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Overview

@ g.m. resonance in a box
@ two-particle Luscher formalism

@ scattering phase shifts from finite-volume energies
@ generalized to arbitrary spin

@ use of the K-matrix and the box B matrix

@ implementation (including software) NPB 924, 477 (2017)
@ fitting strategies

@ afew results
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Resonances in a box: an example

@ consider a simple quantum mechanical example
@ Hamiltonian

H=1p*+V(r),
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Spectrum of example Hamiltonian

@ spectrum for E < 4and [ =0,1,2,3,4,5 of example system
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Scattering phase shifts

@ scattering phase shifts for various partial waves
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More scattering phase shifts

@ scattering phase shifts for higher partial waves
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Spectrum in box: A, channel

@ spectrum discrete in box, periodic b.c., momenta quantized
@ stationary-state energies in A;, channel shown below
@ narrow resonance is avoided level crossing, broad resonances?

1=0bound state at -0.41 |

L=0 bound state at -2.44
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Spectrum in box: T, channel

@ stationary-state energies in Ty, channel shown below
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Scattering phase shifts in lattice QCD timeline

@ DeWitt 1956: finite-volume energies related to scattering phase
shifts

@ Llscher 1986: fields in a cubic box

@ Rummukainen and Gottlieb 1995: nonzero total momenta

@ Kim, Sachrajda, and Sharpe 2005: derivation reworked

@ explosion of papers since then

@ Briceno 2014: generalized to arbitrary spin, multiple channels

C. Morningstar Excited States 9



Two-particle correlator in finite-volume

@ correlator of two-particle operator oin finite volume

.t SRR -

@ Bethe-Salpeter kernel
)y = >+ G >0
+ ¢ + e

@ C°(P) has branch cuts where two-particle thresholds begin
@ momentum quantization in finite volume: cuts — series of poles
@ C’ poles: two-particle energy spectrum of finite volume theory
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Corrections from finite momentum sums

@ finite-volume momentum sum is infinite-volume integral plus
correction F

.
|
|

+

@ define the foIIowmg quantities: A, A’, invariant scattering

amplitude iM
@ - @+ -
+<@/\:\/@:@Z+m
+ @. e
+‘GI§:::€K>¢1'K\7+...
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Quantization condition
@ subtracted correlator Cy,,(P) = CE(P) — C>°(P) given by

CuP= (D@D +

+ (it 20— + ...
C \ n’}’

@ sum geometric series

Cap(P) = A F(1 —iMF)™!
@ poles of Cy,,(P) are poles of CL(P) from det(1 — iMF) =0
@ key tool: for g.(p) spatially contained and regular

3
o b —/ Gy k) + 0™

dsk ¢ ’ —mL
Lzz (p? — a2 L3Z (pz — a2 /27r) . ((1;2)_ ag) )+0(€ )
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Kinematics

@ work in spatial Z*> volume with periodic b.c.
@ total momentum P = (27 /L)d, where d vector of integers

@ calculate lab-frame energy E of two-particle interacting state in
lattice QCD

@ boost to center-of-mass frame by defining:

fe— E
Ecn = E2_P27 ’V:E )

cm

@ assume N, channels
@ particle masses my,, m;, and spins sy,, s2, of particle 1 and 2

@ for each channel, can calculate
2

1 1 (m3, — m3,)?
2 _ 2 2 2 la 2a
qcm-,a - ZEcm - E(mla + mZa) + 4Ec2m )
2.2
WP o= L 9em,a s, =1+ (m%a — m%a) d
‘ (2m)? ‘ E%n
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Quantization condition re-expressed

@ FE related to S matrix (and phase shifts) by
det[1 + FP)(s—1)] =0
@ F matrix in JLSa basis states given by

1
(J’mJ/L/S/a/|F(P)|]mjLSa> = 6a’a6S’S *{&/’ngjzm/(SL’L

(I my |L my Sms) (Limg Sms|Jmy) W }

L'myr; Lmy,
@ total ang mom J,.J', orbital L, L', spin S, 5, channels a, d’
@ W given by
L'+L
Pa Zlm sleY? a (2Ll + 1)(21 + 1)
_lWL/mZ, LmL - Z Z 7_‘_3/2 uH—l (2L + 1)
I=|L'—L| m=—1 v

x (L0, I0|LOY (L' my/, Im|Lmy).

