Wn on\ dn — 2 nrtOnTt|Mnt, Wn
(12) {/o { [ A Dr 41 (Pnt, Wnt) } \ } A Dr 41 (Pt Wnt) }

fori € {m,w} and where & Ey[dniInrtSnrt|hnt, wnt] = Ej [%}fd”:f;;:jm;jf;ggﬁ - %j‘f’;j;;jg:ﬂjg#] .

Applying the results from Chesher (2007), all these parameters are identified because data is
informative about pir t+1(hnt, wnt) by part (3) of Proposition 3.1. Note that the two over-identifying
restrictions come from equations(11) and(12). There is one parameter to identify for each occu-
pation, however, there are two equations (one for each gender) for each occupation.

From part one of Proposition 3.1, the zero-profit condition implies that

(13) Et [dntInTt(SinTt - yrt(hnta 257 KTt) + Yr— dnt+1InTt+1/377)’hnt7wnta Z] =0.
Rearranging and noting that

B [dntln‘rtdntJrlInTtJrl |hnt7 Wnt, Z]
Et [dntInTt|hnt7 Wnt, Z] ’

(14) Dirt+1(hnt, wnt) =

we can write the zero-profit condition as

by [dntInTt SinTt | hnt: wnt]
by [dntInTt | hnta Wnit, 7/]

(15) = Yrt(Bnty 207, Kont) — 77 + BY+Pir t+1(hnt, Wit ).

Taking the difference between equation (15) for men and women and rearranging gives equation



which is well defined by Assumption 1.5(1). Substituting equation (10) into (15) for men and

women gives the following system of equations.

Ey [dnt Inrt Sim’t |hnt Wnt]
16 Pg, 25 Krg) — 7 = ’
( ) yTt( nt) “nt T ) T Et[dntln‘rt|hntvwnt7i]

B A Et [dntIn‘rtSn‘rt‘hnta wnt] X 5i7t+1(hm‘a Wnt)
A ﬁ‘rt+1 (hnta wnt)

, i ={m,w}

Differentiating equation (16) with respect to hours and then integrating,

h

nt E [dntIn‘rtSinTt|hnt wnt}
ot (hnts 25 Knt) = yri(0, 25, K . ’ ht dh
rtlfont: Zns, Kort) yrt(0: 2, Kort) +/0 {3 [ Ei[dntInri|hnt, wnt, 1] \d

hnt
(17) _/ {a |:A Et[dnt[nTtSnTt|hnt7wnt]:| \Gh} dh
0

A ﬁTt-‘rl (hnt7 Wnt)

and by Assumption 1.5(2), we have the lemma’s results. By substituting (17) into (16) and rear-
ranging, we obtain the final equation in the lemma. m

The two over-identifying restrictions allow to test the restriction that there is no difference in
productivity between men and women. The main identifying assumption in Lemma (1.2) is that
there is a difference in future participation probability between men and women. An alternative
assumption is the there is a difference in future participation probability of different cohorts for a

given gender.

1.0.3 Identification of the Utility of Non-market Time

In the literature on the estimation of dynamic Markovian games, it is standard to use time-series
data to estimate and identify models. We extend this approach to a panel data setting, considering
age—education cohort partition of data generated by a single path of play, exploiting, therefore,
the information contained in the repeated observation of the same players in the cohort partition
along the path of play. Because different cohorts may be playing different equilibria, we also have
variation across cohort partitions. Below, we formalize the equilibrium selection discussed in the

previous paragraph.

Assumption 1.6 (Equilibrium Selection) Conditional on the time invariant component of 2,

the data for each age—education cohort is generated by only one equilibrium.

This assumption rules out the possibility that for any given age—education cohort and the time
invariant component of 2/, the time series data is generated by a mixture of two or more equilibria.

