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Matrix Completion

Goal: Fill in question marks (subject to constraints)

Largely popularized by the Netflix Prize (Bennett & Lanning 2007)
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Application: Prediction with Missing Values

Gluten  
allergy

Immuno-  
suppressant

Low resting 
heart rate High BMIIrregular 

heart beat

? ?

? ?

?

Time of 
death

?

?

?

Feature vectors Labels to predict

1.  Impute missing features with matrix completion

2.  Use imputed feature vectors to solve prediction task
Common approach:
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Missing Not at Random (MNAR) in MC

MNAR: missingness is not uniform at random and can depend on value of entry 
(if it were forced to be revealed)

• Restaurant ratings: a vegan is unlikely to go to & rate a BBQ restaurant

The vast majority of existing literature on matrix completion assumes entries 
are missing with equal probability independent of everything else 
(Candès & Recht 2009, Recht 2009, Cai et al 2010, Keshavan et al 2010, …)

• Many methods rely on this missing-completely-at-random (MCAR) 
assumption and produce biased predictions when the data are MNAR

This paper: new approach to MNAR matrix completion with  
(1) finite sample debiasing guarantees & (2) competitive empirical accuracy

• Movie ratings: some people refuse to watch horror movies
• Health care: doctor chooses measurements to take for a patient
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Example of Bias in MC (Steck 2010)

  : set of revealed indices⌦Horror 
movies

Horror 
lovers

Romance 
movies

Romance 
lovers
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Revealed ratings matrix X
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True ratings matrix S 2 Rm⇥n

Goal: Given    , construct estimate    ofX
<latexit sha1_base64="m15R2g4NeWLXGxNiy/sZjxjd+3M=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Ov1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP7U5jNo=</latexit>

bS S

Ideally, minimize: LB/2�H@Ja1(bS) =
1

mn

mX

i=1

nX

j=1

(Si,j � bSi,j)
2

In practice, minimize: LM�Bp2@Ja1(bS) =
1

|⌦|
X

(i,j)2⌦

(Xi,j � bSi,j)
2

<latexit sha1_base64="QvmJamabfPIycTaixb8ORNAKkww="></latexit>

If every entry revealed with equal probability:
is unbiased estimate of LB/2�H@Ja1(bS)LM�Bp2@Ja1(bS)

<latexit sha1_base64="EyVFY+dhA3qN9/buwti6Qza8UvU=">AAACCnicbVA9SwNBEN3zM8avqKXNaRBiYbiLghYWAREsFCIxUUhC2NtMzJK9vWN3LhqOq238KzYWitj6C+z8N24+Co0+GHi8N8PMPC8UXKPjfFlT0zOzc/OphfTi0vLKamZtvaqDSDGosEAE6sajGgSXUEGOAm5CBdT3BFx73ZOBf90DpXkgr7AfQsOnt5K3OaNopGZm67wZ1xHuMZaU92DvonyaJLn6HW9Bh2JcTnabmayTd4aw/xJ3TLJkjFIz81lvBSzyQSITVOua64TYiKlCzgQk6XqkIaSsS2+hZqikPuhGPHwlsXeM0rLbgTIl0R6qPydi6mvd9z3T6VPs6ElvIP7n1SJsHzViLsMIQbLRonYkbAzsQS52iytgKPqGUKa4udVmHaooQ5Ne2oTgTr78l1QLeXc/X7g8yBaPx3GkyCbZJjnikkNSJGekRCqEkQfyRF7Iq/VoPVtv1vuodcoaz2yQX7A+vgFsTZqy</latexit>
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= 0

= 1.92

Predict all 1’s (set     to all 1’s)bS



Model

  : set of revealed indices⌦

Revealed ratings matrix X
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Probabilities of entries being revealed P 2 [0, 1]m⇥n
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True ratings matrix S 2 Rm⇥n

Goal: Given    , construct estimate    ofX
<latexit sha1_base64="m15R2g4NeWLXGxNiy/sZjxjd+3M=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Ov1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP7U5jNo=</latexit>

bS S

Generative process:

2.  Add noise to revealed entries
1.  Reveal entries of    based onS P
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<latexit sha1_base64="ZlaXvx3DEs6DrZVHEHXHsvzzdeg="></latexit>
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0.5 0.5 0.5 0.0 0.0
0.5 0.5 0.5 0.0 0.0
0.5 0.5 0.5 0.0 0.0
0.0 0.0 0.0 0.5 0.5
0.0 0.0 0.0 0.5 0.5
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Probabilities of entries being revealed P 2 [0, 1]m⇥n

