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Anisotropic electronic structure is incorporated in crystallographic determination
of the structure of ferromagnetic Fe, �-Pu and a Pu–3.7 at% Ga alloy. This is
achieved by using anisotropic aspects of the inter-atomic bonds as a motif in
combination with the high-symmetry cubic lattice. In the case of Fe, it is shown
that ferromagnetic ordering reduces the symmetry of the structure from body
centred cubic to body centred tetragonal with an associated effect on elasticity.
Thus, the ferromagnetic �- and paramagnetic �-phase are separate and unique
phases that should both be addressed on the Fe phase diagrams. In the case of
Pu, first-principles density-functional theory calculations are used to show that the
bond strengths between the 12 nearest neighbours in �-plutonium vary greatly.
Employing the calculated bond strengths as a motif in crystallographic
determination yields a structure with the monoclinic space group Cm for �-Pu
rather than face-centred cubic Fm3m. The reduced space group for �-Pu
illuminates why it is the only metal with a monoclinic ground state, why lattice
distortions of the metal are viable and has implications for the behaviour of the
material as it ages due to self-irradiation. Results for a Pu–3.7 at% Ga alloy show
that the nearest neighbour bond strengths around a Ga atom are more uniform – a
result that explains whyGa stabilizes face-centred cubic �-Pu. This paper illustrates
how an expansion of classical crystallography, which accounts for anisotropic
electronic and magnetic structure, can explain complex materials in a novel way.

1. Introduction

When determining the space group of a crystal, classical crystallography does not
incorporate anisotropic electronic structure within its framework [1]. For some
materials, this is unneeded; however, other materials have complicated
electronic structures, leading to a myriad of abnormal physical properties.
For example, upon heating from room temperature, iron transforms from
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body-centred cubic (bcc) to face-centred cubic (fcc), then back to bcc before it melts.

In addition, there is a magnetic–nonmagnetic transition in bcc iron prior to the
transformation to fcc, caused by a collective ordering–disordering of the valence

electron spins.
Further down the Periodic Table, the actinides possess 5f-electron states at or

near the bonding energy level that forms narrow bands. This scenario provides for an

inherently unstable situation [2]. Accordingly, the behaviour of the actinide metals

is considerably more complex than, for example, aluminium. In the case of iron
and plutonium, a more in-depth treatment of the space-group determination of the

crystal structure may be in order. With this in mind, this paper illustrates an
extended treatment of crystallographic determination of complex materials with

anisotropic valence-electron behaviour by incorporating electronic and magnetic

structure. For this task, two complex metals have been chosen: one with
a ferromagnetic–paramagnetic transition – iron, and the other with highly

anisotropic bonding – plutonium. Our goal is to show that this treatment
offers a fresh way to interrogate materials with complex electronic

structures, yielding a unique way to address outstanding and, in the case of iron,

old questions.

1.1. Iron

The paramagnetic �-phase in Fe was removed from the phase diagram many years

ago and replaced with the same symbol as ferromagnetic �-Fe, due to the belief that
the two states – ferromagnetic and paramagnetic – did not constitute different phases

of the metal. The �-phase had produced considerable confusion among the
metallurgical community, spawning numerous heated arguments. As far as could

be determined by X-ray diffraction at the time [3], the structure of ferromagnetic Fe

was the same as that of paramagnetic Fe. Since the definition of phase included
composition and structure only, no change of phase was deemed to have occurred

when Fe lost its ordered magnetism at the Curie temperature.
Differences in magnetic behaviour arise from differences in exchange interactions

and magnetocrystalline anisotropy for different materials. Magnetocrystalline

anisotropy is linked to the symmetry of the crystal and involves electron spin–orbit
interactions and crystal fields [4, 5], and is responsible for generating the directions

for the magnetic moments that have minimum energy. The exchange interactions are

quantum mechanical phenomena required by the Pauli exclusion principle.
For strong exchange, the magnetic moments have a strong coupling to each other

and is a cooperative phenomenon. Small exchange interactions yield non-cooperative
phenomena. In the case where there is a strong exchange, such as Fe, the valence

electrons behave in a highly cooperative and anisotropic manner, which affects the

overall symmetry of the structure.
It is not widely known or understood, at present, whether paramagnetic �-Fe and

ferromagnetic �-Fe do each indeed constitute a distinct crystal structure, even if the

lattice remains bcc in both phases, where a¼ b¼ c. This will be discussed in detail in
this paper.

2572 K. T. Moore et al.
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1.2. Plutonium

Metals that straddle the magnetic–superconducting transition exhibit a fascinating

interplay of characteristics, such as itinerant magnetism, heavy fermions,

superconductivity and phase instability [6–10]. A rearranged period table is shown

in figure 1 containing the five transition metal series: 4f, 5f, and 3d to 5d [11].