Let us redefine the primitives of our problem as follows. The per-period utility is

ui1(1, 2nt) for k=0

(18) Ukit(wWnt) = wio(2t, Cp) Fwin(le, ze) +n e D>, IrgSirt(hpt,wiy) for k=1
re{P,NP}



We can write the ex-ante value functions more concisely as
(19)

T
Vkit(wnt) = (h {Im?%{ }T Et Zﬁsjt{ds[Ulis (wns) + 51ns] + (1 - ds)[UOis(wns) + 50ns]} | dt =k
SIVTSfr=1Ss=t s=t

Our game differs in two important dimensions from the games typically estimated. First, in
our model, employers learn and update beliefs based on the complete history of workers’ behavior.
Second, the state variables do not have discrete support because labor-market experience has con-
tinuous components. Using the stochastic finite state dependence property of model, we show that
our model is identified.

Equation (15, paper) and Lemma 1 of Hotz and Miller (1993) imply that:

(20) Viit(wnt) — Voir(wnt) = Q7 (pit(wnt))-

Proposition 1 of Hotz and Miller (1993) also states that there exists a mapping ¢y, : [0,1] — R,
that measures the expected value of the unobservable in the current utility, conditional on action
k € {0,1}. That is,

(21) 1 (Pit(wnt)) = Elent | wni, dyye = K.

(s)

To set some notation, let w;,,” denote the state in period t+s if, at time ¢, the k" option is taken—

that is, d; = k—and the sequence of decisions for the next s periods is dkg +1) (Wit1), - dz,(:i? (Wits)-

Denote by péiz, the probability that d;+s = 1 conditional on wl(ct), i.e. pgi E [dt+5]wkt }

Equations (14, paper) and (25, paper) are necessary conditions and therefore must hold in all

s=1

p(wnt)
equilibria. { Pit(Wnt), {pé‘:z, pﬁjﬁ} } , and the distribution over which E; is taken, are the
i=w,m
only elements which differ across the different equilibria. These elements are conditional expecta-
tion functions and, given Assumption (1.6), can be recovered from the data; therefore, they are

identified.! For the purpose of the identification of the utility of non-market hours, we can treat

(wnt)
{pit(wnt), {pézz,pglz}p wl ' } as known. Denote by 79 A7 and S%.,(hnt,w,) the shadow prices
= i=w,m

and salary schedule under the true equilibrium in the data, respectively. The true probabilities

o(s o(s plwnt)
under the true equilibrium in the data are denoted by {p;?t(wm), {pogt),plgt)} ' } , and

s=1
define
Yiine = npA? Z In‘rtsm—t(hnt7 nt) + p(ﬁt)ﬁs {900 (pogt)> — %o (ptl)z('tS))
+p0§t) [Q_l (P o )) +¥1 <p07(jt)> — %o (pOEt))}
(22) —pie {@7 (P1)) + o0 (P1)) =00 (1) }} — Q7 (o)

'See Haavelmo (1944) for detail.



and

o(s)
X 0SY (hngywiy)  PLne) 9o (it
Yiont = 77?)‘? Z Liprt wt( t nt) - Z s ( )

=1 Ohy =1 Ohy

B (1) + (52) 0 (47)]

o) [ 0] o ()~ 012

Because n2 A7, S, (hnt,w?,), F(eot, €1¢), and [ are treated as known, Yji1,,¢ and Yo, can be treated

Tt
as observed data.

The following Lemma establishes necessary conditions for equilibrium,

Lemma 1.3 In all the equilibria, the following system of equations holds.

Yitnt = win(1, zne) — wio(2t, C;) — wit (Ints 2nt)

p(wnt)
24 + 5% lu; 1,2(‘;) — U 1,z(‘;) +&in
( ) 52:31 [1< 1t> 1( Ot)} 1nt

(s)

8ui1(lnta Znt) Plent) il (1’ Zlnt)
2 Yion —_—— — Sl ——% on
(25) 2nt Ohy 8221 Ohy + Eiont

where z,(;'l)t denote the worker’s type and labor experience in period t + s, if, at time t, d; = k, and

the sequence of decisions for the next s periods is dzgiol) (Wet1), -y dzgﬂ) (Wits): B2l intlwnt] =0
and EP[Eioni|wnt, dne = 1] =0 for i = {w, m}, and E{ is taken over the actual equilibrium played.

The formal definition of the residual &1, and &;5,,; are in the proof .