Goal: Given    , construct estimate    ofX
<latexit sha1_base64="m15R2g4NeWLXGxNiy/sZjxjd+3M=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Ov1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP7U5jNo=</latexit>

bS S

Debiasing MC with Propensity Scores

2.  Minimize:

Matrix of propensity scores

1.  Construct estimate    ofbP P

Will need probabilities > 0

Use inverse propensity score weighting 
(Horvitz & Thompson 1952, …)
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Think of revealing an entry as a “treatment” 
(Schnabel et al 2016)

L(bS| bP ) =
1

mn

X

(i,j)2⌦

(Xi,j � bSi,j)2

bPi,j
<latexit sha1_base64="YS5bi5OYOwLm0Z8rJswg4SIHs00="></latexit>

Unbiased estimate of                       if  bP = P<latexit sha1_base64="TCeQH6+GsVQH1XcLkhYqLcUAP2E=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiS1YBcKBTcuK9gHtEEmk2k7dDKJM5NKCf0ONy4UcevHuPNvnLQRtHpg4HDOudw7x485U9pxPq3Cyura+kZxs7S1vbO7V94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH19lfmdCpWKRuNXTmHohHgo2YARrI3n9BxbQEdZpc3bZvCtXHLvuZECOXfsmzoK4OalADpP/6AcRSUIqNOFYqZ7rxNpLsdSMcDor9RNFY0zGeEh7hgocUuWl86Nn6MQoARpE0jyh0Vz9OZHiUKlp6JtkiPVILXuZ+J/XS/Sg7qVMxImmgiwWDRKOdISyBlDAJCWaTw3BRDJzKyIjLDHRpqeSKcFd/vJf0q7a7pldvalVGhd5HUU4gmM4BRfOoQHX0IQWELiHR3iGF2tiPVmv1tsiWrDymUP4Bev9C9Pckh0=</latexit>

LB/2�H@Ja1(bS)
<latexit sha1_base64="yTd4OyGB8rkEbzmXW4imkiLoVOQ=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjUIsTDsqqCFRUAECwVFc4FsCLOTk2Rw9sLMWTUsW9v4KjYWitj6BHa+jZNkBY3+MPDNf85h5vxuKLhCy/o0MhOTU9Mz2dnc3PzC4lJ+eaWqgkgyqLBABLLuUgWC+1BBjgLqoQTquQJq7vXRoF67Aal44F9hP4SmR7s+73BGUVut/PppK3YQ7jDmbaBi++zyOEmKzq2+9SjGl8lWK1+wSgfWQKZV2vsGawR2CgWS6ryV/3DaAYs88JEJqlTDtkJsxlQiZwKSnBMpCCm7pl1oaPSpB6oZD1dJzE3ttM1OIPXx0Ry6Pydi6inV91zd6VHsqfHawPyv1oiwc9CMuR9GCD4bPdSJhImBOcjFbHMJDEVfA2WS67+arEclZajTy+kQ7PGV/0J1p2TvlnYu9grlwzSOLFkjG6RIbLJPyuSEnJMKYeSePJJn8mI8GE/Gq/E2as0Y6cwq+SXj/QteHZqq</latexit>

(Other weighting schemes are also possible)



L(bS| bP ) =
1

mn

X

(i,j)2⌦

(Xi,j � bSi,j)2

bPi,j
<latexit sha1_base64="YS5bi5OYOwLm0Z8rJswg4SIHs00="></latexit>

L(Z| bP ) =
1

mn

X

(i,j)2⌦

(Xi,j � Zi,j)2

bPi,j
<latexit sha1_base64="q1lWxTzvypI5tWt/Y06lW4QCmUc="></latexit>

2.  Minimize:

Debiasing MC

2.  Solve modified version of standard MC problem:

where

Convex program

Typically done via parametric model (logistic regression, naive Bayes) 
(for MC: Liang et al 2016, Schnabel et al 2016, Wang et al 2018/2019, …)

• Usually requires auxiliary information (on rows/cols, some MCAR data)
• Unclear what error is for estimating propensity scores

1.  Construct estimate    ofbP P

bS = �`;KBM
Z2[�1,1]m⇥n

{L(Z| bP ) + �kZk⇤}
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nuclear norm  
(encourages low rank)