At ground state, the metals in the blue area exhibit superconductivity and the metals

in the red area exhibit a magnetic moment. The white band is a transition region

where metals are on the borderline between localized (magnetic) and itinerant

(conductive) valence-electron behaviour. In this transition region, metals such as

iron, cerium, neptunium and plutonium are found, each of which can be

categorized as a complex metal. Of these metals, plutonium is arguably the most

complex with a perplexing electronic structure and, in turn, a myriad of unique

properties.
Plutonium exhibits six solid allotropic phases �, �, �, �, �0 and ", where

the volume of the crystal first expands upon heating then condenses, as shown in

figure 2 [12]. The �-phase is simple monoclinic, � is base-centred monoclinic, � is

orthorhombic, � is fcc, �0 is tetragonal, and finally " is bcc. This is followed by the

liquid phase, which not only emanates at a very low temperature for a metal

(�640�C), but also is more dense than the previous phase, similar to H2O. Also note

from figure 2 that � and �0 have a negative coefficient of thermal expansion, a

quite unusual property for any metal. The oddity of Pu is further illustrated in the

pseudo-binary phase diagram of the light actinides in figure 3 [12]. Note how both

the melting temperature drops and the number of solid allotropic phases increases

along the series when approaching Pu. This reveals that Pu is at the zenith of

complex behaviour for the 5f metal series.

Figure 1. A rearranged periodic table where the five transition metal series 4f, 5f, and 3d to
5d are shown (after [11]). When cooled to the ground state, the metals in the blue area exhibit
superconductivity, while the metals in the red area exhibit magnetic moments. The white band
running though the middle is where conduction electrons transition from itinerant and pairing
to localized and magnetic. Slight changes in temperature, pressure or chemistry will move
metals located on the white band to either more bonding or more magnetic behaviour. The
two metals examined here, Fe and Pu, are circled in green and show their relation to the
magnetic–superconducting transition. For colour, see online.

Crystallography involving anisotropic electronic and magnetic structure 2573
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Figure 3. A pseudo-binary phase diagram of the light actinide metals near Pu. Note the
increase in the number of solid allotropic phases and the decrease in melting temperature that
occur near Pu.

Figure 2. Pu phase diagram showing the large number of solid allotropic phases, the
negative coefficient of thermal expansion exhibited by � and �0, and the density increase that
occurs upon melting.

2574 K. T. Moore et al.
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The phonon dispersion curves for �-plutonium provide yet another intriguing

characteristic of the metal. Inelastic X-ray scattering recorded from single-grain

regions of �-plutonium [13], as well as other measurements [14, 15], show that it is the

most anisotropic face-centred cubic (fcc) metal known. The shear moduli C44 and C0

differ by a factor of �7, which is in strong contrast to the factor of 1.2 found in

aluminium [16]. The negative coefficient of thermal expansion, expanded fcc phase

unit cell volume, and a huge difference in shear moduli suggest that the bonding

strengths between the 12 nearest neighbours of the fcc �-Pu lattice are not equal.

In turn, this means that the total symmetry of the metal may not be fcc, but rather a

lower symmetry class [17].

1.3. Aims of this paper

(1) To illustrate that augmenting classical crystallography to account for

anisotropic valence electron behaviour is feasible and can be used to explain

unusual behaviour of complex materials in a unique way. To do this, two

elements are addressed that reside on the superconducting–magnetic

transition in figure 1, i.e. iron and plutonium.
(2) To show that the paramagnetic �-phase of iron is correctly a phase unto itself

with a different symmetry than the paramagnetic �-Fe. Thus, the �-phase
should be incorporated into iron phase diagrams. The magnetic moment on

each atom of ferromagnetic �-Fe reduces the total symmetry of the structure,

in turn altering the macroscopic physical properties observed, such as elastic

constants, shear modulus and phase transformations. �-Fe is bcc; �-Fe is

tetragonal.
(3) To systematically progress through crystallographic arguments showing

that the high temperature �-phase in unalloyed Pu belongs to the

monoclinic space group Cm rather than the cubic space group Fm3m.

This is achieved using first-principles density-functional theory calcula-

tions to obtain the bond-strengths between the 12 nearest neighbours

and, in turn, using these bonds as a motif for crystallographic

determination. Our results provide new insight into why plutonium is

highly anisotropic, why it is the only metal with a monoclinic ground

state and why tetragonal, orthorhombic or monoclinic distortions of �-Pu
are likely.