@ above expressions apply for both distinguishable and
indistinguishable particles
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RGL shifted zeta functions

@ compute Rummukainen-Gottlieb-Liischer (RGL) shifted zeta
functions Z,,, using

ylm(z) —AP—i? il 2
Zlm(s;’%uz) = Z S ¢ (@ =) + (5107F0(AM )
= @ ) VA

il 1 1+3/2 . )

ry T 2 s 2w

ol / P ( t ) eAtu E eﬂ'll’l S y] (W) e w-/(t\)
A 0

nez’d
n#0
@ where

z=n—v""[I+(y—1)s72n s]s,
w=n—(1—7)s s ns, Vin(x) = [x|" ¥}, (X)

1 —1
Fo(x):—]+2/dt 1‘3/2
@ choose A =~ 1 for convergence of the summation

@ integral done Gauss-Legendre quadrature
@ Fy(x) given in terms of Dawson or erf function
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K matrix

@ quantization condition relates single energy E to entire S-matrix
@ cannot solve for S-matrix (except single channel, single wave)

@ approximate S-matrix with functions depending on handful of fit
parameters

@ obtain estimates of fit parameters using many energies
@ easier to parametrize Hermitian matrix than unitary matrix
@ introduce K-matrix (Wigner 1946)
S=(1+iK)(1—iK)™" = (1 —iK)"'(1 +iK)
@ Hermiticity of K-matrix ensures unitarity of S-matrix

@ with time reversal invariance, K-matrix must be real and
symmetric
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K matrix

@ rotational invariance implies

<J’mJ/L/S/a/‘ K |JmJLSLZ> = 6J’J6mj/m/ Ké‘/]z"a’; LSa(E)

where K is real, symmetric, independent of m;
@ invariance under parity gives

J /
Ky, 15a(E) =0 when nftnf nfnf, (—1)F % = —1,

where 77_;; is intrinsic parity of particle j in channel a

@ multichannel effective range expansion (Ross 1961)

-1

1
-1 o 3 L—5
KL’S’a/; LSa (E) = 4y

= -]
KL’S’a/; LSa(Ecm) Ga )

where K}, 5,(Eem) real, symmetric, analytic function of Eep,
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The “box matrix” B

@ effective range expansion suggests writing
—1 —L'—3 z—1
KL/S/u’; 15a(E) = uy KL/S/a/; rsa(Ecm) U

since K5, ;5,(Eem) behaves smoothly with E.,

@ quantization condition can be written

1
L—3
a

det(1 — BPIK) = det(1 — KB®)) =0

@ we define the box matrix by

<J’mJ/L/S/a/| B® |JmyLSa) = —ibyadss u£’+L+1 W(Pa)

X (S my |L'my, Sms)(Lmy, Sms|Jmy)
@ box matrix is Hermitian for u2 real
@ quantization condition can also be expressed as
det(K~' —=BP) =0
@ these determinants are real
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Block diagonalization

@ quantization condition involves determinant of infinite matrix

@ make practical by (a) transforming to a block-diagonal basis and
(b) truncating in orbital angular momentum

@ for symmetry operation G, define unitary matrix
6]’16L’L65’Séa’aD§V{,)/m/ (R)7 (G = R),

(J'mpL'S'd'| Q9 |JmyLSa) =
5J/J5mﬂm,5L’L65’55a’a(7I)L; (G = IA‘)?

where D) (R) Wigner rotation matrices, R ordinary rotation,

I; spatial inversion

@ can show that box matrix satisfies
B(GP) — 9(0) B(P) 9(O)F

@ if G in little group of P, then GP = P, Gs, = s, and
BP) 09 =0,  (Ginlitle group of P).
@ can use eigenvectors of Q%) to block diagonalize B
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Block diagonalization (con’t)