Standard approach uses                       instead of              (Mazumder et al 2010)LM�Bp2@Ja1(Z)
<latexit sha1_base64="f/MTzaiieehOz+FgZa5273rZOvY=">AAACAHicbZA9SwNBEIb3/DZ+RS0sbA6DEAvDXQyYwiIggoWCojHBJIS9zSRZsrd37M4Fw3GNf8XGQhFbf4ad/8aNiaDRFxYe3plhdl4vFFyj43xYU9Mzs3PzC4uppeWV1bX0+saNDiLFoMwCEaiqRzUILqGMHAVUQwXU9wRUvN7xsF7pg9I8kNc4CKHh047kbc4oGquZ3jprxnWEO4wl5X3YP786SZLs7V4znXFyRWco28kVvsEZgTuGDBnropl+r7cCFvkgkQmqdc11QmzEVCFnApJUPdIQUtajHagZlNQH3Yi/DkjsXeO07HagzJNof7k/J2Lqaz3wPdPpU+zqydrQ/K9Wi7BdbMRchhGCZKNF7UjYGNjDNOwWV8BQDAxQprj5q826VFGGJrOUCcGdPPkv3ORz7kEuf1nIlI7GcSyQbbJDssQlh6RETskFKRNGEvJAnsizdW89Wi/W66h1yhrPbJJfst4+AUE2lic=</latexit>

L(Z| bP )
<latexit sha1_base64="L9RqXwK9XsQ8g+SPJcm6z96H4yk=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWAR6iYktWAXLgpuXLioYC/YhjKZTNqhk0mYmVRK7Ju4caGIW9/EnW/jpI2g1R8GPv5zDufM78WMSmXbn0ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxxpdZvTMhQtKI36ppTNwQDTkNKEZKWwPTvK7cPfTvqU9GSKXN2enALNtW3c4Ebav2DfYCnBzKIFdzYH70/QgnIeEKMyRlz7Fj5aZIKIoZmZX6iSQxwmM0JD2NHIVEuun88hk80Y4Pg0joxxWcuz8nUhRKOQ093RkiNZLLtcz8r9ZLVFB3U8rjRBGOF4uChEEVwSwG6FNBsGJTDQgLqm+FeIQEwkqHVdIhOMtf/gvtquWcWdWbWrlxkcdRBEfgGFSAA85BA1yBJmgBDCbgETyDFyM1noxX423RWjDymUPwS8b7FyOuk1I=</latexit>



L(bS| bP ) =
1

mn

X

(i,j)2⌦

(Xi,j � bSi,j)2

bPi,j
<latexit sha1_base64="YS5bi5OYOwLm0Z8rJswg4SIHs00="></latexit>
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1
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X

(i,j)2⌦

(Xi,j � Zi,j)2

bPi,j
<latexit sha1_base64="q1lWxTzvypI5tWt/Y06lW4QCmUc="></latexit>
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Debiasing MC

2.  Solve modified version of standard MC problem:

where

Convex program

Typically done via parametric model (logistic regression, naive Bayes) 
(for MC: Liang et al 2016, Schnabel et al 2016, Wang et al 2018/2019, …)

• Usually requires auxiliary information (on rows/cols, some MCAR data)
• Unclear what error is for estimating propensity scores

1.  Construct estimate    ofbP P

bS = �`;KBM
Z2[�1,1]m⇥n

{L(Z| bP ) + �kZk⇤}
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nuclear norm  
(encourages low rank)

Standard approach uses                       instead of              (Mazumder et al 2010)LM�Bp2@Ja1(Z)
<latexit sha1_base64="f/MTzaiieehOz+FgZa5273rZOvY=">AAACAHicbZA9SwNBEIb3/DZ+RS0sbA6DEAvDXQyYwiIggoWCojHBJIS9zSRZsrd37M4Fw3GNf8XGQhFbf4ad/8aNiaDRFxYe3plhdl4vFFyj43xYU9Mzs3PzC4uppeWV1bX0+saNDiLFoMwCEaiqRzUILqGMHAVUQwXU9wRUvN7xsF7pg9I8kNc4CKHh047kbc4oGquZ3jprxnWEO4wl5X3YP786SZLs7V4znXFyRWco28kVvsEZgTuGDBnropl+r7cCFvkgkQmqdc11QmzEVCFnApJUPdIQUtajHagZlNQH3Yi/DkjsXeO07HagzJNof7k/J2Lqaz3wPdPpU+zqydrQ/K9Wi7BdbMRchhGCZKNF7UjYGNjDNOwWV8BQDAxQprj5q826VFGGJrOUCcGdPPkv3ORz7kEuf1nIlI7GcSyQbbJDssQlh6RETskFKRNGEvJAnsizdW89Wi/W66h1yhrPbJJfst4+AUE2lic=</latexit>

