
Online Appendix to Estimating a Dynamic Adverse-Selection
Model: Labor-Force Experience and the Changing Gender

Earnings Gap 1968�97.

George-Levi Gayle and Limor Golan
Tepper School of Business, Carnegie Mellon University.

January 30, 2011

Abstract

This Appendix contains details on identi�cation, estimation, and asymptotic properties of

the estimator.

1 Identi�cation

Given panel data, fant; znt; cnt; zPnt; Sntg
N;T
n=1;�2fP;NPg;t=1, where n indexes individual and t indexes

the year, we outline our identi�cation strategy below.

1. We show that under standard regularity conditions on ui2(ct;xt; "2t), if it is multiplicatively

separable in "2t; then the standard independence assumption between zt and "2t allows us to

identify ��t up to a proportionality constant.

2. Assuming that zPt is fully observed by the econometrician, we show that, under standard

regularity conditions, the equilibrium salary schedule and � are identi�ed.

3. Let F1("0t; "1t) be the marginal of F1("0t; "1t; "2t). Given that Si�t(ht;!t), �, and ��t are

identi�ed, we show that u0i(zt; �t) and ui1(lt; zt) are identi�ed up to F1("0t; "1t) and two

additive constants. Putting 1, 2, and 3 together, we conclude that our model is identi�ed up

to F1("0t; "1t) and two additive constants.

The following assumption is used in the proof of all the steps above:

Assumption 1.1 The econometrician observes all the worker�s state variables except for the idio-
syncratic components "nt, the unobserved heterogeneity (in production) �n, and the worker�s mar-

ginal utility of wealth, �n .
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1.0.1 Identi�cation of the Marginal Utility of Wealth

It is well known in the literature on the estimation of consumption functions that the general form

of utility with risk aversion is not identi�ed without quantity and price data, which we do not

have. Therefore, we follow the literature and state su¢ cient conditions to obtain identi�cation of

the marginal utility of wealth. We state the conditions below.

Assumption 1.2 The marginal utility of consumption has the following form.

(1)
@ui2(cnt; xnt; "2t)

@cnt
= exp(u2c(cnt)) exp(�u2x(xnt)) exp(�"2nt):

Assumption 1.3 1) E["2tjxt] = 0 for all n and t. 2) En[log(�n)jxnt] = 0.

Assumption 1.4 1) xnt has a continuous element xcnt with continuous variation on its support
[xc; xc]. 2) exp(�u2x(xc; :)) = 0.

Assumption (1.2) states that the marginal utility of consumption is multiplicatively separable.

For example, both the class of constant absolute risk aversion and the class of constant relative

risk aversion satisfy this assumption. Assumption 1.3(1) formally states that the error is mean

independent of xnt with expectation zero. Assumption 1.3(2) is the standard normalization needed

in a panel data model in order to recover the level of the time component. Finally, Assumption

1.4(1) states that at least one variable with continuous variation on its support is required, and

Assumption 1.4(2) is a boundary condition. Assumption 1.4 can be replaced with a parametric

assumption on the function u2x(xnt).

Lemma 1.1 If u2c(cnt) is known, and assumptions 1.2�1.4 are satis�ed. Then �n�t is identi�ed.

Proof. Using the functional form assumption in (1.2) the Euler equation is therefore:

(2) exp(u2c(cnt)) exp(�u2z(xnt)) exp(�"2nt) = �n�t:

Taking the log and then �rst di¤erence of equation (2) and rearranging gives us

(3) �u2c(cnt) = �u2x(xnt) + � log(�t) + �"2nt

By assumption 1.3(1), then,

(4) E[�u2c(cnt)jxnt; xnt�1] = �u2x(xnt) + log(�t)
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Taking the derivative of E[�u2c(cnt)jxnt; xnt�1] with respect to xcnt and xcnt�1, respectively, and
integrating back up to xcnt and xcnt�1, respectively, gives

u2xi(xnt) = u2x(xc; xc0nt) +

Z xcnt

xc

�
@E[�u2c(cnt)jxnt; xnt�1]

@xc

�
dxc(5)

u2xi(xnt�1) = u2z(xc; xc0nt�1) +

Z xcnt�1

xc

�
@E[�u2c(cnt)jxnt; xnt�1]

@xc�1

�
dxc�1;(6)

which by Assumption 1.4(2) and from Chesher�s (2007) results is identi�ed. Therefore

� log(�t) = E[�u2c(cnt)jxnt; xnt�1]�
Z xcnt

xc

�
@E[�u2c(cnt)jxnt; xnt�1]

@xc

�
dzc

+

Z xcnt�1

xc

�
@E[�u2c(cnt)jxnt; xnt�1]

@xc�1

�
dxc�1(7)

and, by Assumption 1.3(1),

(8) log(�1) = E[�u2c(cn1)jxn1]�
Z xcn1

xc

�
@E[�u2c(cnt)jxn1]

@xc

�
dxc:

Hence, �t is identi�ed. Finally, by Assumption 1.3(2), we have

(9) log(�n) = Etfu2c(cnt)� log(�t)� u2x(xnt)jxntg:

Using Chesher�s (2007) result and the fact that u2c() is assumed known, we use the results from

equations (7), (8), and (9).

1.0.2 Identi�cation of the Equilibrium Salary Schedule

Next, we establish the identi�cation of the equilibrium salary schedule. First we will carry out

the analysis assuming that all the element of zPnt are observed by the econometrician. The modi-

�cation to include unobserved (to the econometrician) individual speci�c e¤ect requires additional

functional form assumptions. These assumptions are made in the estimation section where the esti-

mation and identi�cation are illustrated using standard linear panel data methods. We will derive

the result under symmetric information, but the proof goes through under asymmetric information

by replacing !t with !�t :

Assumption 1.5 There exist observable characteristics, !t; on a set of positive measure, such that

1. M ep�t+1(ht; !t) = epm�t+1(ht; !t)� epw�t+1(ht; !t) 6= 0 _�

2. Y� (0; z
P
t ;K�t) = 0 _� ; zPt ;K�t:

Assumption 1.5(1) states that in each occupation there is a range of hours, labor market ex-

perience and individual characteristic for which the employers hold di¤erent belief about men and

women, Assumption 1.5(2) states that an input of zero hours produces zero output.