@ block-diagonal basis
|[AAnJLSa) = Z cfn(fl)L;A)‘"\JmJLS@

@ little group irrep A, irrep row XJ occurrence index n
@ transformation coefficients depend on J and (—1)%, noton S, a
@ replaces m; by (A, A\, n)

@ group theoretical projections with Gram-Schmidt used to obtain
coefficients

@ use notation and irrep matrices from PRD 88, 014511 (2013)
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Block diagonal basis

@ |m,) abbreviates |Jm;LSa) with parity n = (—1)L for P =0

[ A [ X T J7 ] n [ Basis vectors |
A |11 07 [ 1] 0
Gy, | T[T 11D
Gy | 2|17 |1 ] =D
Ty [ 117 [ 1] 500~ 1-1)
Ty | 2| 17 | 1| Z(ID)+ [-1)
Ty, | 3 1 |1 |0)
Hy |13 1] 1)
H, | 2 %” 1| 15
H, 3 gn 1 \—%)
Hy | 4137 | 1] [=3)
E, [ 1] 27 1] 2+ 1-2)
E, 2 27 1 |0)
T | 1| 27 [ 1] Z0+ 1-1)
T |2 20 | 1] S0 - [-1)
T | 3] 27 | 1| (=) +[-2)
Gy | T 37| 1] (D= V51-3)
G | 2| 37 | 1] HVEID+ -9
Hy | 113 ] AP+ VA=)
Hy | 2|37 | 1| [3)
Hy | 3|37 | 1] |=D
Hy [ 4] 537 [ 1] 250+ 1-D)
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Block diagonal basis

[ A [ XT] J7 ] n ] Basisvectors P =0
A [T 1] Z(D=1-2)
Ty | 1| 37 |1 | HVE13) = V3[1) +V3|—1) —V5]|-3))
Mo | 230 |1 | A VAR VAL 4 VL3
Ty 3 3 1 0
Ty | 1] 37 | 1| JVEP) VB - VE|-1) - V3|-3)
B | 2| 3|1 ECYIR SIS - - VAL
By | 8] 3 | 1] Dat -
G [T 17| %(ﬁ&wﬂ\—%»
G | 2] 17 | 1| SE(EID +VTI-1)
Go [ 1|17 [ 1] 1A - 1)
Go | 2| 17 | 1| 11D 2 V3= )
A R RN BTN )
oy |2 [ 1|1 AaVEID VT D)
Hy | 81 3" |1 55(V713) = V51=13)
gy | 4| [ 1] 105 +vEI-3)
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Block diagonal basis

[ A T X] J7"] n] Basisvectors P =0
A | 1471 2%/5(\@|4>+\/ﬁ|0)+\5|—4>)
Eq | 1] 47 |1 \/(\2>+\ 2))
Ey | 2| 47 | 1| 2 (VT14) = V10[0) + V7 |—4))
Tig | 1] 47 11 %(\>+\f\1>+\ﬁ\71>+\*3>)
Tig | 2| 47 11| 4(13) = VT +VT[=1) = [=3))
Ty | 8| 47 | 1] L4 - -4
T | 1] 47 11 %(\ﬁ\ Y= ) = [=1) +V7]=3)
Ty | 2 1 47 11 (=VT13) = ) + [=1) + V7 [=3))
Ty [ 3] 47 | 1] L=+ 1-2)
Gy | 1| 37| 1| 52619 +VHEID + 1-1)
Gy | 2| 37 | 1| 52015 +VI4[=1) +3]=3))
Hy | 1|37 11| [3)
Hy | 1 %" 2| |-
Hy |21 5" )1 3 (=VT15) + V215) +VT[-3))
Hy | 2| 37| 2| ZL613) - VEID)+51-1)
Hy | 337 |1 | ST +v21-1 - vTI=9)
Hy | 3|37 12| S5(18 = VIaI=1) +31-3)
ol 2] 1y”