L(Z| bP )
<latexit sha1_base64="L9RqXwK9XsQ8g+SPJcm6z96H4yk=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWAR6iYktWAXLgpuXLioYC/YhjKZTNqhk0mYmVRK7Ju4caGIW9/EnW/jpI2g1R8GPv5zDufM78WMSmXbn0ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxxpdZvTMhQtKI36ppTNwQDTkNKEZKWwPTvK7cPfTvqU9GSKXN2enALNtW3c4Ebav2DfYCnBzKIFdzYH70/QgnIeEKMyRlz7Fj5aZIKIoZmZX6iSQxwmM0JD2NHIVEuun88hk80Y4Pg0joxxWcuz8nUhRKOQ093RkiNZLLtcz8r9ZLVFB3U8rjRBGOF4uChEEVwSwG6FNBsGJTDQgLqm+FeIQEwkqHVdIhOMtf/gvtquWcWdWbWrlxkcdRBEfgGFSAA85BA1yBJmgBDCbgETyDFyM1noxX423RWjDymUPwS8b7FyOuk1I=</latexit>

Main contribution:

• Finite sample bounds for                  &k bP � PkF |L(bS| bP )� LB/2�H@Ja1(bS)|
• Competitive empirical performance
No auxiliary information on rows or columns needed!

New strategy to estimating   withbP



What do missingness patterns 
look like?
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Revealed ratings matrix X Missingness matrix M

1 if not missing, 
0 if missing
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Missingness Matrices in Real Data

There is block structure

M

Coat (Schnabel et al 2016)

M

MovieLens (Harper and Konstan 2015)

Goal: Given  , estimate   under low nuclear norm structure 
(will in some sense also cover low rank)

M P
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(Can also show that there is topic modeling structure)
Low rank



General Low Nuclear Norm Structure 
(Davenport et al 2014)

Parameterize     with user-specified link function � : R ! [0, 1]
<latexit sha1_base64="oLYy9aVZ5urdfPJK8JDpKt8j+Hk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWpgiIuCm5cVrEPSEKZTCfp0JkkzEyUErp246+4caGIW7/AnX/jpM1CWw9cOJxzL/fe4yeMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJOBSYtHLNYdH0kCaMRaSmqGOkmgiDuM9Lxh1e537knQtI4ulOjhHgchRENKEZKSz1z35U05OjC5UgNfD+7HbuChgOFhIgfHOvY9npm1apZE8B5YhekCgo0e+aX249xykmkMENSOraVKC9DQlHMyLjippIkCA9RSBxNI8SJ9LLJK2N4qJU+DGKhK1Jwov6eyBCXcsR93ZlfLGe9XPzPc1IVnHsZjZJUkQhPFwUpgyqGeS6wTwXBio00QVhQfSvEAyQQVjq9ig7Bnn15nrTrNfukVr85rTYuizjKYA8cgCNggzPQANegCVoAg0fwDF7Bm/FkvBjvxse0tWQUM7vgD4zPH0armpg=</latexit>

P
<latexit sha1_base64="GPsY/mEztxWFSICJ7VptNgYAxTk=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrtR0MIiYGOZgHlAssjs5G4yZnZ2mZkVwpIvsLFQxNZPsvNvnCRbaOKBgcM55zL3niARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhtQjYJLbBluBHYThTQKBHaC8e3M7zyh0jyW92aSoB/RoeQhZ9RYqdl4KFfcqjsHWSVeTiqQw+a/+oOYpRFKwwTVuue5ifEzqgxnAqelfqoxoWxMh9izVNIItZ/NF52SM6sMSBgr+6Qhc/X3REYjrSdRYJMRNSO97M3E/7xeasJrP+MySQ1KtvgoTAUxMZldTQZcITNiYgllittdCRtRRZmx3ZRsCd7yyaukXat6F9Va87JSv8nrKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/OxyJacPKZY/gD5/MHqRmM0g==</latexit>