3



Lemma 1.2 Under Assumption(1.5), y�t(ht;Ht�1; z
p
t ), �, and 
� are identi�ed, and there are at

least two over-identifying restrictions.

Proof. of Lemma 1.2.
This result is established by proving the following (all the di¤erences are taken with respect to

gender).

(10) �
� =
M Et[dntIn�tSn�tjhnt; !nt]

M ep�t+1(hnt; !nt) ;

y�t(hnt; z
P
nt;K�t) =

Z hnt

0

�
@

�
Et[dntIn�tSin�tjhnt; !nt]
Et[dntIn�tjhnt; !nt; i]

�
n@h

�
dh

�
Z hnt

0

�
@

�M Et[dntIn�tSn�tjhnt; !nt]
M ep�t+1(hnt; !nt)

�
n@h

�
dh(11)

for i 2 fm;wg and


� =

�Z hnt

0

�
@

�
Et[dntIn�tSin�tjhnt; !nt]
Et[dntIn�tjhnt; !nt; i]

�
n@h

�
dh� Et[dntIn�tSin�tjhnt; !nt]

Et[dntIn�tjhnt; !nt; i]

�
�
�Z hnt

0

�
@

�M Et[dntIn�tSn�tjhnt; !nt]
M ep�;t+1(hnt; !nt)

�
n@h

�
dh� M Et[dntIn�tSn�tjhnt; !nt]M ep�;t+1(hnt; !nt)

�
(12)

for i 2 fm;wg and where M Et[dntIn�tSn�tjhnt; !nt] = Et

h
Et[dntIn�tSmn�tjhnt;!nt]
Et[dntIn�tjhnt;!nt;i=m] �

Et[dntIn�tSfn�tjhnt;!nt]
Et[dntIn�tjhnt;!nt;i=f ]

i
:

Applying the results from Chesher (2007), all these parameters are identi�ed because data is

informative about epi� ;t+1(hnt; !nt) by part (3) of Proposition 3.1. Note that the two over-identifying
restrictions come from equations(11) and(12). There is one parameter to identify for each occu-

pation, however, there are two equations (one for each gender) for each occupation.

From part one of Proposition 3.1, the zero-pro�t condition implies that

(13) Et[dntIn�t(Sin�t � y�t(hnt; zPnt;K�t) + 
� � dnt+1In�t+1�
� )jhnt; !nt; i] = 0:

Rearranging and noting that

(14) epi� ;t+1(hnt; !nt) = Et[dntIn�tdnt+1In�t+1jhnt; !nt; i]
Et[dntIn�tjhnt; !nt; i]

;

we can write the zero-pro�t condition as

(15)
Et[dntIn�tSin�tjhnt; !nt]
Et[dntIn�tjhnt; !nt; i]

= y�t(hnt; z
P
nt;K�t)� 
� + �
� epi� ;t+1(hnt; !nt):

Taking the di¤erence between equation (15) for men and women and rearranging gives equation
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which is well de�ned by Assumption 1.5(1). Substituting equation (10) into (15) for men and

women gives the following system of equations.

(16) y�t(hnt; z
P
nt;K�t)� 
� =

Et[dntIn�tSin�tjhnt; !nt]
Et[dntIn�tjhnt; !nt; i]

� M Et[dntIn�tSn�tjhnt; !nt]� epi�t+1(hnt; !nt)M ep�t+1(hnt; !nt) , i = fm;wg

Di¤erentiating equation (16) with respect to hours and then integrating,

y�t(hnt; z
P
nt;K�t) = y�t(0; z

P
nt;K�t) +

Z hnt

0

�
@

�
Et[dntIn�tSin�tjhnt; !nt]
Et[dntIn�tjhnt; !nt; i]

�
n@h

�
dh

�
Z hnt

0

�
@

�M Et[dntIn�tSn�tjhnt; !nt]
M ep�t+1(hnt; !nt)

�
n@h

�
dh(17)

and by Assumption 1.5(2), we have the lemma�s results. By substituting (17) into (16) and rear-

ranging, we obtain the �nal equation in the lemma.

The two over-identifying restrictions allow to test the restriction that there is no di¤erence in

productivity between men and women. The main identifying assumption in Lemma (1.2) is that

there is a di¤erence in future participation probability between men and women. An alternative

assumption is the there is a di¤erence in future participation probability of di¤erent cohorts for a

given gender.

1.0.3 Identi�cation of the Utility of Non-market Time

In the literature on the estimation of dynamic Markovian games, it is standard to use time-series

data to estimate and identify models. We extend this approach to a panel data setting, considering

age�education cohort partition of data generated by a single path of play, exploiting, therefore,

the information contained in the repeated observation of the same players in the cohort partition

along the path of play. Because di¤erent cohorts may be playing di¤erent equilibria, we also have

variation across cohort partitions. Below, we formalize the equilibrium selection discussed in the

previous paragraph.

Assumption 1.6 (Equilibrium Selection) Conditional on the time invariant component of zPt ,
the data for each age�education cohort is generated by only one equilibrium.

This assumption rules out the possibility that for any given age�education cohort and the time

invariant component of zPt , the time series data is generated by a mixture of two or more equilibria.