Combining equation (14, paper), equation (20), and equation (21) with the ex-ante value func-

tion (13) allows us to write the ex-ante equilibrium value function for any initial state wo:

p(wo)

Viit(wo) = Ugit(wo) + Ei { 2 p* [UOit+s (%&?) + %o (101(:135)

o {7 (52) + 1 (32) — 90 ()]
+ prleot [%it+P(w0)+1(wP(w0)+1) + @0 (pl(v%wom))

6) gL (0 g (DY gy (e 0) )]

A proof of this representation can be found in Altug and Miller (1998).
Next, we characterize, using 20 and 26, the necessary conditions for equilibrium (participa-

tion and hours) in equations (14, paper) and (25, paper). First, we characterize the equilibrium



relationship from (14). Substituting (26) into (20) gives equilibrium:

p(wnt)
Q ' (pi(wm)) = Uit(wnt) — Uoit(wnt) + By { > B |:U0it+s (w(()i)) — Ubit+s <w§i))
s=1

o (ph)) = 2o (p52) ] + 260t [Q77 (#622) + 01 (P632) — 20 (o1))
(27) —pli |7 (p1) +en (p) — 00 (#13) ] }
Note that all the elements from period p(wyn:) + 1 onward are the same irrespective of whether

action 1 or 0 is taken today by finite state dependence. Hence, they fall out of the above equation.

Similarly, using equation(26), the necessary condition for equilibrium hours can be rewritten as

_l’_

Ohyt Oht

Ohy

o) - {p(%n)ﬂs OUoit+s (wgi)) g <p$2)]

+ B0 [t (o42) + o (552) — 0 (1)
(28) oy @ () + g h(tpiii) 0 (#5))] }

Note that again, by finite state dependence, all the elements from period p(wp:) + 1 onward fall out
of the above equations.

Proof. Define the errors as

Sitnt = p(:;n;)ﬁs |:U0it+s (%%?) — Uoit+s (WS)H +p8§f) [Qil (p(o)z('tS)> + ¢ (pggf)) — %o (pggts)ﬂ
—ﬁ?p1@$U+w@$0—%@ﬁﬂ—@{Eﬁwﬁmﬁ@$y4mﬂxﬁw]
#0050 | @7 (005)) + o1 (605)) = 0 ()] — 225 (@7 (83 + 1 (9) = 0 (#55))]

and

. v () o) "
@w?ﬁ”wiwhmﬁﬂr%HW@mw@m@WWH

o0 () + o1 (i) 0 ()] {”“z"” > FUO@‘HS (A7) | 20 (pﬁii)]
Bt

(s)
P o, o, o,

Lt —1 (o) o(s) _ o(s)
[0t () 4 0 (1) - 0 ()] + 510 o (i) + *Dalgp ) 0 () }

8



Given these definitions, the result follows immediately. m

Note that the data is informative about Ef under Assumption (1.6). The identifiability of
the structural functions depends on whether these functions can be deduced from knowledge of
E?[Yitnt|wnt) and EP[Yiont|wnt, dnt = 1]. The following lemma establishes the main identification

result.

Lemma 1.4 Under Assumptions (1.2)-(1.6), uoi(znt,(;) is identified up to an additive constant,

and wi1(Int, znt) s identified up to an additive function of zn;.

The above Lemma implies that the levels of non-market-hours utility are not identified, but the
marginal utility of non-market hours is identified.
Proof of Lemma 1.4.

To establish the results, we prove that

1 [l OE; [Yitnt|wn
9) o ) = v — B Viadhond + 5 [ { B¥lWanahon] + P20ttt} g
0

oh
and
1 fint OE? Yv@ nt|Wn
(30) illan 20) = Caten) + 5 [ { eVl + P02 a,
0
where

o J P () (s)
Crit = B} 21 B {Uil(lv Z1) — wir (1, Zom)}
S=

and Coi(2znt) = ui1(1, znt). By applying the results from Chesher (2007) and using the above results,
we obtain our functional ! (Fy x).