Pi,j = �(Ai,j)
<latexit sha1_base64="i6pnRLYtumuZLZDQ1lKdNkA54wM=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmqqALhYoblxXsA9phyKSZNjbJDElGKENx46+4caGIW7/CnX9j2s5CWw9cOJxzL/feE8SMKu0431ZuYXFpeSW/Wlhb39jcsrd3GipKJCZ1HLFItgKkCKOC1DXVjLRiSRAPGGkGg+ux33wgUtFI3OlhTDyOeoKGFCNtJN/eq/kpPb4fwUvYUbTHUelqKhz5dtEpOxPAeeJmpAgy1Hz7q9ONcMKJ0JghpdquE2svRVJTzMio0EkUiREeoB5pGyoQJ8pLJy+M4KFRujCMpCmh4UT9PZEirtSQB6aTI91Xs95Y/M9rJzo891Iq4kQTgaeLwoRBHcFxHrBLJcGaDQ1BWFJzK8R9JBHWJrWCCcGdfXmeNCpl96RcuT0tVi+yOPJgHxyAEnDBGaiCG1ADdYDBI3gGr+DNerJerHfrY9qas7KZXfAH1ucPXU+WGw==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="9PaGNB8Ma2dwiqH3ZxK6+PTU9+4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkVdOGi4sZlFfuAJpbJdNIOnZmEmYlQQsCNv+LGhSJu/Ql3/o2TNgttPXDhcM693HtPEDOqtON8WwuLS8srq6W18vrG5ta2vbPbUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXeV++4FIRSNxp8cx8TkaCBpSjLSRevb+pUeFx5EeBkF6m92n3NOUEwVF1rMrTtWZAM4TtyAVUKDRs7+8foQTToTGDCnVdZ1Y+ymSmmJGsrKXKBIjPEID0jVUILPHTyc/ZPDIKH0YRtKU0HCi/p5IEVdqzAPTmV+rZr1c/M/rJjo891Mq4kQTgaeLwoRBHcE8ENinkmDNxoYgLKm5FeIhkghrE1vZhODOvjxPWrWqe1Kt3ZxW6hdFHCVwAA7BMXDBGaiDa9AATYDBI3gGr+DNerJerHfrY9q6YBUze+APrM8fcj+YBA==</latexit>

for parameter matrix

Assumption A1:  There exists           s.t. kAk⇤  ✓
p
mn

<latexit sha1_base64="IlNa5a8xBdSaGC3D76tP4csgRTg=">AAACBXicbVA9SwNBEN3z2/h1aqnFYhDEItxFQQsLxcZSwUQhd4S9zZxZ3Ns7d+eEcKax8a/YWChi63+w89+4+Sg08cHA470ZZuZFmRQGPe/bmZicmp6ZnZsvLSwuLa+4q2t1k+aaQ42nMtXXETMghYIaCpRwnWlgSSThKro97flX96CNSNUldjIIE3ajRCw4Qys13c3g4SR4aO7SQAINsA3IAnOnsUio6jbdslfx+qDjxB+SMhnivOl+Ba2U5wko5JIZ0/C9DMOCaRRcQrcU5AYyxm/ZDTQsVSwBExb9L7p02yotGqfalkLaV39PFCwxppNEtjNh2DajXk/8z2vkGB+GhVBZjqD4YFGcS4op7UVCW0IDR9mxhHEt7K2Ut5lmHG1wJRuCP/ryOKlXK/5epXqxXz4+GsYxRzbIFtkhPjkgx+SMnJMa4eSRPJNX8uY8OS/Ou/MxaJ1whjPr5A+czx/sx5gz</latexit>

✓ > 0
<latexit sha1_base64="hJXV4sHXMl5fkKGZNF9aHyaxuJk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CBS8OKxgv2ANpTNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnCccD+iAyVCwShaqd3FIUd64/ZKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Tshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGhD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYSHiGV3hzHp0X5935mLeuOPnMEfyB8/kDmT6PqA==</latexit>

Assumption A2:  There exists           s.t. max
i,j

|Ai,j |  ↵
<latexit sha1_base64="S2BOkMCspu6sWV9TuhA0sOV1Z80=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsJCwGwUtLCI2lhHMBbLLcnYyScbMXpiZFcMmpY2vYmOhiK2PYOfbOEm20MQfBj7+cw5nzu/HnEllWd9GbmFxaXklv1pYW9/Y3DK3d+oySgShNRLxSDR9kJSzkNYUU5w2Y0Eh8Dlt+P2rcb1xT4VkUXirBjF1A+iGrMMIKG155r4TwIOXsuO7ER5eTmGIHU6xAzzugWcWrZI1EZ4HO4MiylT1zC+nHZEkoKEiHKRs2Vas3BSEYoTTUcFJJI2B9KFLWxpDCKh008khI3yonTbuREK/UOGJ+3sihUDKQeDrzgBUT87WxuZ/tVaiOuduysI4UTQk00WdhGMV4XEquM0EJYoPNAARTP8Vkx4IIEpnV9Ah2LMnz0O9XLJPSuWb02LlIosjj/bQATpCNjpDFXSNqqiGCHpEz+gVvRlPxovxbnxMW3NGNrOL/sj4/AENpZlV</latexit>