Let us rede�ne the primitives of our problem as follows. The per-period utility is

(18) Ukit(!nt) =

8<: ui1(1; znt) for k = 0

ui0(zt; �t) + ui1(lt; zt) + ��t
P

�2fP;NPg
I�tSi�t(hnt; !

�
nt) for k = 1
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We can write the ex-ante value functions more concisely as

(19)

Vkit(!nt) � max
fhs;fI�sg��=1gTs=t

Et

"
TX
s=t

�s�tfds[U1is(!ns) + "1ns] + (1� ds)[U0is(!ns) + "0ns]g j dt = k

#

Our game di¤ers in two important dimensions from the games typically estimated. First, in

our model, employers learn and update beliefs based on the complete history of workers�behavior.

Second, the state variables do not have discrete support because labor-market experience has con-

tinuous components. Using the stochastic �nite state dependence property of model, we show that

our model is identi�ed.

Equation (15, paper) and Lemma 1 of Hotz and Miller (1993) imply that:

(20) V1it(!nt)� V0it(!nt) = Q�1(pit(!nt)):

Proposition 1 of Hotz and Miller (1993) also states that there exists a mapping 'k : [0; 1] ! R,

that measures the expected value of the unobservable in the current utility, conditional on action

k 2 f0; 1g. That is,

(21) 'k(pit(!nt)) � E["knt j !nt; dont = k]:

To set some notation, let !(s)kt denote the state in period t+s if, at time t, the k
th option is taken�

that is, dt = k� and the sequence of decisions for the next s periods is d�(!0)kt+1 (!t+1); : : : ; d
�(!0)
kt+s (!t+s).

Denote by p(s)kit; the probability that dt+s = 1 conditional on !
(s)
kt , i.e. p

(s)
kit = E

h
dt+sj!(s)kt

i
.

Equations (14, paper) and (25, paper) are necessary conditions and therefore must hold in all

equilibria.
�
pit(!nt);

n
p
(s)
0it; p

(s)
1it

o�(!nt)
s=1

�
i=w;m

, and the distribution over which Et is taken, are the

only elements which di¤er across the di¤erent equilibria. These elements are conditional expecta-

tion functions and, given Assumption (1.6), can be recovered from the data; therefore, they are

identi�ed.1 For the purpose of the identi�cation of the utility of non-market hours, we can treat�
pit(!nt);

n
p
(s)
0it; p

(s)
1it

o�(!nt)
s=1

�
i=w;m

as known. Denote by �on�
o
t and S

o
i�t(hnt; !

�
nt) the shadow prices

and salary schedule under the true equilibrium in the data, respectively. The true probabilities

under the true equilibrium in the data are denoted by
�
poit(!nt);

n
p
o(s)
0it ; p

o(s)
1it

o�(!nt)
s=1

�
i=w;m

, and

de�ne

Yi1nt � �on�
o
t

�P
�=1

In�tS
o
i�t(hnt; !

�
nt) +

�(!nt)P
s=1

�s
n
'0

�
p
o(s)
0it

�
� '0

�
p
o(s)
1it

�
+ p

o(s)
0it

h
Q�1

�
p
o(s)
0it

�
+ '1

�
p
o(s)
0it

�
� '0

�
p
o(s)
0it

�i
� po(s)1it

n
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�oo
�Q�1(p0it(!nt))(22)

1See Haavelmo (1944) for detail.
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and

Yi2nt � �on�
o
t

�P
�=1

Iin�t
@Soi�t(hnt; !

�
nt)

@ht
�
�(!nt)P
s=1

�s

8<:@'0
�
p
o(s)
1it

�
@ht

+
@p

o(s)
1it

@ht

h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
+ p

o(s)
1it

@
h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
@ht

9=;(23)

Because �on�
o
t ; S

o
i�t(hnt; !

�
nt), F ("0t; "1t), and � are treated as known, Yi1nt and Yi2nt can be treated

as observed data.

The following Lemma establishes necessary conditions for equilibrium,

Lemma 1.3 In all the equilibria, the following system of equations holds.

Yi1nt = ui1(1; znt)� ui0(zt; �t)� ui1(lnt; znt)

+
�(!nt)P
s=1

�s
h
ui1

�
1; z

(s)
1nt

�
� ui1

�
1; z

(s)
0nt

�i
+ �i1nt(24)

Yi2nt = �@ui1(lnt; znt)
@ht

�
�(!nt)P
s=1

�s

24ui1
�
1; z

(s)
1nt

�
@ht

35+ �i2nt(25)

where z(s)knt denote the worker�s type and labor experience in period t+ s; if, at time t, dt = k, and

the sequence of decisions for the next s periods is d�(!0)kt+1 (!t+1), : : :, d
�(!0)
kt+s (!t+s): E

o
t [�i1ntj!nt] = 0

and Eot [�i2ntj!nt; dnt = 1] = 0 for i = fw;mg, and Eot is taken over the actual equilibrium played.

The formal de�nition of the residual �i1nt and �i2nt are in the proof .

Combining equation (14, paper), equation (20), and equation (21) with the ex-ante value func-

tion (13) allows us to write the ex-ante equilibrium value function for any initial state !0:

Vkit(!0) = Ukit(!0) + Et

(
�(!0)P
s=1

�s
h
U0it+s

�
!
(s)
kt

�
+ '0

�
p
(s)
kit

�
+ p

(s)
kit

n
Q�1

�
p
(s)
kit

�
+ '1

�
p
(s)
kit

�
� '0

�
p
(s)
kit

�oi
+ ��(!0)+1

h
V0it+�(!0)+1(!�(!0)+1) + '0

�
p
(�(!0)+1)
kit

�
+p

(�(!0)+1)
kit

n
Q�1

�
p
(�(!0)+1)
kit

�
+ '1

�
p
(�(!0)+1)
kit

�
� '0

�
p
(�(!0)+1)
kit

�oio
(26)

A proof of this representation can be found in Altug and Miller (1998).