Taking expectations of equations (24) and (25) gives

(31) E?[Yitnt|lwnt] = wi1(1, 2nt) — wio(2ne, Cp) — w1i(Lry, Znt)
Wnt

o o ) S (8) (S)
+EVL >0 Bluian (1, 215) — wi(1, 2,1}

s=1
aUIi(l;t, Znty Hntfl) Eo {,D(UJZM) uil(l) Zsl)ta Hl(fz)sl)] }
- -
Ohy

(32)  Ef[Yint|wn] =

Ohy

s=1

Note that zgi)s_l is a function of h,; while z(()gs_l

is not. Hence, taking the derivative of (31)

with respect to h,; gives

OB Vitntlwne]  Oust(%y, ) pont)  [uy(1,28)
= — E° s 2 ) 7ind/
(33) s o TEY T o :




which implies that

- B {pmnt) [uuu,zﬂ)] } _ OB} Ywlwn] |, Oun (5 2nt)

ahnt ht

Substituting (34) into (25) gives

Ouin (l;;ta Znt) . 6Eto [mlnt|wnt]

(35) Et [YiZnt’wnt] =2 aht 8hnt

Rearranging, we get

8uil (l;ty Znt) _1 { aEf [}/ﬂnt |Wnt]

(36) — = Bl

e : + B Vol |

Integrating up to h, gives

. 1 [t (OB [Yitnt|wn .
(37) i 2o = vtz — 5 [ { P Bl | an
0

Let
p(wnt)

Ciit = EY { >, B |:u1i(]-az§i)) - uil(laz((]i)t)] } ;
s=1

then substituting (37) into (31) and rearranging gives

1 [ OB} [Yiint|wn
38 wiContsG) = Cun = EilYiamlon] + 5 [ { Bl + 2l
0

and we obtain the result in the Lemma. m

2 Estimation
2.1 Estimation of Consumption and Earnings Equations
In the first step, we use the Euler equation for consumption to form the moment condition:

8“22' (Cnta Tnt, E2nt, 00)
acnt

(39> = nn)‘t-

Here, we are assuming that the functional form of us() is known up to a finite-dimensional parameter

vector, 6.. Recall that we assume that
U2 (Cnt, Tnts E2nt, Oc) = exp(y, By + €ant) oy / cv.

Let A denote the first-difference operator. Taking the logarithm of each side of this expression,

differencing, and rearranging implies

10



(40) (1—a) " Acops =Aln(cn) — (1—a) P Azl By+ A1 —a) tn(y).

Let O, denote the (K + T — 1)-dimensional vector of parameters to be estimated, defined as

(1 — 04)7134
A1 —a) TIn(Ae
o | A0 m0)
A(1—a) tn(A7)
We also define Y;, = (Aln(cp2), ..., Aln(e,r)) as a vector of endogenous variables and Z¢ as the
exogenous variables:
A:L‘,In2 D2 “e. 0
ASL‘%T 0 e DT

where D, denotes a time dummy for ¢t € {2,...,7}. The assumptions in Section 2 imply that
the unobserved variable €5, is independent of individual-specific characteristics. Therefore E((1 —

@)t A egpt | Tnt) = 0. Using equation (40), one can obtain a set of orthogonality conditions,
E [(Yn - Zfz®<:> Zfz] =0,

that can be exploited to estimate ©. using an optimal instrumental-variable estimation technique.
We use a traditional fixed-effect estimator to estimate (1 — a)~*In(n,,). Let T} be the number

of time periods for which the marginal utility of consumption equation is estimated. Let

(41) (1—a) " n(n,) =Y [n(enr) — (1 — )2}, Ba+ (1= ) ' n(\)] /Th.

teTh

The fixed-effects estimates of (1 — «)'In(n,,) are obtained as the simple time averages of the
estimated residuals of the consumption equation, which correspond to the sample counterparts of
(1—a)~!In(n,,) defined above. In order to form the sample counterpart of (41), we need an estimate
of {(1- a)*lln()\t)}gl. From the estimate of ©., however, we can only obtain estimates of
{A1-a)™ ln(Ag)}tTiQ. This requires us to make the additional assumption that E,[n,, | znt] =0,
where E,[.] is the expectation operator over individuals. This assumption enables us to obtain an

estimate of (1 — a)~!In(\;) as the sample analogue of
(1—a)tIn(\) = -E, [In(cp1) — (1 — a)fla:;ﬂBzd :

We now have estimates of {(1 — a)™* ln()\t)}il and (1 — a)~!In(n,), enabling us to recover « in

the third step of our estimation.