(4) Results are presented for a metastable �-phase Pu–3.7 at% Ga alloy, which

show that the bond strengths around the Ga atom are more uniform than for

a Pu atom surrounded by other Pu atoms. This result illuminates why Ga

acts to stabilize the fcc �-phase over the monoclinic �-phase at room

temperature. Results for both pure Pu and Pu–Ga have ramifications for the

behaviour of the metal as it ages, accumulating damage via self-irradiation.

This will be discussed.

Crystallography involving anisotropic electronic and magnetic structure 2575
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2. Calculation methods

For Pu bond strengths, full-potential linear-muffin-tin orbital (FPLMTO)
calculations [18] were employed, since these have been used extensively and
successfully for transition [19] and actinide [20] metals. The ‘full potential’ refers
to the use of non-spherical contributions to the electron charge density and potential.
This is accomplished by expanding these in cubic harmonics inside non-overlapping
muffin-tin spheres and in a Fourier series in the interstitial region. We use two energy
tails associated with each basis orbital and for the semi-core 6s, 6p, and valence 7s,
7p, 6d, and 5f states, these pairs are different. Spherical harmonic expansions are
carried out through lmax¼ 6 for the bases, potential and charge density. For the
electron exchange and correlation energy functional, the generalized gradient
approximation (GGA) is adopted [21]. The nearest-neighbour bond strengths are
obtained from total energy calculations of a 27-atom super-cell that uniquely defines
all 12 nearest neighbours (NN). By introducing a small (2%) displacement along
each of the 12 NN bonds, the force associated with the respective bond is obtained
from the corresponding energy shift scaled by the magnitude of the displacement.
This is the ‘bond strength’. The super-cell is allowed to spin polarize ferromagne-
tically, whereas the spin–orbit interaction is omitted to simplify the calculations.
It has been shown that spin–orbit interactions are strong in the 5f states of the
actinides [22, 23]. However, the spin–orbit splitting that occurs in the 5f states can be
mimicked by ferromagnetic ordering [24]. While not strictly correct, because
experiments do not confirm ferromagnetism in �-Pu, this ordering greatly simplifies
the complex and time-consuming calculations while still giving an accurate
equilibrium volume, bulk modulus and elastic constants [25, 26]. Integration over
the irreducible wedge of the Brillouin zone (IBZ, 1/4th of the full zone) is performed
using the special k-point method [27] with 20 k points in the IBZ for the fcc
super-cell. The elastic constants for iron were obtained from the total-energy
response of volume-conserving tetragonal (C0) and orthorhombic (C44) distortions of
up to 1%.

3. Results

To progress our argument that classical crystallography can be augmented
to account for anisotropic valence electron behaviour, we will begin with a
two-dimensional plane group, then proceed to three-dimensional space groups.
Both Fe and Pu will be considered in the progression of this argument, but each will
be addressed separately in the discussion section.

We begin in two-dimensions with an array of blocks, as shown in figures 4a
and b. A square array of points is first created, which is the lattice. Blocks are then
incorporated around each lattice point, which is the motif. The combination of a
lattice and motif in two dimensions results in a two-dimensional structure that has a
unique two-dimensional plane group of symmetry 4mm, because there is an axis of
4-fold rotation about each lattice point and there are four mirror planes marked m1,
m2, m3, and m4. When the upper-left and lower-right corners of each block are filled,

2576 K. T. Moore et al.
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the motif is altered and so is the symmetry of the structure. The plane group

symmetry of this structure is reduced to 2mm due to the loss of 4-fold symmetry and

the elimination of the m1 and m2 mirror-plane planes. The salient feature is that the

structure in figure 4b retains a square lattice, even though the axis of 4-fold

symmetry is lost and the total symmetry of the structure is reduced.
Body-centred cubic Fe can be utilized as a three-dimensional real crystal

structure to progress this idea further. In this case, the three-dimensional lattice and

motif result in a three-dimensional structure that has associated with it a unique

three-dimensional space group. When Fe is paramagnetic, its structure is bcc with the

space group Im3m. However, when the crystal structure becomes ferromagnetic with

aligned moments in the [001] direction, the symmetry is reduced to I4/mm0m0y

as shown in figure 5 [28]. From a geometry standpoint a¼ b¼ c, but the fact that the

spins are aligned along the z-axis lowers the symmetry of the crystal structure. Thus,

there do not need to be atomic displacements, with a corresponding change in lattice,

to reduce the symmetry of the structure. All cubic lattices must have a¼ b¼ c, but all

structures with a¼ b¼ c need not have cubic symmetry!
The same point is relayed by the two-dimensional array of blocks in figure 4

(plane group) and the three-dimensional structure of Fe in figure 5 (space group):

The lattice itself may appear to remain high symmetry, but the crystal structure as a

whole may be reduced in symmetry due to a change in the symmetry of the motif.