Next, we characterize, using 20 and 26, the necessary conditions for equilibrium (participa-

tion and hours) in equations (14, paper) and (25, paper). First, we characterize the equilibrium
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relationship from (14). Substituting (26) into (20) gives equilibrium:

Q�1(pit(!nt)) = U1it(!nt)� U0it(!nt) + Et

(
�(!nt)P
s=1

�s
h
U0it+s

�
!
(s)
0t

�
� U0it+s

�
!
(s)
1t

�
+'0

�
p
(s)
0it

�
� '0

�
p
(s)
1it

�i
+ p

(s)
0it

h
Q�1

�
p
(s)
0it

�
+ '1

�
p
(s)
0it

�
� '0

�
p
(s)
0it

�i
� p(s)1it

h
Q�1

�
p
(s)
1it

�
+ '1

�
p
(s)
1it

�
� '0

�
p
(s)
1it

�io
(27)

Note that all the elements from period �(!nt) + 1 onward are the same irrespective of whether

action 1 or 0 is taken today by �nite state dependence. Hence, they fall out of the above equation.

Similarly, using equation(26), the necessary condition for equilibrium hours can be rewritten as

� @U1it(!nt)

@ht
= Et

8<:�(!nt)P
s=1

�s

24@U0it+s
�
!
(s)
1t

�
@ht

+
@'0

�
p
(s)
1it

�
@ht

35
+
@p
(s)
1it

@ht

h
Q�1

�
p
(s)
1it

�
+ '1

�
p
(s)
1it

�
� '0

�
p
(s)
1it

�i
+ p

(s)
1it

@
h
Q�1

�
p
(s)
1it

�
+ '1

�
p
(s)
1it

�
� '0

�
p
(s)
1it

�i
@ht

9=;(28)

Note that again, by �nite state dependence, all the elements from period �(!nt)+1 onward fall out

of the above equations.

Proof. De�ne the errors as

�i1nt =
�(!nt)P
s=1

�s
h
U0it+s

�
!
(s)
0t

�
� U0it+s

�
!
(s)
1t

�i
+ p

o(s)
0it

h
Q�1

�
p
o(s)
0it

�
+ '1

�
p
o(s)
0it

�
� '0

�
p
o(s)
0it

�i
� po(s)1it

h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
� E0t

(
�(!nt)P
s=1

�s
h
U0it+s

�
!
(s)
0t

�
� U0it+1s

�
!
(s)
1t

�i
+ p

o(s)
0it

h
Q�1

�
p
o(s)
0it

�
+ '1

�
p
o(s)
0it

�
� '0

�
p
o(s)
0it

�i
� po(s)1it

h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�io
and

�i2nt =
�(!nt)P
s=1

�s

24@U0it+s
�
!
(s)
1t

�
@ht

+
@'0

�
p
o(s)
1it

�
@ht

35+ @p
o(s)
1it

@ht

h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i

+p
(s)
1it

@
h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
@ht

� Eot

8<:�(!nt)P
s=1

�s

24@U0it+s
�
!
(s)
1t

�
@ht

+
@'0

�
p
(s)
1it

�
@ht

35
+
@p

o(s)
1it

@ht

h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
+ p

o(s)
1it

@
h
Q�1

�
p
o(s)
1it

�
+ '1

�
p
o(s)
1it

�
� '0

�
p
o(s)
1it

�i
@ht

9=;
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Given these de�nitions, the result follows immediately.

Note that the data is informative about Eot under Assumption (1.6). The identi�ability of

the structural functions depends on whether these functions can be deduced from knowledge of

Eot [Yi1ntj!nt] and Eot [Yi2ntj!nt; dnt = 1]: The following lemma establishes the main identi�cation

result.

Lemma 1.4 Under Assumptions (1.2)�(1.6), u0i(znt; �t) is identi�ed up to an additive constant,
and ui1(lnt; znt) is identi�ed up to an additive function of znt.

The above Lemma implies that the levels of non-market-hours utility are not identi�ed, but the

marginal utility of non-market hours is identi�ed.

Proof of Lemma 1.4.
To establish the results, we prove that

(29) u0i(znt; �t) = C1it � Eot [Yi1ntj!nt] +
1

2

Z hnt

0

�
Eot [Yi2ntj!nt] +

@Eot [Yi1ntj!nt]
@h

�
dh

and

(30) u1i(lnt; znt) = C2i(znt) +
1

2

Z hnt

0

�
Eot [Yi2ntj!nt] +

@Eot [Yi1ntj!nt]
@h

�
dh;

where

C1it = Eot

(
�(!nt)P
s=1

�s
h
ui1(1; z

(s)
1nt)� ui1(1; z

(s)
0nt)
i)

and C2i(znt) = ui1(1; znt). By applying the results from Chesher (2007) and using the above results,

we obtain our functional F�1(FY jX).
Taking expectations of equations (24) and (25) gives

Eot [Yi1ntj!nt] = ui1(1; znt)� ui0(znt; �t)� u1i(l�nt; znt)(31)

+Eot f
�(!nt)P
s=1

�s[ui1(1; z
(s)
1nt)� u1i(1; z

(s)
0nt)]g

Eot [Yi2ntj!nt] = �
@u1i(l

�
nt; znt;Hnt�1)

@ht
� Eot

(
�(!nt)P
s=1

�s

"
ui1(1; z

(s)
1nt;H

(s)
1ns�1)

@ht

#)
:(32)

Note that z(s)1ns�1 is a function of hnt while z
(s)
0ns�1 is not. Hence, taking the derivative of (31)

with respect to hnt gives

(33)
@Eot [Yi1ntj!nt]