m 2 2

C. Morningstar
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Block diagonal basis

[ A TX] J7] n] Basisvectors P = (0,0,1) |
AT 1T or [T17 0
Ay | 1] 07 | 1] |0
Gt [ 1] ID
G | 2| it 1] =D
Gt ]
G |23 |1 -3)
A 1= 1] o)
A [ 1] 1t 1] o
E 1| ] U+ =1
E 2| 17 1| S+ -1
E | 1] 17 |1 | Z(n—1-1)
E | 2| 17 [ 1| )+ [-1)
Gt 3T 1] ID
G | 2|3t 1] |=h
G | 1|37 1] IhH
Gl 2|3 1] =2
G | 1] 3t [-3)
G| 2|37 1] 1D
G | 1|37 |1] |-
G |23 | 1] D
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Block diagonal basis

o v = (l+i), =772~ V2+i2+V2), 1= (V2 +i)

V2

l

AT X[ J" ] n] BasisvectorsP = (1,1, 1)

A, 37 |1 %(ﬂ|3>+2u1 [2) +ivV5 1) —V5]—1) 4+ 2v, | —2)
—iv3|-3))

A 13T |1 2%/6(\/5|3>+i\/§|1>—2\/§1/]* [0) + V3| —1) +iV5|=3))

A 13T 2] S+ -2)

Ay |13t A ,f(f|z>+zf|1>—z\/§,/] 10) + V3 |—1) 4+ iv/5]|—3))

A | 13T 2| (=) + -2)

A | 137 1| FE(VEB) F 2 2) +iVE (L) = V5 1) + 20 [-2)
—iv3|-3))

E | 137 | 1| =013 —iVI5]1) +2V1007 |0) = VI5|=1) +7i]|=3))

E | 1|3t ]2 \;—%(72\1”\@4 [0) +2i|—1))

E | 2]3F |1 ﬁ%(i\S)fZ\/iyl* [2) + VI5[1) + V15| —1) —2/3u] |—-2)
+]-3

E | 2|37 |2 ﬁ(l\/%\swmm [2) 4+ ivV2[1) = V2| =1) + VT0u; | —2)
+zf\ -3))

E | 1]3 |1 ( 3V313) 4 2u [2) +iV5 (1) — V5| —1) 4+ 2vy | —2)
+31\[| 3))

E|1]3 |2 \[(\[|2>72V1|1>+2V1 |—1) ++V5]-2))

E | 2|3 |1 #( i13) — V15 [1) + 210 [0) + ivVI5|—1) — |—3))

E | 23 | 2| (V10w 3) + Vor] [1) +2]0) — vou |—1) — V10 |—3))

C. Morningstar
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Box and K matrices in block diagonal basis

@ in block-diagonal basis, box matrix has form

(NN J'L'S'a'| BP) |AARILSa) = pra0xx8ss0wa Birprs ), (E)
@ K-matrix for (—1)-*%" = 1 has form

(NNRT'L'S'd| K |AMILSG) = a3 x8undsrs KSihrar. 150 (Eem)
o ()M =1 =ik, =nb b, always applies in QCD
@ Ais irrep for K-matrix, need Ay for box matrix
e when ! nf =1,then Ay = A

| d | LG [ Agrelationship to A when . nh = —1 |
( ) | Oy | Subscript g < u

( ) | Ca | Ay <> Ay; By < By E, Gy, G, stay same
(0,n,n) | Gy, | Ay <> Ay; By <> By; G stays same

( ) | G5 | Ay <> Ay; Fy & Fy; E, G stay same

@ see PRD 88, 014511 (2013) for notation
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K matrix parametrizations

@ K matrix in block diagonal basis
(NXNW'TL'S'd'| K [AnILSa) = Sarabxnabundyy K
(NN T'L'S'd| K™ [AAJLSa) = Spradaadumbyry KL