↵ > 0
<latexit sha1_base64="AYvJe1+xUqEwKU9Mz7Bv5w1o8VU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CBS8OKxgv2ANpTJdtMu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo9up33piSvNYPphxwvwIB5KHnKKxUruLIhnijdsrld2KOwNZJl5OypCj3it9dfsxTSMmDRWodcdzE+NnqAyngk2K3VSzBOkIB6xjqcSIaT+b3Tshp1bpkzBWtqQhM/X3RIaR1uMosJ0RmqFe9Kbif14nNeGVn3GZpIZJOl8UpoKYmEyfJ32uGDVibAlSxe2thA5RITU2oqINwVt8eZk0qxXvvFK9vyjXrvM4CnAMJ3AGHlxCDe6gDg2gIOAZXuHNeXRenHfnY9664uQzR/AHzucPgKiPmA==</latexit>

Idea: impose constraints on A instead of P 
(helpful for theoretical analysis)

A
<latexit sha1_base64="e0JcBJgAv6/QN1dNet2C5uwfqpw=">AAAB6HicbZDLSsNAFIYn9VbrrerSzWARXIWkFuzCRcWNyxbsBdpQJtOTduxkEmYmQgl9AjcuFHHrI7nzbZy0EbT6w8DHf85hzvn9mDOlHefTKqytb2xuFbdLO7t7+wflw6OOihJJoU0jHsmeTxRwJqCtmebQiyWQ0OfQ9ac3Wb37AFKxSNzpWQxeSMaCBYwSbazW9bBccey6kwk7du0bnCW4OVRQruaw/DEYRTQJQWjKiVJ914m1lxKpGeUwLw0SBTGhUzKGvkFBQlBeulh0js+MM8JBJM0TGi/cnxMpCZWahb7pDImeqNVaZv5X6yc6qHspE3GiQdDlR0HCsY5wdjUeMQlU85kBQiUzu2I6IZJQbbIpmRDc1ZP/Qqdquxd2tVWrNK7yOIroBJ2ic+SiS9RAt6iJ2ogiQI/oGb1Y99aT9Wq9LVsLVj5zjH7Jev8CpCGMzw==</latexit>

P
<latexit sha1_base64="CVYUYlKeh1SlxqA8DMfSi95xGqE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadmNAXPwEPDiMQHzgGSR2UlvMmb2wcysEEK+wIsHRbz6Sd78G2eTFTRaMFBUVTPd5SeCK+04n1ZhbX1jc6u4XdrZ3ds/KB8edVScSoZtFotY9nyqUPAI25prgb1EIg19gV1/cp353QeUisfRrZ4m6IV0FPGAM6qN1GrelSuOXXcyEMeufRNnSdycVCCHyX8MhjFLQ4w0E1Spvusk2ptRqTkTOC8NUoUJZRM6wr6hEQ1RebPFonNyZpQhCWJpXqTJQv05MaOhUtPQN8mQ6rFa9TLxP6+f6qDuzXiUpBojtvwoSAXRMcmuJkMukWkxNYQyyc2uhI2ppEybbkqmBHf15L+kU7XdC7vaqlUaV3kdRTiBUzgHFy6hATfQhDYwQHiEZ3ix7q0n69V6W0YLVj5zDL9gvX8But2M3g==</latexit>

(low nuclear norm)

�(x) = 1/(1 + e�x)
<latexit sha1_base64="0FPgOCchOlFrAREfkkJJGLuK0Mg=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cRMsQosYk1qwC4WCG5cV7AXaWCbTSTt0JgkzE2mJXfgqblwo4tbXcOfbOGkjaPWHgY//nMM587shJUJa1qeWWVhcWl7JrubW1jc2t/TtnYYIIo5wHQU04C0XCkyJj+uSSIpbIceQuRQ33eFlUm/eYS5I4N/IcYgdBvs+8QiCUlldfa8jSJ/Bwqh4YZ8U7CN8Gx+PJsWunrfMipXIsMzyN1gzsFPIg1S1rv7R6QUoYtiXiEIh2rYVSieGXBJE8STXiQQOIRrCPm4r9CHDwomn90+MQ+X0DC/g6vnSmLo/J2LIhBgzV3UyKAdivpaY/9XakfQqTkz8MJLYR7NFXkQNGRhJGEaPcIwkHSuAiBN1q4EGkEMkVWQ5FYI9/+W/0CiZ9qlZui7nq+dpHFmwDw5AAdjgDFTBFaiBOkDgHjyCZ/CiPWhP2qv2NmvNaOnMLvgl7f0Lea6UcQ==</latexit>