@hnt
= �@ui1(l

�
nt; znt)

@ht
+ Eot

(
�(!nt)P
s=1

�s

"
u1i(1; z

(s)
1nt)

@ht

#)
;
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which implies that

(34) Eot

(
�(!nt)P
s=1

�s

"
u1i(1; z

(s)
1nt)

ht

#)
=
@Eot [Yi1ntj!nt]

@hnt
+
@ui1(l

�
nt; znt)

ht
:

Substituting (34) into (25) gives

(35) Eot [Yi2ntj!nt] = �2
@ui1(l

�
nt; znt)

@ht
� @Eot [Yi1ntj!nt]

@hnt
:

Rearranging, we get

(36)
@ui1(l

�
nt; znt)

@ht
= �1

2

�
@Eot [Yi1ntj!nt]

@hnt
+ Eot [Yi2ntj!nt]

�
:

Integrating up to hnt gives

(37) ui1(l
�
nt; znt) = ui1(1; znt)�

1

2

Z hnt

0

�
@Eot [Yi1ntj!nt]

@h
+ Eot [Yi2ntj!nt]

�
dh

Let

C1it = Eot

(
�(!nt)P
s=1

�s
h
u1i(1; z

(s)
1nt)� ui1(1; z

(s)
0nt)
i)

;

then substituting (37) into (31) and rearranging gives

(38) u0i(znt; �t) = C1it � Eot [Yi1ntj!nt] +
1

2

Z hnt

0

�
Eot [Yi2ntj!nt] +

@Eot [Yi1ntj!nt]
@h

�
dh

and we obtain the result in the Lemma.

2 Estimation

2.1 Estimation of Consumption and Earnings Equations

In the �rst step, we use the Euler equation for consumption to form the moment condition:

(39)
@u2i(cnt; xnt; "2nt; �c)

@cnt
= �n�t:

Here, we are assuming that the functional form of u2() is known up to a �nite-dimensional parameter

vector, �c. Recall that we assume that

u2i(cnt; xnt; "2nt; �c) = exp(x
0
ntB4 + "2nt)c

�
nt=�:

Let 4 denote the �rst-di¤erence operator. Taking the logarithm of each side of this expression,

di¤erencing, and rearranging implies

10



(40) (1� �)�1 4 "2nt = 4 ln(cnt)� (1� �)�1 4 x0ntB4 +4(1� �)�1 ln(�t):

Let �c denote the (K + T � 1)-dimensional vector of parameters to be estimated, de�ned as

�c =

0BBBB@
(1� �)�1B4

4(1� �)�1 ln(�2)
...

4(1� �)�1 ln(�T )

1CCCCA :

We also de�ne Yn = (4 ln(cn2); : : : ;4 ln(cnT ))0 as a vector of endogenous variables and Zcn as the
exogenous variables:

Zcn =

2664
4x0n2 D2 : : : 0
...

...
. . .

...

4x0nT 0 : : : DT

3775 ;
where Dt denotes a time dummy for t 2 f2; : : : ; Tg. The assumptions in Section 2 imply that
the unobserved variable "5nt is independent of individual-speci�c characteristics. Therefore E((1�
�)�1 4 "2nt j xnt) = 0. Using equation (40), one can obtain a set of orthogonality conditions,

E [(Yn � Zcn�c)Zcn] = 0;

that can be exploited to estimate �c using an optimal instrumental-variable estimation technique.

We use a traditional �xed-e¤ect estimator to estimate (1� �)�1 ln(�n). Let T1 be the number

of time periods for which the marginal utility of consumption equation is estimated. Let

(41) (1� �)�1 ln(�n) �
X
t2T1

�
ln(cnt)� (1� �)�1x0ntB4 + (1� �)�1 ln(�t)

�
=T1:

The �xed-e¤ects estimates of (1 � �)�1 ln(�n) are obtained as the simple time averages of the

estimated residuals of the consumption equation, which correspond to the sample counterparts of

(1��)�1 ln(�n) de�ned above. In order to form the sample counterpart of (41), we need an estimate
of
�
(1� �)�1 ln(�t)

	T1
t=1
. From the estimate of �c, however, we can only obtain estimates of�

4(1� �)�1 ln(�2)
	T1
t=2
. This requires us to make the additional assumption that En[�n j xnt] = 0,

where En[:] is the expectation operator over individuals. This assumption enables us to obtain an

estimate of (1� �)�1 ln(�1) as the sample analogue of

(1� �)�1 ln(�1) = �En
�
ln(cn1)� (1� �)�1x0n1B4

�
:

We now have estimates of
�
(1� �)�1 ln(�t)

	T1
t=1

and (1 � �)�1 ln(�n), enabling us to recover � in

the third step of our estimation.

11



Next, we turn our attention to the estimation of the earnings equations. Let dn�t = In�t � dnt.
The following transformed zero pro�t condition holds (see Appendix B.2 in the paper for details):

Et[eSin�t �K�t � b1�eh�nt � b2�gh2�nt � �P
r=1

b3r�eh�nt�r �P�
r=1 b�4r

ed�nt�r � eZ�nt0B5�(42)

� ^dnt+1In�t+1�
� jf!�ntn�ng; i; dntIn�t = 1] = 0

whereedenotes deviations-from-time means and let b� = (b�1; b�2; b�31; : : : ; b�4�).
Let �w� de�ne the vector of parameters to be estimated as ,

�w� =

0BBBBBBBBB@

b�

B�5

�
�

K�2

...

K�T

1CCCCCCCCCA
:

We also de�ne Yn� = (dn�1 eS�n1; : : : ; dn�T eS�nT )0 as a vector of endogenous variables and X�n as the

exogenous variables,

Xn� =

2664
ex0�2 D2 : : : 0
...