@ common parametrization
Nap
J)—1 Jk
K (Een) = UV EL,

e «a, 3 compound indices for (L, S,a)"

@ another common parametrization

g(Jp) g(BJp) o

J o Ji

K E) = 3 g 4 S
'p

@ Lorentz invariant form usmg Eun = /s

()
L'S’a:
J)—1

L'S’a’;

; LSa (Eﬁm)
L5a(Eem)

@ Mandelstam variable s = (p; + p»)?, with p; four-momentum of

particle j
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Box matrix elements

@ have obtained expressions for B, L‘}ﬁi“),Ln(E) for

0 L <6,5<2with P = (0,0,0),(0,0,p), p > 0

@ L<6,5<3withP=(0,p,p),(p,p,p),p >0

@ in tables that follow, we define
Ry, is short hand for (y7¥/2ul1)~'Re Z),,(s4, 7, u2)
Iy, is short hand for (y3/2ul+")~'m 2, (s,, v, u?)
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Box matrix elements P =0, S =0

v/ o o]y L n] uy D B
Ap = A]g
00 T 70 0 17 Ry
0 0 1|4 4 1| BAR,
0 0 1|6 6 1| —2vV2Re
4 4 114 4 1| Ro+ B8R+ % wa + \rRxo
4 4 116 6 1 AOIQR«] + & ‘FRﬁo — ’2446{,?927&0 L ‘FRlo 0
6 6 1|6 6 1| Ro— 2Ry ”’255( Rep + YT Ry, — 2‘“7?ufR
+%R12,0 — %@le
Ap = Ay,
6 6 116 6 1| Ruo+ &R — 95URy — RATRy — B2Ry,
+ 355 R0 + e WRIZ 4
Ap = Ay,
3 3 1 3 3 1 Roo — %Rz;o + 8014 13R5()
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Box matrix elements P =0, S =0

v/ v W s L ] u, U g
Ap = Eg
2 2 1 ]2 2 1] Rw+ R
2 2 1|4 4 1| 0SSR, 0VFp,
2 2 1 6 6 1 3015{)mR4o + 4 fReo + & mRso
4 4 1|4 4 1| Ro+ BRy— #XBRe + .‘914\3( Ryo
4 4 1|6 6 1| -8R,  18v20R,  1NVENR,
'512209‘9/;'?01?100
6 6 1 6 6 1 Roo + 114R40Jr AXQDESFRGOJF 280\FR0+ “57‘/71?00
+;33§R12 o+ 26“‘3@1?12,4
AB = Eu
5 5 1[5 5 1 | Ro— fiRu+ BB Reo — MRy 4 121 R 0
AB = T])2
4 4 1 4 4 1 Ry + 2 i R4(] l\z(;R(‘D 4484\/17Rg(]
4 4 1 6 6 1 IZIR;FR + £ ‘/Rsu + “%‘QQWRSU + i7650\9/9]3?1?100
6 6 1 6 6 1| Ro— {5Ro0 — 3252 B Ry 4 120 ‘FRso + 67;'4{1?10 0
— ‘(’i:g’R 12,0 + 15847@1312,4
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Box matrix elements P =0, S =0

v/ v W s L ] uy CHAD B
Ap =Ty,
T 1 11 1 1] R
11 1|3 3 1| 4YHR,
o1 1|5 5 1| % 1V33§°7R40 + S R
1T 1 1|5 5 2| -2FBpr, ByHER,
3 83 13 3 1| R+ SRy+ 0YERg
3 3 1|5 5 1| QuIEIp, 4 £20HIR, | 2R,
12 /6545 28 \/85085
3 3 1 5 5 2 1300~ Rao — 729% Reo f f
5 5 1|5 5 1| Ryo+ 2Ry + BIVERe + VUV Ryy 4 302IR,
5 5 1|5 5 2| _uJ% Rm}”%1T Reo + 2*2?&? Rso
88704 V15
+ 3569]5 Rio, Uf N
2
5 5 2 5 5 2| Ro-— 27|R40 + 3511271 Reo + 707516131 Rso
_ 12096 V21 p
1383 t10.0