11



Next, we turn our attention to the estimation of the earnings equations. Let d;,;¢ = It X dpg.

The following transformed zero profit condition holds (see Appendix B.2 in the paper for details):

— P - ~ ~
(42> Et[SinTt - Krt - blrhrnt - bQTh%m: - Z b3’r”7'h‘7'7’bt—7' - 27/3:1 b’7'47‘d7'7lt—7’ - Zrnt,BST
r=1
_dmﬁ+1[n7't+1/8/77-‘{w;t\yn}a ia dntI’Vth = 1] =0

where ™ denotes deviations-from-time means and let by = (b;1,br2,bra1, ... ,bT4p).

Let ©,,, define the vector of parameters to be estimated as ,

by
BT5
o _ B+
T Koy
KTT
We also define Y, = (dmlgml, e meng)’ as a vector of endogenous variables and X, as the
exogenous variables,
o Dy ... 0
XnT = . )
., 0 ... Dp
where %{rnt = dn'rt(hrnta h?—ntu Prnt—1s- -, tht—pv rpt—1y- -+, d’rnt—p, Zrnt, dnt—i—lInTt—i-l)' Letting Z;,

be the matrix of conditioning variables and using equation (42), one can obtain a set of orthogonality

conditions:

E [(an - XnT@wT) Zn] =0,

which can be exploited to estimate O, using an optimal instrumental-variable technique. The
aggregate effect and fixed effect in the earnings equation are estimated in a similar way to those in

the consumption equation.

2.1.1 Conditional Choice Probabilities and Beliefs

There are five inputs of equations (24)—(25) to be estimated before we can form the empirical
counterparts of Y1+ and Yjo,:. First, Y;1,,: is a function of the equilibrium salary schedule, which
is a function of the employers’ beliefs. These beliefs will be estimated nonparametrically. Second,
Yiont is a function of the derivative of the equilibrium salary schedule with respect to current
hours; we estimate this derivative nonparametrically. Third, Y;i,: is a function of the current
conditional choice probabilities, p?nt(wm), which we will also estimate nonparametrically. Finally,
(s)

Yi1nt and Yjo,: are functions of pzmt and their derivatives, respectively, which will also be estimated

12



nonparametrically.

Estimation of the Equilibrium Beliefs and their Derivatives The equilibrium beliefs for
each occupation, p;nr+11, are computed as a nonlinear regression of the product of next-period
participation and occupation choice index, dn¢4+1 X Inrer1 on today’s public information variables,
2P, work histories, H,;—1, and hours worked, h,, conditional on working today in occupation
7. Let Xp = (25, Hut—1, bty vn, Gendery,) and NY;,-¢_1 be the total number of years worked in
occupation 7 up to period t — 1. Only two occupations are used in the estimation, so 7 € {1,2}.

The labor-market history used in this paper is defined as
(43) Hpt—1 = (NYn1e—1, NYnor 1, dnt—3In1t-3, dnt—31n2¢ 3,
ooy g1 Ine—1, dpg—1In2t—1, hnt—3, -+, hng—1)

Let J1[6]x (Xt — Xpvs)] denote a kernel where 0y is the bandwidth associated with each argument.

The nonparametric estimate of p;,,+11, denoted ﬁ%ﬁ 11, is computed using the kernel estimator:

ZTJX:Ln’;én 23;11 'in’dn’s+1In’Ts+1dnsIn’7—sJ1 [51_]%7(Xnt - Xn’s)]
Z’r]:{:l,n’yén 23;11 in’dn’sIn’Tsljl [5I]%7(Xnt - Xn’s)]

(44) 5%7—15-1-1 =

The derivative is then estimated using the standard nonparametric derivative kernel estimator
(see Pagan and Ullah, 1999).

Estimation of the Conditional Choice Probabilities The estimation of the conditional
choice probabilities requires us to be more specific about the state variables. In contrast to the
beliefs, the conditional choice probabilities are defined from the workers’ perspective and not the
firms perspective. From the estimation of the consumption equation, 7, A; is known up to a pro-
portionality constant. The elements included in z,; are number of individuals in the family unit,
number of children younger than three, number of children between three and fourteen, age, years
of completed education, marital status, spouse’s years of education (if married), and gender.