This is because the symmetry of any plane or space group is composed of the

intersection of the symmetries of a lattice and a motif. In ferromagnetic �-iron,
the magnetic moment produced by the outermost valence electrons not only lowers

the symmetry from cubic to tetragonal, but also alters the macroscopic properties

observed, such as elastic constants, shear modulus and phase transformations.
To address this point, we have used density functional theory to calculate the

shear moduli C44 and C0 for both ferromagnetic (FM) �-Fe and paramagnetic

(PM) �-Fe. In addition, the calculations for FM �-Fe were performed with (þSO)

Figure 4. Two periodic arrays illustrating repetition of a lattice (points) and a
motif (blocks). (a) Pattern showing a plane group symmetry of 4mm and (b) pattern
showing a plane group symmetry of 2mm, reduced only by a change in the motif, not the
lattice.

yThe symbol m0 represents a mirror plane combined with time inversion. For example, see [28].

Crystallography involving anisotropic electronic and magnetic structure 2577



D
ow

nl
oa

de
d 

By
: [

La
w

re
nc

e 
Li

ve
rm

or
e 

N
at

io
na

l L
ab

or
at

or
y]

 A
t: 

17
:4

8 
17

 M
ay

 2
00

7 

and without (–SO) spin-orbit coupling. The results are displayed in table 1 and show

that, while there is little change between the FM �-Fe calculations with and without

spin-orbit coupling, there is a large change between the FM and PM calculations.

In fact, the high temperature �-phase comes out unstable in the calculations

(negative C0), which is likely because this phase is stabilized by phonon entropies, not

included in the zero-temperature calculation. Regardless of the instability, the

calculations do indeed show that turning on and off the ferromagnetism in iron does

affect the macroscopic properties of the metal substantially. This is observed in
experiment, where the elastic anisotropy of ferromagnetically ordered �-Fe is

�2.4 at room temperature while paramagnetic �-Fe is �7.1 at 880�C [29].

Table 1. Shear moduli C0 and C44 for both ferromagnetic (FM) �-Fe and
paramagnetic (PM) �-Fe calculated by the density-functional theory. For FM

�-Fe, the calculations were performed with and without spin-orbit coupling (þSO
and –SO, respectively). Finally, experimental values [29] are shown for

comparison. The differences between theory (FM) and measurements are close to
the expected DFT errors and are partly due to the underestimated lattice constant.

C0 C44

FMþ SO 715 1030
FM � SO 710 1050
PM –1310 1900
Exp. 525 1219

Figure 5. Structure of �-iron. The crystal has a body-centred cubic space group of Im3m
when paramagnetic, but is reduced to I4/mm0m0 when the crystal becomes ferromagnetic with
aligned moments in the [001] direction. Note that the atomic positions do not change; rather,
the motif is changed by the addition of an ordered magnetic moment, as indicated in the
upper-right inset of the figure.

2578 K. T. Moore et al.
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While a magnetic moment, such as that observed in �-Fe, can reduce symmetry

as described above, other aspects of the outermost bonding electrons can also affect

the symmetry. In the case of �-Pu, the phonon dispersion curves have suggested that

the bonding strength between the 12 nearest neighbours must not be equal. The

question then arises: if an fcc lattice with a¼ b¼ c is joined with a motif of

anisotropic nearest-neighbour bonds, what is the resultant space group? To address

this question, the detailed electronic structure of Pu must be determined, in

particular the variation of the nearest-neighbour bond strengths [17]. This was

performed by calculating the energy response (�E) of a 2% displacement of an atom

along each of the 12 nearest-neighbour directions and scaling this with the

displacement magnitude (u¼ 0.049 Å), as described in section 2. Density-functional

theory has proven to be accurate for most metals in the Periodic Table, including
Pu [26]; however, its use for calculating bond strength is entirely unique.

The computed bond strengths as calculated by density functional theory are

shown in table 2 and figure 6. The nearest neighbour direction (x, y, z), Miller indices

(h, k, l), change in energy (�E ) due to a 2% shift of the 0,0,0 atom, and the change in

energy normalized by the displacement length (�E/u) are shown in table 2. Readily

noticeable is that �E/u varies from �3.3 to �5.3, showing the large degree of

variation in bond strength between the 12 nearest neighbours. As shown in figure 6,

the 12 nearest neighbours can be separated into six pairs where the bond strengths

are close in value: blue (3.3), black (3.5–3.7), red (3.7–3.9), pink (3.9–4.1), green

(4.5–4.7) and brown (4.7–5.3). In the (001) plane, the [110] bond is roughly equal to

the [110] bond (green), and the [110] bond is roughly equal to the [110] bond (black).