C. Morningstar
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Box matrix elements P =0, S =0

v/ v w ]y L n] u HAD g
Ap = Ty
2 2 1 ]2 2 1] Ro—- 2R
2 2 14 4 A 2°fR40 + BB Ry
20 \/715 12f 32 /12155
2 2 ! ° ° ! lolou%R L R zv_\/zzzﬁ%s o
; 8 2 /231
2 2 1 6 6 2| S Rao+ R0 — g5 Rso
4 4 1 4 4 1 Ry — %RL‘U + 20]3/;7R60
4 4 1 6 6 1 4\/2145R40 _ z\/m Rgy — 144 \/%646 S Reo + 38420\9/955005 Rio.
/ 2
4 4 1 6 6 2 (’01&((1?40 124 \[R + o ALT ngso + 19;1?)(1310 0
6 6 1|6 6 1| Ro— {5Ro+ SO;E(R&) - 9_0fo0 - 72;%1{:1?10 0
5808 \/T001
+260015R]72 03 260015 R‘214
6 6 1 6 6 2 H}QR«) Jr\lrn B R + BN2B Ry — HEMLB R
13728 6336 \/455
260015 RIZ 0\'; 260015 Ri2,4 o
6 6 2 6 6 2| Ro+ 16309R40 - 4825:3 Reo + 8%7\25R80 + ]755003 R0
— DR, — 10527\0/01001 Riza
Ag = T’)M
3 3 1 3 3 1| Rw— %R — %52Re
3 3 1 5 5 1 701[1?40 _ 14 ‘/]“R + 112\/127R
5 5 1 5 5 1| Ro+ t5Ra0 — 802{R60 ZSEQ(RBO - “flggrRlo 0

C. Morningstar
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Box matrix elements P =0, S = 1

l 7oL W [ 7 L n [ L,;(L’+L+1) B
A = Glg
T 0 1 T 0 17 Re
Lo 1|1 4 2Ry
Lo 1] 3 4t 2erm
Lo 1|4 6 1 4WR<,O
Lo 1]k o6 1 ’{;T Reo
z 4 1 Z 4 1| R+ %tho + m(ig‘g/ﬁkeo
% 4 1 % 4 1 12{ 56 ‘FReo 224 ‘FRsn
% 4 1 % 6 1 301001 Ruo + ““FR _ nszm
1 4 1 L6 1 232\9[1?40 ]25’4}(1?60 + ”il\)/ngso + %ﬁéleo,o
3 4 1 3 4 1| Ro+ E5Ru0+ ]2842‘(1?60 + %Rw
3 4 1 46 1 24”;((1?40 - 56‘):‘/31575R60 + Hlﬁ?g‘,{;ﬁRxn + 604899‘61?10 0
boer | b s 1| e, el e Han,
171 6 1 % 6 1 Roo — 142R40 - 8024\31FR60 + 585212;(1?30
— 2052 Rio.o
4L o6 1 2 6 1 3[14‘( Ry + 80586 R, — 722(‘@1?80 + SH0VR100
Sl R + R
o6 1| B 6 1| R ERe — S0YERg + WyTIR,,
e /T4 58 R~ /TR