The conditional choice probabilities, p;,:, are computed as nonlinear regressions of the partici-
pation index, d,, on the current state, w’, = (zne Hnt—1, nNANY | where the N superscript denotes
an estimated quantity. We denote by J [6 N (wﬁft — wﬁ s)] the kernel and by dn the bandwidth
associated with each argument. The nonparametric estimate of p;,:, denoted by p%t, is computed

using the kernel estimator:

ZT]X:Ln’;ﬁn S s o' (whi — wib)]

(45) Pint = —
m 25:1@/;@ 23:1 intJ [5N1 (wnNt - wr’f/s)]
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2.2 Estimation of the Finite-State Path Probabilities and their Derivatives

Recall that p,(csz% =F [dt+5]w§:t)] hence it can be estimated as nonlinear regressions of the participa-

tion index, d,;, on the hypothetical state, w,(wgiv , conditional on d,(wft = 1. Specifically,

(46) oy Tomtn Ty indwpdh, T (05t (il =, )|
Piknt = S o o id ) T [5&1( (W _w%)} :

To evaluate the term 8p2(§31t /Ohnt, which appears in the definition of Y;o,, define

(47) fi(f%t = fa (wgi)t | dntrs = 1)

(s)

to be the probability density function for wj, ), conditional on participating at date ¢t + s. Likewise,

let fi(s fi (W1 t) be the related probability density that is not conditioned on participating

in period ¢t + s for s = 1,...,3. Denote their derivatives with respect to hy, by f;l(fl)t and f;(i),
respectively. We can then show that

i _ | Fie fiff’
(48) 8h1 A (1S)t — it pg‘;)t, s=1,...,3.
nt filnt fmt

We derive this expression using the representation of pgfgn as pgfglt = Pr (dnt+s =1 wg‘;)t> =
Pr(dpi+s =1)f (1Sr)zt fmt Differentiating this expression with respect to h,; yields the above expres-
sion. The nonparametric estimates of fl-(ls )t and f(sz are defined, respectively, as the numerators

(s)N

and denominators of p;;7, in equation (48). The estimates of f;;,; (S) and f;‘:) are obtained from the
derivatives of the estimates, fum and f; (s),N , with respect to A, (Pagan and Ullah, 1999).

int

2.3 Estimation of the Final Stage

Note that from the second step, we have estimates of b1, br2, 5,7,, and all the other parameters

of the production function. In addition, from the first step, we have an estimate of ¢,,,

G = (1 — )" In(n,Ae).

(s)
The third step yields estimates of pys, pg‘gt, [ %I;;;;t, and %. Substituting these into

equations (34, paper) and (35, paper), we can form the moment conditions:
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M
Mont (®u7 @((:N)’ @gN)a w(N)) = €exp ((1 - a)¢£1]tv)> Z Inrt[yTt(hnta ZZZ‘J 0( )) (N) + 5/}/7 ﬁfzjﬂ\'ft)Jrl]

T=1
(s)(N)
(V) /(1 = pt) - 1-pipe
+oln [pnt /(1 Pt )} g (1 (S)(N)>
DPont
= 2
49) Tt Z Kisdi—s + 2Byt — wthi B — 0oi (1= 1) — 3 Osihu(li—s + B°)
s=1 s=1
and
14 R -19 (s)(N) 9
M1t <@u’ o¢), o, w(N)> = duqo 2P (1 - pgn)t(N)) Pint 31 Biy — 200l + 3 Osilli—s + %)
s=1 3hmg =1
M a%N)
(50) exp ((1- a)oly”) > dprt 08 + 2685 B + V) %’Zt*l]},
=1 nt

where ¢(N) — ((N) ($)N) | ()(N) ~N)

Dot sPont > Pint > Pyrt +1) are the nonparametric second-step estimates and
Oy = (0,0,5,(1,...,Cp, B1,B2,00,...,0,, k1, ..., kip) are the structural parameters left to be esti-
mated.