Example: standard logistic function

(bounded probabilities                                )Pi,j 2 [�(�↵),�(↵)]
<latexit sha1_base64="XM66yD0fQ3nZa2WF4LEgNIpWFLM=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSJUqSWpBbtwUXDjsoJ9QBPKzXTajp1MwsxEKKH/4MZfceNCEbdu3Pk3TtsIWj0wcO4593LnHj9iVCrb/jQyS8srq2vZ9dzG5tb2jrm715RhLDBp4JCFou2DJIxy0lBUMdKOBIHAZ6Tljy6nfuuOCElDfqPGEfECGHDapxiUlrrmSb2b0OLtxKW840o6CKBw6gKLhnBcTOu09Lpm3i5V7Sksu1T5JvacOCnJoxT1rvnh9kIcB4QrzEDKjmNHyktAKIoZmeTcWJII8AgGpKMph4BIL5ndNLGOtNKz+qHQjytrpv6cSCCQchz4ujMANZSL3lT8z+vEql/1EsqjWBGO54v6MbNUaE0DsnpUEKzYWBPAguq/WngIArDSMeZ0CM7iyX9Js1xyzkrl60q+dpHGkUUH6BAVkIPOUQ1doTpqIIzu0SN6Ri/Gg/FkvBpv89aMkc7so18w3r8A5bWdgw==</latexit>

Block structure, clustering, topic models are all special cases!

Any bounded low rank  A satisfies A1 and A2A
<latexit sha1_base64="e0JcBJgAv6/QN1dNet2C5uwfqpw=">AAAB6HicbZDLSsNAFIYn9VbrrerSzWARXIWkFuzCRcWNyxbsBdpQJtOTduxkEmYmQgl9AjcuFHHrI7nzbZy0EbT6w8DHf85hzvn9mDOlHefTKqytb2xuFbdLO7t7+wflw6OOihJJoU0jHsmeTxRwJqCtmebQiyWQ0OfQ9ac3Wb37AFKxSNzpWQxeSMaCBYwSbazW9bBccey6kwk7du0bnCW4OVRQruaw/DEYRTQJQWjKiVJ914m1lxKpGeUwLw0SBTGhUzKGvkFBQlBeulh0js+MM8JBJM0TGi/cnxMpCZWahb7pDImeqNVaZv5X6yc6qHspE3GiQdDlR0HCsY5wdjUeMQlU85kBQiUzu2I6IZJQbbIpmRDc1ZP/Qqdquxd2tVWrNK7yOIroBJ2ic+SiS9RAt6iJ2ogiQI/oGb1Y99aT9Wq9LVsLVj5zjH7Jev8CpCGMzw==</latexit>

 12Technical detail: with some changes to theory & algorithm, can make upper bound 1



Algorithm: 1bitMC (Davenport et al 2014)

1.  Solve a nuclear-norm-regularized maximum likelihood estimation problem:

bA = �`;K�t,
A2Rm⇥n

mX

i=1

nX

j=1

Mi,j log �(Ai,j) + (1�Mi,j) log(1� �(Ai,j))

bm#D2+i iQ, kAk⇤  ✓
p
mn, max

i,j
|Ai,j |  ↵

bPi,j = �( bAi,j)
<latexit sha1_base64="TGwLcbWHvB64y+B+Nj5qBmmmmrM=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCWpgi4UKm5cVrAPaEKYTCbt2MmDmYlSQr7Cjb/ixoUibsWdf+O0DaKtBy4czrmXe+9xY0aFNIwvrTA3v7C4VFwurayurW/om1stESUckyaOWMQ7LhKE0ZA0JZWMdGJOUOAy0nYHlyO/fUe4oFF4I4cxsQPUC6lPMZJKcvRD6556pI9k2siclB7cZvAcWoL2AlT5sS5ya9/Ry0bVGAPOEjMnZZCj4eiflhfhJCChxAwJ0TWNWNop4pJiRrKSlQgSIzxAPdJVNEQBEXY6fiuDe0rxoB9xVaGEY/X3RIoCIYaBqzoDJPti2huJ/3ndRPqndkrDOJEkxJNFfsKgjOAoI+hRTrBkQ0UQ5lTdCnEfcYSlSrKkQjCnX54lrVrVPKrWro/L9bM8jiLYAbugAkxwAurgCjRAE2DwAJ7AC3jVHrVn7U17n7QWtHxmG/yB9vENKq+fVw==</latexit>

2.  Estimate propensity scores as follows:

Davenport et al developed this algorithm for 
binary matrix completion with MCAR entries

Convex program depending on choice of  s�

standard Bernoulli log likelihood

constraints correspond to 
Assumptions A1 & A2

 13



Key idea: apply matrix completion algorithm to
fully-observed matrix  M to estimate  PM P