...
. . .

...ex0�T 0 : : : DT

3775 ;
where ex0�nt = dn�t(eh�nt;eh2�nt;eh�nt�1; : : : ;eh�nt��; ed�nt�1; : : : ; ed�nt��; eZ�nt; ^dnt+1In�t+1). Letting Zn
be the matrix of conditioning variables and using equation (42), one can obtain a set of orthogonality

conditions:

E [(Yn� �Xn��w� )Zn] = 0;

which can be exploited to estimate �w� using an optimal instrumental-variable technique. The

aggregate e¤ect and �xed e¤ect in the earnings equation are estimated in a similar way to those in

the consumption equation.

2.1.1 Conditional Choice Probabilities and Beliefs

There are �ve inputs of equations (24)�(25) to be estimated before we can form the empirical

counterparts of Yi1nt and Yi2nt. First, Yi1nt is a function of the equilibrium salary schedule, which

is a function of the employers�beliefs. These beliefs will be estimated nonparametrically. Second,

Yi2nt is a function of the derivative of the equilibrium salary schedule with respect to current

hours; we estimate this derivative nonparametrically. Third, Yi1nt is a function of the current

conditional choice probabilities, p0int(!nt), which we will also estimate nonparametrically. Finally,

Yi1nt and Yi2nt are functions of p
o(s)
kint and their derivatives, respectively, which will also be estimated

12



nonparametrically.

Estimation of the Equilibrium Beliefs and their Derivatives The equilibrium beliefs for

each occupation, epin�t+1, are computed as a nonlinear regression of the product of next-period
participation and occupation choice index, dnt+1 � In�t+1 on today�s public information variables,

zpnt, work histories, Hnt�1, and hours worked, hnt, conditional on working today in occupation

� . Let Xnt = (zPnt;Hnt�1; hnt; �n; Gendern) and NYn�t�1 be the total number of years worked in

occupation � up to period t � 1. Only two occupations are used in the estimation, so � 2 f1; 2g.
The labor-market history used in this paper is de�ned as

(43) Hnt�1 = (NYn1t�1; NYn2t�1; dnt�3In1t�3; dnt�3In2t�3;

: : : ; dnt�1In1t�1; dnt�1In2t�1; hnt�3; : : : ; hnt�1)

Let J1[��11N (Xnt�Xn0s)] denote a kernel where �N is the bandwidth associated with each argument.

The nonparametric estimate of epin�t+1, denoted epNin�t+1, is computed using the kernel estimator:
(44) epNin�t+1 = PN

n0=1;n0 6=n
PT�1

s=1 in0dn0s+1In0�s+1dnsIn0�sJ1[�
�1
1N (Xnt �Xn0s)]PN

n0=1;n0 6=n
PT�1

s=1 in0dn0sIn0�sJ1[�
�1
1N (Xnt �Xn0s)]

:

The derivative is then estimated using the standard nonparametric derivative kernel estimator

(see Pagan and Ullah, 1999).

Estimation of the Conditional Choice Probabilities The estimation of the conditional

choice probabilities requires us to be more speci�c about the state variables. In contrast to the

beliefs, the conditional choice probabilities are de�ned from the workers�perspective and not the

�rms perspective. From the estimation of the consumption equation, �n�t is known up to a pro-

portionality constant. The elements included in znt are number of individuals in the family unit,

number of children younger than three, number of children between three and fourteen, age, years

of completed education, marital status, spouse�s years of education (if married), and gender.

The conditional choice probabilities, pint, are computed as nonlinear regressions of the partici-

pation index, dnt, on the current state, !Nnt � (z0nt;Hnt�1; �Nn �
N
t )

0, where the N superscript denotes

an estimated quantity. We denote by J
�
�N
�
!Nnt � !Nn0s

��
the kernel and by �N the bandwidth

associated with each argument. The nonparametric estimate of pint, denoted by pNint, is computed

using the kernel estimator:

(45) pNint =

PN
n0=1;n0 6=n

PT
s=1 in0dn0sJ

�
��1N

�
!Nnt � !Nn0s

��PN
n0=1;n0 6=n

PT
s=1 in0J

�
��1N

�
!Nnt � !Nn0s

�� :
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2.2 Estimation of the Finite-State Path Probabilities and their Derivatives

Recall that p(s)kit = E[dt+sj!(s)kt ], hence it can be estimated as nonlinear regressions of the participa-
tion index, dnt, on the hypothetical state, !

(s)N
knt ; conditional on d

(s)
knt = 1. Speci�cally,

(46) p
(s;N)
iknt =

PN
n0=1;n0 6=n

PT
r=1 in0dn0rd

(s)
kn0rsJ

h
��1N

�
!
(s)N
knt � !Nn0r

�i
PN

n0=1;n0 6=n
PT

r=1 in0d
(s)
kn0rJ

h
��1N

�
!
(s)N
knt � !Nn0r

�i ;

To evaluate the term @p
(s)
i1nt=@hnt, which appears in the de�nition of Yi2nt, de�ne

(47) f
(s)
i1nt � fi1

�
!
(s)
1nt j dnt+s = 1

�
to be the probability density function for !(s)1nt, conditional on participating at date t+ s. Likewise,

let f (s)int � fi

�
!
(s)
1nt

�
be the related probability density that is not conditioned on participating

in period t + s for s = 1; : : : ; 3. Denote their derivatives with respect to h�nt by f
0(s)
i1nt and f

0(s)
int ,

respectively. We can then show that

(48)
@p
(s)
i1nt

@hnt
=

"
f
0(s)
i1nt

f
(s)
i1nt

� f
0(s)
int

f
(s)
int

#
p
(s)
1nt; s = 1; : : : ; 3:

We derive this expression using the representation of p(s)i1nt as p
(s)
i1nt = Pr

�
dnt+s = 1 j !(s)1nt

�
=

Pr(dnt+s = 1)f
(s)
i1nt=f

(s)
int . Di¤erentiating this expression with respect to hnt yields the above expres-

sion. The nonparametric estimates of f (s)i1nt and f
(s)
int are de�ned, respectively, as the numerators

and denominators of p(s)Niknt in equation (48). The estimates of f
0(s)
i1nt and f

0(s)
int are obtained from the

derivatives of the estimates, f (s)Ni1nt and f
(s);N
int , with respect to hnt (Pagan and Ullah, 1999).