There are now two sources of errors in evaluating the sample counterparts of (49) and (50). The
first is the forecast errors from replacing the expectations of future variables with their realizations.
The second is the approximation error that arises from replacing the true values of the conditional
choice probabilities, conditional expectation, and time-invariant individual-specific effects with their

estimates. Let us define the 2 x 1 vector
mane (00,00, 0, 5 M) = [imayy (0,0, 0M) pM)) gy (@,,00, 0, ™)

and let T3 denote the set of periods for which the hours and participation equations are valid.

Define the vector
min) (04,60, 0,y = <m4n1 (000,00, ™)' iz, (€.,00, 00, W))')/
as the vector of the idiosyncratic errors for a given individual over time. Define

N [mm (040,00, 4™ ) iy (€, 60, 0, () ]

(V)

. The off-diagonal elements of €2, ,’ are zero because

!
E, [mw (@u, oW, @gN%qp(N)) —— (@u, oW, 9§N>,¢<N)> } —0forr#1t,r <t
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(N)

nt  associated with the individual-specific errors,

The 2 x 2 conditional heteroskedasticity matrix 2
Mant (@u, @f;N) , @éN), w(N )>, is evaluated using a nonparametric estimator based on the estimated

(N) (V) The

1u ,@gN), @éN),wN )>, derived from an initial consistent estimate of O,

moments, Mant <@

optimal instrumental-variables estimator for @q(LN) is

S miY) (0,0, 07, 40 (M) Tl (6,007, 6, 4™
- .

(51) 6N = argnéin

2.4 Asymptotic Properties

It is well known in the econometric literature that under certain regularity conditions, pre-estimation
does not have any impact on the consistency of the parameters in the subsequent steps of a mul-
tistage estimation (Newey, 1984; Newey and McFadden, 1994; Newey, 1994). The asymptotic
variance, however, is affected by the pre-estimation. In order to conduct inference in this type of
estimation, one has to correct the asymptotic variance for the pre-estimation. The method used for
correcting the variance in the final step of estimation depends on whether the pre-estimation pa-
rameters are of finite or infinite dimension. Unfortunately, our estimation strategy combines both
finite- and infinite-dimensional parameters. Combining results from two sources (Newey, 1984;
Newey and McFadden, 1994), however, allows us to derive the corrected asymptotic variance for
our estimator.

Following Newey (1984), we can write the sequential-moments conditions for the first- and

third-step estimation as a set of joint moment conditions:

(Y, — Z,0.) Z¢
(Yn1 — X12Ouwp) Zn
(Yn2 — XanOenp)Zn
m4n(@m O¢, O, ¢)

mn(@m 607 @ea ¢) =

i

where (Y, — Z,0.) Z{ is the orthogonality condition from the estimation of the consumption
equation, (Y, — X:Oyr)Z, is the orthogonality condition from the estimation of the earnings
equation, and Mg, (0, O, O, ) is the moment condition from the third-step estimation. Let
© = (04, 0.,0.), with the true value denoted by ©¢. Note that each element of 1 is a conditional
expectation. Redefine each element as 17(27) = f,;(27)E {cﬂl% | zj}, where th = [1,d,]) for the es-

mn

timation of py;, let = [dlgrn)t, dgn)tdm]’ for the estimation of pg;zt, and Jflt = [dyrt, dnrtdpris1) for the

. ‘ N ,
estimation of Pprey1. Therefore, (V) (27) = + > & Jsy (27 — 2}). The conditions below ensure
n=1

2
that w(N ) is close enough to v, for N large enough, in particular that VN qu(N ) — T/)OH converges

to zero.

A3: There is a version of 1y(z) that is continuously differentiable of order k, greater

than the dimension of z and ¥,y(z) = f.(2) is bounded away from 0.
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®k>.

s

A4: [ J(u)du =1 and for all j <k, [ J(u) (

u | du = 0.
1

A5: The bandwidth, 0, satisfies ]\Hﬁvdim(z)/(111(]\7))2 — o0 and N§3F — 0.
AG6: There exists a ¥(w), € > 0, such that

IVemn(w.0,1) = Vema(w.B0, )| < ¥(w) [0 = B0l + ¢ — oll]

and E[¥(w)] < oo.