In the {011} planes, we see that [011]� [101] (blue), [011]� [101] (red), [011]� [101]

(pink), and [011]� [101] (brown). It is important to note that not only the bond
strength, but also the repeatability of groupings dictates the choice of sets. In other

words, there is a clear separation between the brown and pink sets and a clear

separation between the red and blue sets. It is interesting that the bonds in the (001)

Table 2. Nearest-neighbour direction in x, y, z coordinates, Miller indices (h,k,l) and bond
strength F (mRy/Å) for pure Pu and a Ga atom in a Pu–3.7 at% Ga alloy.

Bond strength F (mRy/Å)

Nearest neighbour (x, y, z) Miller indices (h, k, l) Pure Pu Pu–3.7 at% Ga

0.5 0.5 0 1 1 0 4.7 6.3
�0.5 �0.5 0 �1 �1 0 4.5 6.1
0.5 �0.5 0 1 �1 0 3.7 6.3

�0.5 0.5 0 �1 1 0 3.5 6.4
0.5 0 0.5 1 0 1 4.1 7.0

�0.5 0 �0.5 �1 0 �1 3.3 5.6
�0.5 0 0.5 �1 0 1 4.7 4.4
0.5 0 �0.5 1 0 �1 3.9 5.5
0 �0.5 0.5 0 �1 1 3.9 7.3
0 0.5 �0.5 0 1 �1 3.3 5.9
0 0.5 0.5 0 1 1 5.3 6.0
0 �0.5 �0.5 0 �1 �1 3.7 6.0

Crystallography involving anisotropic electronic and magnetic structure 2579
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plane are almost equal directly across the central atom, whereas the bonds in the
{011} planes are not and have a more complicated arrangement.

When an fcc lattice is joined with the calculated bond strengths as a motif, the
resultant structure is c-centred monoclinic with the space group Cm. This low-
symmetry space group is due to the fact that, besides translational symmetry, there
is no rotational symmetry and only one mirror plane along the (110) plane.
The new Bravais lattice for the structure is shown in figure 7, where (a) is the three-
dimensional rendering of the c-centred unit cell and (b) is a two-dimensional
rendering viewed along the [001] direction. In (b), the fcc lattice is shown by the
purple box. The c-centred unit cell is shown by the heavy red box with the green line
marking the [110] mirror plane.

This space group has several ramifications. First, it now seems no coincidence
that the ground state �-phase of Pu is monoclinic P21/m and that here we show

Figure 6. Two stacked fcc unit cells with the central atom showing the 12 nearest
neighbours. In the case of plutonium, the 12 bonds with the nearest neighbours widely vary
with strength and can be separated into six pairs: blue (3.3), black (3.5–3.7), red (3.7–3.9), pink
(3.9–4.1), green (4.5–4.7) and brown (4.7–5.3). When the fcc lattice is combined with the motif
of these bond strengths, the resultant space group is monoclinic Cm. For colour, see online.

2580 K. T. Moore et al.
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�-Pu exhibits a monoclinic space group when the bonding strengths are accounted

for as the motif. Also, �-Pu is C2/m, where the only difference between the two

space groups C2/m and Cm is an axis of two-fold rotation perpendicular to the

mirror plane (Of course, in the real structures there is also a slight change of atomic

positions). The reduced space group of Cm for �-Pu yields a viable path for

the � $ �0 phase transformation of Pu and Pu alloys. It has been shown that

at low pressures (�0.4 GPa), � transforms first to �0 then to �0 in Pu–Ce [30] and

Pu–Al [31] alloys. Given how close the space groups are between the reduced space

group of Cm for �-Pu and C2/m �-Pu, this intermediate transformation to � is

logical.
A second important consequence of these calculations is that the structure is not

centrosymmetric; it does not contain the symmetry operation 1. This is apparent in

figure 6 from the fact that the bonds in the {011} planes are not uniform across

the central atom. In the view of classical crystallography, fcc crystals are

centrosymmetric; however, the above arguments show that this is not appropriate

in describing the symmetry of �-Pu. The electronic structure (dominated by 5f states)

produces bonding in �-Pu with largely varying strength between the 12 nearest

neighbours that does not uniformly exhibit inversion symmetry.
Turning our attention to the metastable �-phase Pu–Ga alloy, we may now

repeat the above calculations with a Ga atom in the central position of our 27-atom

super-cell and being subject to the displacement. In this case, we find that the energy

response is more uniform than for pure Pu (see table 2). Almost all of the bond

strengths are near F¼ 6 with the exception of [010] (F¼ 7.0), [011] (F¼ 7.3), and

[101] (F¼ 4.4). Why these bond forces are so high and low in value is not clear;

however, the other nine bonds are rather uniform. This uniformity in force implies

that the bond strengths surrounding the Ga atom are higher in symmetry, thus

supporting a higher-symmetry structure. In other words, these calculations illustrate

Figure 7. (a) Three-dimensional and (b) two-dimensional representations of the c-centred
monoclinic Bravais Lattice needed to fully describe �-Pu.