 14

Can also use other algorithms designed for matrix completion 
aside from 1bitMC to estimate  , such as collaborative filteringP

<latexit sha1_base64="CVYUYlKeh1SlxqA8DMfSi95xGqE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadmNAXPwEPDiMQHzgGSR2UlvMmb2wcysEEK+wIsHRbz6Sd78G2eTFTRaMFBUVTPd5SeCK+04n1ZhbX1jc6u4XdrZ3ds/KB8edVScSoZtFotY9nyqUPAI25prgb1EIg19gV1/cp353QeUisfRrZ4m6IV0FPGAM6qN1GrelSuOXXcyEMeufRNnSdycVCCHyX8MhjFLQ4w0E1Spvusk2ptRqTkTOC8NUoUJZRM6wr6hEQ1RebPFonNyZpQhCWJpXqTJQv05MaOhUtPQN8mQ6rFa9TLxP6+f6qDuzXiUpBojtvwoSAXRMcmuJkMukWkxNYQyyc2uhI2ppEybbkqmBHf15L+kU7XdC7vaqlUaV3kdRTiBUzgHFy6hATfQhDYwQHiEZ3ix7q0n69V6W0YLVj5zDL9gvX8But2M3g==</latexit>

(Technically, we are doing matrix denoising not matrix completion for  )M
<latexit sha1_base64="T7dfNmL9iscaVfLrONjOBIs5z/0=">AAAB6HicbZDLSsNAFIYn9VbrrerSzWARXIWkFuzCRcGNG6EFe4E2lMn0pB07mYSZiVBCn8CNC0Xc+kjufBsnbQSt/jDw8Z9zmHN+P+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoo6JEUmjTiEey5xMFnAloa6Y59GIJJPQ5dP3pdVbvPoBULBJ3ehaDF5KxYAGjRBurdTssVxy77mTCjl37BmcJbg4VlKs5LH8MRhFNQhCacqJU33Vi7aVEakY5zEuDREFM6JSMoW9QkBCUly4WneMz44xwEEnzhMYL9+dESkKlZqFvOkOiJ2q1lpn/1fqJDupeykScaBB0+VGQcKwjnF2NR0wC1XxmgFDJzK6YTogkVJtsSiYEd/Xkv9Cp2u6FXW3VKo2rPI4iOkGn6By56BI10A1qojaiCNAjekYv1r31ZL1ab8vWgpXPHKNfst6/ALZRjNs=</latexit>

We are debiasing matrix completion with more matrix completion!



Theoretical Guarantees
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Theorem (1bitMC): Choose link                               .�(x) = 1/(1 + e�x)
Under assumptions A1 and A2, if # rows   & # cols   are large 
enough, then with high probability, we simultaneously have:

m n

|L(bS| bP )� LB/2�H@Ja1(bS)|  O

⇣ p
✓

[�(�↵)]2

h 1

m1/4
+

1

n1/4

i⌘

1

mn

X

i,j

( bPi,j � Pi,j)
2
 O

⇣
✓
h 1
p
m

+
1
p
n

i⌘
if

m ⇣ n

m�1/4

Theorem (CF): If there’s clustering structure (across rows/columns), 
we can get faster debiasing rate   instead of   

(uses collaborative filtering to estimate   instead of 1bitMC)
m�1/2 m�1/4

P

(The collaborative filtering results are in a forthcoming longer version of the paper)



Matrix Completion (MovieLens, Coat)
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Experiment (per dataset):

• 5-fold cross-validation for 
hyperparameter selection

• Separate revealed entries 
into train/test split

Coat has its own train/test split 
MovieLens: 90/10 split with 10 experimental repeats

• Evaluate prediction error 
on test entries

Main findings:

• 1bitMC debiasing tends to 
outperform naive Bayes and 
logistic regression debiasing

• 1bitMC debiasing often 
improves existing methods, 
at times yielding the best or 
nearly the best accuracies

Our paper also has results on synthetic data



Conclusions & Future Work

• We recommend using 1bitMC to estimate propensity scores if:
1. You don’t want parametric assumptions
2. Your data matrix is sufficiently large (e.g., at least hundreds of rows/cols)

Main takeaways:

Future directions:

• Other MNAR matrix completion methods lack debiasing guarantees; some 
do not estimate the propensity score matrix (possibly useful for other tasks)

• Debiasing guarantees for prediction tasks using MNAR imputed features

 17

• Any benefits to using this approach in causal reasoning context?

• More robust way to debias MC using propensity score estimates 
(that neatly handles propensity scores that are 0)

• Handling the case entries are not revealed independently  
(revealing one entry makes another more/less likely to be revealed)


