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Goal

By the end of this class, you should be able to:

» compute joint distributions

* derive marginal distributions from joint
distributions

« derive conditional distributions from joint
distributions

» test whether two variables are statistically
independent
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Spam Example

1000 email, 100 spam, 900 ham
15 contains “mortgage”.

10 spam email has “mortgage”
P(spam, “mortgage”)="?

Get your

.y

minute mortgage
ere.

70208, M5 Dan Li (200!




Venn Graph

| — B:Spam
Morgage—1

SpamnMorgage |

The joint probability of events A and B is the probability of both events happen

et Dan Li (2005) Conditional Proffability

e
Tabulated Data
Spam Ham
Mortgage |10 15
~Mortgage
100 900
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Filled Table
Spam Ham
Mortgage |10 5 15
~Mortgage |90 895 985
100 900 1000
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Relative frequency

Joint Prob
Spam [ Ham
Mortgage (01 < .005\ .015
~Mortgage 109 .895 .985
Nl 9 1
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Joint probability distribution

Define the joint probability distribution Py (X,Y)
to be a function that supplies the joint
probability for each pair of values, x and y.

We know that 9 < p,, (x,y)<1and that 3P, (x,y) =1
where the summation is over all values that
Xand Y take on.
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leper

Relative frequency

Joint Prob
Spam | Ham
Mortgage (01 ~ [.005 \ [.015
~Mortgage [109__ .895 .985
1 9 —h
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Not to Scare You
1. f(x,y) =0, forall(x,y)

20717 f(xy)dxdy =1
3.P[(X,Y) e Al=[,] f(xy)dxdy
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Marginal Probability Functions
The marginal probability functions of

X and Y, denoted py(x) and p,(y) are
given by

Px () =2 P(xY) Py (Y) =2, P(XY)
y X
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Filled Table
Joint Prob

Spam [ Ham
Mortgage |.01 ~  |.005 015)
~Mortgage |.09 895 1\985/

/( 1 : 1

L4 ‘

marginal P(spam) P(ham)
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Marginal Probability Density Functions

The marginal probability density functions of
X and Y, denoted f,(x) and f,(y), are given by

fy (X) = j f(x,y)dy for —oo<x<oo
fy (y) = j f(x,y)dx for —o<y<ow
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Spam Example

1000 email, 100 spam, 900 ham
15 contains “mortgage”.

10 spam email has “mortgage”
P(spam | "mortgage™)="?

Get your

A =

minute mortgage
here.
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Computing Conditional
Probabilities

« A is the probability of
one event, given that another event has
occurred:

P(A|B)= P(Aand B)
P(B)

PB|A) = P(AandB)
P(A)

Where P(A and B) = joint probability of A and B
P(A) = marginal probability of A

P(B) = marginal probability of B
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| B: Mortgage
A: Spam—
SpamnMorgage |
Event B has occurred: - Event “spam” with
probability pr(B)
Event A and B with
probability Pr(AnB)
et Dan Li (2005) Conditional Prbability
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Example

* The probability that it is Friday and that a
student is absent is 0.03. Since there are 5
school days in a week, the probability that it is
Friday is 0.2. What is the probability that a
student is absent given that today is Friday?
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Conditional probability distribution
Just as we defined the conditional probability of B
given Aas: Pr(B| A) = PIANB)
the conditional distribution of Y given X = x as:

PV\X (y | X) Conditional distribution

, we can define

Thus, for any value of Y,

PriY =y|X =x) = Pr(X =xnY =y) _ Py (X, y)
Pr(X =x) Py (x)
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Relative frequency

Conditional
Distribution
Spam_ [t
P(*am | mortgage) .01/.015 |.005/.015 ».015
P(*am | ~mortgage) 09/.985 |.895/.9857.985
T 19 |

We have a distribution of x for each value of y {mortgage, ~mortgage}
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Independence of Events

Two events E and F are independent if the
occurrence of event E in a probability
experiment does not affect the probability of
event F.

Two events are dependent if the occurrence of
event E in a probability experiment affects the
probability of event F.
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Statistical Independence

* Two events are if and
only if:

P(A|B)=P(A)  P(B|A)=P(B)|
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Independence of random variables

we can define the independence of random
variables as:

Pix(YIX)=R, (y) forallx,y
P (X, ¥) =P (X)- R, (Y) fmy
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cfinitions Independence of random Variables
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Independent or Dependent

d

*,
*

X: Weekend or Not, Y: Sales Volume
X: Temperature, Y: Your shoe size

X: Changes in Bond Yield Tomorrow, Y:
Changes in Dow Jones Index tomorrow

X: GOOGLE’s Stock return tomorrow
Y: Yahoo’s stock return tomorrow
Mother’s blood type, Father’s blood type

*

*,
0.0

*,
0.0

e

*

5

%

e

%
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ol 1] 2|3 |P®

0| 2/84-3/84 | a/ga | 5igall14/84| N this case, X

X and Y are
1| 4/Ba.l 6/84 | 8/84 | 10/841128/84 )
independent.

2| 6/B4| | 9/84 | 12/84 | 15/84 || 42/84

| P (y)‘ 12/84 ‘ 18/84 ‘ 24/84 ‘ 30/84|

1412 2 2812 4 4212 6

84 84 84" 84 84 84" 84 84 84’
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Examples

iven X.

3/14

We can also see it by examining the distribution
probability of Y

5/14

2/14 3/14 4/14 5/14
2114 3/14 4/14 5/14
‘ 3/14 ‘ 4/14 ‘ 5/14 |
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Independence of random variables
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We can also see it by examining the distribution
probability of X given Y.

Dan Li (2005)
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Independence of random Variables
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Table A

1 (2 (3
11.25].15].1
2 .15 1].09 |.06
3.1 |.06/(.04

Dan Li (2005)
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Table B

.05
.05

15

N

[N

w

o1
I L
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Table C

Anything Special About this?

It’s diagonal!

This is, in some sense,
a maximum amount of
interaction: if you
know one, you know
the other.

NEER

N
S
SIPNEEIES
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Level of Dependency

dependent Perfect
Independent P deTndent

—8—60—=©6

How to Quantify? Next Week.....
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After Class

Think about Monte Hall Problem
True or False Problem at the Back

Install R and Data Analysis Add In in Excel
and Let me know any problem during the
Demo.
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Monty Hall Problem

« You are participating in a TV game show. You are shown
three doors and are told that there is a car behind one door and
a goat behind each of the other two doors.

* You are allowed to select one door (without opening it). The
game show host opens one of the other doors, showing you a

goat.

« Should you now pick the other closed door, or stick with your
original pick?
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True or False
If we know that P(A|B,) = P(A|B,), then

P(Bl|A) _ P(B)
P(B,|A) P(B,)
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