Crystallography involving anisotropic electronic and magnetic structure 2581
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why Ga acts to retain the high-symmetry fcc �-phase at room temperature by making
the bond strength about the Ga atom less anisotropic.

4. Discussion

The crystallographic arguments set forth in section 3 illustrate how anisotropy of the
chemical bonds can lower the overall symmetry of a given crystal structure. Again,
this is due to the fact that the symmetry of a real crystal is given by the intersection of
the lattice and motif. For the cases discussed, each atom is the motif and is
positioned on a given lattice site. Ferromagnetic Fe has atoms located on a bcc lattice
with aligned magnetic moments. �-Pu is an atom with highly anisotropic bonding set
on an fcc lattice. Taking into account these behaviours – ferromagnetism and
anisotropic bonding – we find that the total symmetry of the structure is reduced to
explain unusual behaviour in complex metals. This idea is unorthodox and creates a
number of questions. In the flowing discussion, we will address the questions set
forth in, and those that evolved during, this work.

4.1. Iron

In section 1, the question was raised; ‘is paramagnetic �-Fe a separate phase from
ferromagnetic �-Fe?’ The answer is yes. The electron spins align in �-Fe along the
z-axis and are coupled to the lattice due to the spin–orbit interaction, creating a
moment that changes the motif of the structure. Regardless of whether the bcc
arrangement of atoms retains the high symmetry parameters a¼ b¼ c, the total
symmetry is lowered from Im3m to I4/mm0m0 due to the aligned electron spins.
The crystal structure of ferromagnetic iron does not have a three-fold axes and has
only one four-fold axis.

It has been shown that magnetic point groups can be used to describe the
symmetry of crystals which have magnetic moments associated with the atoms
[28, 32–37]. In this treatment, phenomena in magnetic materials, such as magnetic
domains, domain interactions and magnetostriction, are shown to be more
accurately addressed by using the full symmetry aspects of the magnetic state,
i.e. the structure with reduced symmetry due to the magnetic ordering. In addition,
electronic-structure calculations are required to account for the reduced symmetry
due to the ordered magnetic state. Accurate orbital magnetic moments of bcc iron
can only be obtained from calculations [38] that consider a lowering of the symmetry,
from 48 (cubic) to 8 (tetragonal) operations, due to the preferred orientation of the
magnetic spin moments along the [001] easy axis. Cubic symmetry does not support
ferromagnetism because the moments always produce a special direction, as shown
in figure 5.

Although not cubic, PrCo5 has yielded experimental evidence of symmetry
reduction upon magnetic ordering. Shen and Laughlin [39] have shown by
convergent beam electron diffraction that the projected point group symmetry
along the [0001] direction of PrCo5 is reduced from 6mm to 6 on magnetic ordering.
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This is consistent with the space group changed from P6/mmm in the paramagnetic
state to P6/mm’m’ in the ferromagnetic state.

The result of our calculations and arguments is that the �-phase of iron has a
different structure than the �-phase and, accordingly, should occupy a separate
phase field in the iron phase diagram. The magnetic moment on each atom in �-Fe
reduces the total symmetry of the structure from bcc, in turn altering the
macroscopic physical properties observed, such as elastic constants, shear modulus
and phase transformations.

4.2. Plutonium

The calculations and crystallographic arguments above show that �-Pu is c-centred
monoclinic with the space group Cm when the anisotropic bonds are taken into
account. This idea is supported by several of the macroscopic physical properties of
the metal. First, �-Pu is most crystallographically expanded, i.e. lowest density phase
of all six allotropes. This is the opposite of almost all other metals in the Periodic
Table, where the fcc phase is the most compact and densely packed. This is evidence
that the Pu atom cannot be safely assumed to be a hard sphere, as is often done.
Second, the coefficient of thermal expansion for �-Pu is negative. When examining
materials with negative thermal expansion, it is obvious that most possess low
symmetry structures. Thus, the low density and negative thermal expansion
coefficient can be taken as physical affects due to the reduction of symmetry of �-Pu.