2.3 Estimation of the Final Stage

Note that from the second step, we have estimates of b�1, b�2, �,
� , and all the other parameters

of the production function. In addition, from the �rst step, we have an estimate of �nt,

�nt = (1� �)�1 ln(�n�t):

The third step yields estimates of pnt, p
(s)
1nt, epn�t+1, @p

(s)
1nt

@hnt
, and @epn�t+1

@hnt
. Substituting these into

equations (34, paper) and (35, paper), we can form the moment conditions:
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m2nt

�
�u;�(N)c ;�(N)e ;  (N)

�
= exp

�
(1� �)�(N)nt

� MP
�=1

In�t[y�t(hnt; z
P
nt; �

(N)
e )� 
(N)� + �
(N)� ep(N)n�t+1]

+� ln
h
p
(N)
nt =

�
1� p(N)nt

�i
+ �

�P
s=1

�s ln

 
1� p(s)(N)1nt

1� p(s)(N)0nt

!

+�t +
2X
s=1

�isdt�s + x
0
tBi1 � x0thtBi2 � �0i

�
1� l2t

�
�

2P
s=1

�siht(lt�s + �
s)(49)

and

m3nt

�
�u;�(N)c ;�(N)e ;  (N)

�
= dnt

(
�

�P
s=1

�s
�
1� p(s)(N)1nt

��1 @p(s)(N)1nt

@hnt
� x0tBi2 � 2�0ilt +

2P
s=1

�si(lt�s + �
s)

exp
�
(1� �)�(N)nt

� MP
�=1

dn�t[b
(N)
�1 + 2b

(N)
�2 hnt + �


(N)
�

@ep(N)n�t+1

@hnt
]

)
;(50)

where  (N) =
�
p
(N)
nt ; p

(s)(N)
0nt ; p

(s)(N)
1nt ; ep(N)n�t+1

�
are the nonparametric second-step estimates and

�u = (�; �; �; �1; : : : ; �T ; B1; B2; �0; : : : ; ��; �1; :::; �i�) are the structural parameters left to be esti-

mated.

There are now two sources of errors in evaluating the sample counterparts of (49) and (50). The

�rst is the forecast errors from replacing the expectations of future variables with their realizations.

The second is the approximation error that arises from replacing the true values of the conditional

choice probabilities, conditional expectation, and time-invariant individual-speci�c e¤ects with their

estimates. Let us de�ne the 2� 1 vector

m4nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�
�
h
m2nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�
;m3nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�i0
and let T3 denote the set of periods for which the hours and participation equations are valid.

De�ne the vector

m
(N)
4n

�
�u;�

(N)
c ;�(N)e ;  (N)

�
�
�
m4n1

�
�u;�

(N)
c ;�(N)e ;  (N)

�0
; : : : ;m4nT3

�
�u;�

(N)
c ;�(N)e ;  (N)

�0�0
as the vector of the idiosyncratic errors for a given individual over time. De�ne



(N)
nt � Et

�
m4nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�
m4nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�0�

. The o¤-diagonal elements of 
(N)nt are zero because

Et

�
m4nt

�
�u;�

(N)
c ;�(N)e ;  (N)

�
m4nr

�
�u;�

(N)
c ;�(N)e ;  (N)

�0�
= 0 for r 6= t; r < t:
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The 2� 2 conditional heteroskedasticity matrix 
(N)nt associated with the individual-speci�c errors,

m4nt

�
�u;�

(N)
c ;�

(N)
e ;  (N)

�
, is evaluated using a nonparametric estimator based on the estimated

moments, m4nt

�
�
(N)
1u ;�

(N)
c ;�

(N)
e ;  (N)

�
, derived from an initial consistent estimate of �(N)1u . The

optimal instrumental-variables estimator for �(N)u is

(51) �(N)u � argmin
�u

PN
n=1m

(N)
4n

�
�u;�

(N)
c ;�

(N)
e ;  (N)

��


(N)
n

��1
m
(N)
4n

�
�u;�

(N)
c ;�

(N)
e ;  (N)

�
N

:

2.4 Asymptotic Properties

It is well known in the econometric literature that under certain regularity conditions, pre-estimation

does not have any impact on the consistency of the parameters in the subsequent steps of a mul-

tistage estimation (Newey, 1984; Newey and McFadden, 1994; Newey, 1994). The asymptotic

variance, however, is a¤ected by the pre-estimation. In order to conduct inference in this type of

estimation, one has to correct the asymptotic variance for the pre-estimation. The method used for

correcting the variance in the �nal step of estimation depends on whether the pre-estimation pa-

rameters are of �nite or in�nite dimension. Unfortunately, our estimation strategy combines both

�nite- and in�nite-dimensional parameters. Combining results from two sources (Newey, 1984;

Newey and McFadden, 1994), however, allows us to derive the corrected asymptotic variance for

our estimator.