A7: ©W) — Oy with ©q in the interior of its parameter space.

A8: (Boundedness)

(i) Bach element of m,,(©,1)) is bounded almost surely: E[||m,(0,4)|*] < oo;

(ii) E(Z),Zy,) < 00, E[X],Z,] < 00, Elexp((1—a)¢,;)] < 00, E[znt] < 00, E[Yri(hnt, Hni—1,
2, 0e)] < 00,7, <00, E[Vh,,Parit1] < 00, E[Xp] < 0o for 7=1,2;

(1) e, 7y Prrtsn, € (0,1), for k € {0,1}, r =1,...,p, and 7 = 1,2;

(iv) E[Vif,i(27)] < 0o and E[V,E[d, | 27]] < oo;

Theorem 1 Under A1-A8 and ®(w), defined below,
VN (6™~ 0) = N(0,5(6)),

where

5(00) = E[Vem()2 Vem,(w)] "

x E [V@mn(w)le {mp(w) + @(w)} {mp(w) + &(w)} Q#V@mn(w)']
x E [V@mn(w)lev(amn(w)'] -

Assumptions A3—-A8 are standard in the semiparametric literature, see Newey and McFadden
(1994) for details. One can now use Theorem 1 to calculate the standard errors for all the parameters
in our estimation.

The proof of Theorem 1 follows from checking the conditions for Theorem 8.12 in Newey and

McFadden (1994).
Proof of Theorem 1. We first check the various boundedness requirements of Theorem 8.12
in Newey and McFadden (1994). By assumption A8(i), we have that E[|m,(0,)|]*] < co. It is
obvious, from inspection, that m,,(0,) is continuously differentiable in © and by A8(ii-iv) that
EVem,(0,v)] < co. Additionally, V y,my (0o, 1) is bounded: E[||V yymy, (o, 1y)]|] < oo.

Second, consider a point-wise Taylor expansion for the j** element of m,,,

m! (W, ) = m(w,1h) + Vym! (w,10)(%(2) = 1o(2))
+ ((2) = ¥0(2)) Vgum? (w, ) (1 (2) = 1o (2)) + o[ (2) = o (2) 1),
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where the norm over ¢ is the sup-norm. Next, note that

| (w, ) — m7 (W, 49g) Vyrm? (w, o) ((2) — o(2 ))\
< |l (2))' Vapm? (w,4h9) ($(2) = (2))]|
+o<Hw<z> —o(2)[1%)
<l = ol |V (w, 4ho) || + oIl — tol?),

using the triangle inequality and the Cauchy-Schwartz inequality. Therefore, for ||¢) — || small

enough,

m! (w, ) —m! (w, 0) — wm'w, 0 z) —Y(2))| < — Yy wwm'w, o)ll -
| (w, 1) = m (w, 1) = Vi (w, 1) (¥(2) = (2))] < [ = ol | Vs (w, 0) |

So that

[m(w, 1) — m(w, o) — Vym(w, o) (W(2) — ()l < 1 — oll® [ Vyypm(w, to)l
[m(w, ) — m(w,1g) — Vm(w,1)( < e = ol IV ppmiw, o) |

<
—~
N
~—
|
<
o
—~
N
~—
_

Hence I'(w, 1 — 1g) = Vym(w, ¥g) (¥ (2) —1o(2)) and ¥(w) = ||Vyypm(w, ). It follows that both
I'w, ¥ — 1) and ¥(w) are bounded from the boundedness conditions established above.

Next we establish the form of the influence function. Note that we have
[T o) = [ LBV m.v) | o) d:

= [,

where v(z) = f.(2)E[Vym(w, 1) | 2]. So, by the arguments on page 2208 of Newey and McFadden

(1994), we have the influence function for m(w, p™)):
dw) = v(z)—F [U(z)cﬂ
= LEEBVymw, o) | 2] = B |£(2)EVym(w,vy) | 21d]

Again by the boundedness of Vm(w, ), it follows that [ ||v(z)|| dz < co. Finally Assumption

A7 guarantees that the Jacobian term converges. m
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