The reduction of symmetry of �-Pu illustrated above clarifies recent experimental
results, such as those from Lawson et al. [40, 41], which suggest that a
tetragonal distortion occurs in Ga-stabilized �-Pu. In the work by Lawson et al.
[40, 41], neutron diffraction revealed that the widths of the peaks were
temperature-dependent for Pu0:98Ga0:02. As the sample was cooled, peak-broadening
occurred, increasing with subsequent cooling cycles. This affect disappeared when
heated to 650K. The diffraction peaks were anisotropic, which were modelled
by assuming a small tetragonal distortion to the crystal. As the changes in the
diffraction peaks were observed at low temperature, it is possible that they are due
to the anisotropic response of the �-Pu matrix to the ingrowth of monoclinic �0-Pu
particles, which form during an isothermal martensitic phase transformation at low
temperatures [42, 43]. If one introduces precipitates or defects, such as vacancies,
interstitials, dislocations and/or He bubbles [44] into an anisotropic medium, the
variation in bond strength will cause the lattice to extend more in the soft directions
and less in the rigid directions. Thus, tetragonal, orthorhombic or monoclinic
distortions in aged Ga-stabilized �-Pu are logical, because precipitation of
second-phase particles or the accumulation of damage will strain the lattice and
contract/expand it disproportionately in different directions. Also of note is the small
value of C0 for �-Pu [13, 45, 46], which implies a soft response of the system to a
volume-conserving tetragonal distortion.

The myriad of crystal structures observed in the actinides, as shown in figure 3,
has been addressed by assuming the atoms are ovaloid rather than spherical [47].
The authors suggest this produces the rich polymorphism that is observed in the
light-to-middle actinides. We believe that our approach for plutonium and the
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discussion by Mettout et al. [47] for the actinides are just two different ways of
looking at the same issue: anisotropic electronic structure affects the overall
symmetry of the crystal structure of actinide metals.

4.3. Pu–Ga alloy

The results for the Pu–Ga alloy shed considerable light on why Ga acts to stabilize,
or more accurately retain [12], the fcc structure to room temperature. By reducing the
anisotropy of the bonding observed in pure Pu, the structure is allowed to adopt a
high-symmetry structure. The amount of Ga will affect how metastable the alloy is
by increasing the total number of uniform bonds in the alloy. This is observed in
figure 8, which is the Ga-rich side of the Pu–Ga phase diagram, which shows the
�! �0 isothermal martensitic transformation as a purple-red band [48]. As the Ga
content is increased, the transformation band is suppressed to lower temperatures.
Thus, more Ga retards the isothermal martensitic transformation of � to �0;
conversely, when the Ga content is low, the �0-phase is easily produced either
through temperature reduction or an increase in pressure [12]. The high propensity of
low-Ga �-Pu to transform to the �0-phase is again due to the large anisotropy of
bonding force between neighbouring atoms of pure Pu.

The extended X-ray absorption fine-structure spectroscopy (EXAFS) results of
Cox et al. [49] support our calculations for the both pure Pu and the Pu–3.7 at% Ga
alloy. In their experiments on Ga-stabilized �-Pu, it was observed that the local
structure of plutonium about the Ga atoms was well defined and similar to a typical
fcc metal. However, the local structure of plutonium around Pu atoms was
disordered. Our calculations show exactly this: The bonds in pure Pu are highly

Figure 8. Ga-rich side of the Pu-Ga phase diagram showing the �! �0 isothermal
martensitic transformation that occurs at low temperature as a purple-red band [48]. For
colour, see online.
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anisotropic and, thus, produce a ‘poor’ fcc structure, whereas the bonds about a Ga
atom are less anisotropic and, thus, produce a more typical or ‘better’ fcc structure,
albeit not as good as aluminium.

Extended X-ray absorption fine-structure spectroscopy has also shown that there
is a local contraction of the lattice around Ga atoms in Pu–Ga alloys [50]. This is
observed in the calculation in table 2, where the bond forces between pure Pu atoms
are around F¼ 4, whereas the bond forces between Pu and Ga atoms are around
F¼ 6. This higher bond force means that the strength of the bonds is greater and,
accordingly, would cause a contraction of the lattice, as observed by EXAFS.

The above data for pure Pu and Pu–3.7 at% Ga also shed light on the Invar
effect observed in plutonium. Pure Pu shows a strong Invar effect where the metal
contracts as it is heated [12]. With addition of Ga, the effect reduces and eventually
becomes opposite; Pu alloys with moderate amounts of Ga show no thermal
expansion, while alloys with greater amounts of Ga have a slight positive thermal
expansion. In light of the above calculations, it seems that this effect is the result of
the reduction in the bond force anisotropy caused by addition of Ga in the Pu lattice.
As more Ga is added, the overall bond anisotropy is reduced and the alloy behaves
more like a normal metal, exhibiting a positive thermal expansion.

4.4. Given anisotropic bonding, can a high-symmetry lattice be retained?

One may ask: ‘As bonding force between the nearest neighbours become more
uneven, say moving from Al to Pu, can a high-symmetry lattice be retained?’
To address this question, we will consider only cubic crystals and experimental and
theoretical results to date.