Following Newey (1984), we can write the sequential-moments conditions for the �rst- and

third-step estimation as a set of joint moment conditions:

mn(�u;�c;�e;  ) =

266664
(Yn � Zn�c)Zcn

(Yn1 �X1n�wP )Zn
(Yn2 �XMn�eNP )Zn

m4n(�u;�c;�e;  )

377775 ;
where (Yn � Zn�c)Zcn is the orthogonality condition from the estimation of the consumption

equation, (Yn� � Xn��w� )Zn is the orthogonality condition from the estimation of the earnings

equation, and m4n(�u;�c;�e;  ) is the moment condition from the third-step estimation. Let

� = (�u;�c;�e)
0, with the true value denoted by �0. Note that each element of  is a conditional

expectation. Rede�ne each element as  j(zj) = fzj (z
j)E

hedjn j zji, where edjnt = [1; dnt]0 for the es-
timation of pnt, edjnt = [d(r)knt; d(r)kntdnt]0 for the estimation of p(r)knt, and edjnt = [dn�t; dn�tdn�t+1]0 for the
estimation of epn�t+1. Therefore,  j(N)(zj) = 1

N

NP
n=1

edjnJ�N (zj � zjn). The conditions below ensure

that  (N) is close enough to  0 for N large enough, in particular that
p
N



 (N) �  0


2 converges

to zero.

A3: There is a version of  0(z) that is continuously di¤erentiable of order �, greater
than the dimension of z and  10(z) = fz(z) is bounded away from 0.
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A4:
R
J(u) du = 1 and for all j < �,

R
J(u)

 
jN
s=1

u

!
du = 0.

A5: The bandwidth, �N , satis�es N�
2 dim(z)
N =(ln(N))2 !1 and N�2�N ! 0.

A6: There exists a 	(!), � > 0, such that

kr�mn(!:�;  )�r�mn(!:�0;  0)k � 	(!) [k���0k� + k �  0k�]

and E[	(!)] <1.

A7: �(N) ! �0 with �0 in the interior of its parameter space.

A8: (Boundedness)

(i) Each element of mn(�;  ) is bounded almost surely: E[kmn(�;  )k2] <1;

(ii) E[Z 0n0Zn] <1, E[X 0
�nZn] <1, E[exp((1��)�nt)] <1; E[znt] <1; E[y�t(hnt;Hnt�1;

zpnt; �e)] <1; 
� <1, E[rhntepn�t+1] <1, E[Xn� ] <1 for � = 1; 2;

(iii) pnt; p
(r)
knt; epn�t+1;2 (0; 1), for k 2 f0; 1g, r = 1; : : : ; �, and � = 1; 2;

(iv) E[rhfzj (z
j)] <1 and E[rhE[edjn j zj ]] <1;

Theorem 1 Under A1�A8 and �(!), de�ned below,

p
N
�
�(N) ��0

�
) N(0;�(�0));

where

�(�0) = E
�
r�mn(!)


�1
n r�mn(!)

0��1
�E

�
r�mn(!)


�1
n fmn(!) + �(!)g fmn(!) + �(!)g0
�1n r�mn(!)

0�
�E

�
r�mn(!)


�1
n r�mn(!)

0��1 :
Assumptions A3�A8 are standard in the semiparametric literature, see Newey and McFadden

(1994) for details. One can now use Theorem 1 to calculate the standard errors for all the parameters

in our estimation.

The proof of Theorem 1 follows from checking the conditions for Theorem 8.12 in Newey and

McFadden (1994).

Proof of Theorem 1. We �rst check the various boundedness requirements of Theorem 8.12

in Newey and McFadden (1994). By assumption A8(i), we have that E[kmn(�;  )k2] < 1. It is
obvious, from inspection, that mn(�;  ) is continuously di¤erentiable in � and by A8(ii�iv) that

E[r�mn(�;  )] <1. Additionally, r  mn(�0;  0) is bounded: E[kr  mn(�0;  0)k] <1.
Second, consider a point-wise Taylor expansion for the jth element of mn,

mj(!;  ) = mj(!;  0) +r m
j(!;  0)( (z)�  0(z))

+ ( (z)�  0(z))0r  m
j(!;  0)( (z)�  0(z)) + o(k (z)�  0(z)k2);
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where the norm over  is the sup-norm. Next, note that

��mj(!;  )�mj(!;  0)r m
j(!;  0)( (z) �  0(z))j

�


( (z)�  0(z))0r  m

j(!;  0)( (z)�  0(z))




+ o(k (z)�  0(z)k2)

� k �  0k2


r  m

j(!;  0)


+ o(k �  0k2);

using the triangle inequality and the Cauchy-Schwartz inequality. Therefore, for k �  0k small
enough,

��mj(!;  )�mj(!;  0)�r m
j(!;  0)( (z)�  0(z))

�� � k �  0k2 

r  m
j(!;  0)



 :
So that

km(!;  )�m(!;  0)�r m(!;  0)( (z)�  0(z))k � k �  0k2 kr  m(!;  0)k

km(!;  )�m(!;  0)�r m(!;  0)( (z)�  0(z))k � k �  0k2 kr  m(!;  0)k

Hence �(!;  � 0) = r m(!;  0)( (z)� 0(z)) and 	(!) = kr  m(!;  0)k. It follows that both
�(!;  �  0) and 	(!) are bounded from the boundedness conditions established above.

Next we establish the form of the in�uence function. Note that we haveZ
�(!;  )F0( d!) =

Z
fz(z)E[r m(!;  0) j z] (z) dz

=

Z
�(z) (z);

where �(z) = fz(z)E[r m(!;  0) j z]. So, by the arguments on page 2208 of Newey and McFadden
(1994), we have the in�uence function for m(!;  (N)):

�(!) = �(z)� E
h
�(z)edi

= fz(z)E [r m(!;  0) j z]� E
h
fz(z)E[r m(!;  0) j z]edi :

Again by the boundedness of r m(!;  0), it follows that
R
k�(z)k dz <1. Finally Assumption

A7 guarantees that the Jacobian term converges.
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