If one is to imagine a spectrum of elastic isotropy for cubic crystals, Al would
reside on one side and plutonium on the other. With this in mind, we performed the
same calculations on Al as done for Pu, which is well known to be the most isotropic
fcc metal [51, 52]. The results, which are in the same units as the Pu results, lie within
7.55–7.57 for the nearest-neighbour bond strengths. The slight variation in the
resulting numbers is numerical noise. This shows that the 12 bonds in Al are all equal
in strength and, hence, retain the m3m symmetry. When the symmetry of this motif is
intersected with the symmetry of the fcc lattice, the Fm3m space group is attained.
Thus, the fcc structure should be highly stable. This is indeed the case and is
illustrated by the Al phase diagram, where the fcc phase is stable from absolute zero
to melting at 660�C [53].

In the case of Fe, which falls near the middle of the spectrum of anisotropy and
has a strongly aligned magnetic moment in the ferromagnetic structure, there is
evidence that the high-symmetry structure is lost. It has been reported that a single
crystal and single magnetic domain of Fe has c/a¼ 1.3� 10–5 [35]. If correct, this
shows the structure has lowered its symmetry from bcc to tetragonal due to the
magnetic ordering.

Moving to the far end of the spectrum of anisotropy in fcc crystals, we come to
plutonium. The question arises: What is the appearance of �-Pu symmetry,
experimentally, while under normal conditions? Does the lattice remain
high-symmetry (i.e. cubic) and only the bonding exhibit the strong anisotropic
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behaviour, or does the lattice itself distort to a lower symmetry? This can be
examined using high-resolution synchrotron radiation-based X-ray diffraction.
While X-ray diffraction does not measure bond energies, it does measure electron
charge density. The X-ray scattered intensity for a given reflection is determined by
Fourier transform of the charge density [54]. In the case where there is a spherical
(isotropic) and non-spherical (anisotropic) part, each can be separated and
calculated. The spherical part will be much larger than the non-spherical part, and
a rough calculation of the difference in intensity can be obtained by (1/Z)2. In the
case of Pu, any additional reflection due to anisotropic distribution of the valence
electrons would be approximately 1� 10–4 weaker than the primary reflections. In
reality, additional reflections are probably more on the order of 1� 10–5 to 1� 10–6

weaker, and the above simple equation is more accurate for light elements. Thus, we
predict that two things could occur: (1) additional weak reflections or highly
asymmetric primary reflections would be present due solely to a reduction of
symmetry from the valence electrons, and (2) the primary reflections would move a
small amount as seen in Fe [35] because the lattice would no longer be a¼ b¼ c.
These effects should be detectable with present synchrotron sources and detectors.
Certainly, these experiments should be conducted at the lowest possible temperature
to reduce thermal effectsy.

5. Conclusions

The following conclusions can be drawn from this paper:

(1) When anisotropic electronic structure is incorporated in crystallographic
determination of a material, the total symmetry of the structure may be
reduced, even though the lattice remains high symmetry. This approach can
be used to explain unusual behaviour of complex materials in a new way.

(2) The �-phase of iron has a different structure than ferromagnetic �-Fe and,
thus, is a different phase that should have its own phase field in the iron
phase diagram. The magnetic moment on each atom in �-Fe reduces the total
symmetry of the structure from bcc to tetragonal, in turn altering the
macroscopic physical properties observed, such as elastic constants, shear
modulus and phase transformations.

(3) First-principles density-functional theory calculations are used in a new way
to show that the anomalously large anisotropy of �-plutonium is a
consequence of greatly varying bond-strengths between the 12 nearest
neighbours. Equipped with these bond strengths, a systematic progression
through crystallographic arguments shows that �-Pu belongs to the

yWe have attempted detection of extra reflections using electron diffraction in a transmission
electron microscope (TEM). However, high thermal diffuse scattering, large amounts of
double diffraction due to the high atomic number, and omnipresent surface oxidation have
precluded the ability to do this. For these reasons, X-ray diffraction of large, single-grain
samples performed at low temperatures will be the appropriate experiment.
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monoclinic space group Cm rather than the cubic space group Fm3m.
The reduced-symmetry structure provides new insight into why Pu is the only
metal with a monoclinic ground state and why tetragonal, orthorhombic or
monoclinic distortions of �-Pu are likely.

(4) Results for a Pu–3.7 at% Ga alloy show that the bonding around a Ga atom
in Pu is more uniform than for pure Pu. This yields considerable insight into
why Ga acts to retain the high-temperature fcc �-phase to room temperature
by alleviating the large anisotropy of bonding.
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