C. Morningstar
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Box matrix elements P = (27 /L)(0,n,n), S =1

2
l 7L A [ J L n [ u;<L’+L+1) B
AB = (partial)
% 2 2 % 5 4 - 308 2 iRy — 392414"1{22 -1 78é65 ’ﬁ) + 95%00}254 iRs)
_ 25462 375
3000 {Rs4 + zoxs’Rm + “feote R
767.]56\/462 zR74 + 15 \/ss iRe
5 9 23 /30 2/2310 211
3 2 2 5 5 5 | == R0 — R‘42_ 3003 Rso + 255 R
+'6‘FR> + 1 \FRm + 4;Z§(R77
4 los \FR + 452\0/82581?
1144
5 11 V105 V105 /2730
E 2 2| n s 2| e aye, B, sym
5 11 5/38 10 /38 53 532
2 2 2 2 5 2 — 7 Raa + Tygor Rs2 — “pgor Rse — S50, R72
ERVATES \/“55R a3 \/§0030R 26
3 2 2 41 5 3 757\3/qu0+ IO\FR32+ oyT Ry, 4 2 \/zle52
\FRM — SW’Rm + 2710\(1?72 - 11\4/37;71?74
S 2 2|8 5 4| iRyt TR, - YPIRL 1yER
- 6 \/231 5 1/6006
— o1 R7a — 3002 Rie
% 2 2 % 5 5 3 }égR'm + 3 \/rRu -1 \/7R50 — 3003 Rso
10 /154 42\/ 67 15 /154
+ Toor R4 — s Ry — ’1001 R — o1 Raa
32 2|4 5 6| Diry+ ‘[:Rn + TTiRsy — 33 Rs,
+4\7/l|505iR70 wzlfan
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Software overview

@ C++ software: BoxQuantization class
@ XML input to constructor (or use other structures)

e specify total momentum 4, little group irrep A
e dimensionless quantities metL,

e for each channel:

MasSEes My, /Mref, Moy /Mref

particle spins s1, 524

product of intrinsic parities nf n}

maximum orbital angular momentum Lr(,fﬂ)x

if identical or not

@ constructor automatically

e sets up basis of states
@ constructs needed box matrices
@ constructs needed RGL zeta calculators

@ for a given lab-frame E or E_,
e evaluates and returns K and/or B matrices

o evaluates and returns [det(1 — BPK)]'/Me or [det(K "

e evaluates other quantities, too
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Fitting subtleties

@ observables R, model parameters «

@ i-th component of M(«, R) gives model prediction for i-th
component of R

@ residualsr =R — M(o, R)
@ if model depends on any observables, covariance matrix must be

recomputed and inverted each time parameters « adjusted
during minimization!

@ if model independent of all observables cov(r;, r;) = cov(R;, R;)
simplifying minimization

@ multiple ensembles

@ assume covariance zero between different ensembles, errors from
minimization software, or
e ensure N, same for each ensemble, then apply above formulas

@ primary goal here: best-fit estimates of ; parameters in K or K~
@ two fitting methods follow
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Fitting: spectrum method

@ choose E, x as observables
@ model predictions by solving quantization for x; parameters
@ problems:

e root finding difficult, many computations of RGL zeta functions

e ambiguity mapping model energies to observed energies

e model predictions depend on observables mi,, ma,, L, £ so MUST
recompute covariance during minimization

@ “Lagrange multiplier” trick removes obs. dependence in model
@ include m,, ma, L, £ as both observables and model parameters
@ observations

Observations R;:  {Elory, m\™), L) ¢l },

@ model parameters
Model fit parameters ay:  { i, m{"*, Lmodel) | glmodel) 3
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Fitting: spectrum method (con’t)

@ residuals
obs model
Eé(mbk)) - Ec(én kd 1))7 (k NE)
o= 4 om = m Y (k= k’+NE,k’—1...
L(ob%) L(model) (k Ng + N + )
E(obs) g(model , (k Ng +N T 2)
e compute EXn" using only model parameters

@ emphasize E™*

cm,k

very difficult to compute

C. Morningstar Excited States
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Fitting: determinant residual method

@ introduce quantization determinant as residual
@ better to use function of matrix A with real parameter :
det(A)
Qlu,A) =
(,4) det[(1? + AAT)1/2]
@ model fit parameters are just x; parameters
@ residuals

e = Q(u, 1 — B (EC™) 1~<(E(°bs>))., (k=1,...,Ng),

¢ cm,k
@ use only observed energies, particle masses, lattice size,
anisotropy

@ advantage: model predictions do not need root finding or RGL
zeta computations

@ model depends on observables, so covariance must be
recomputed as «; parameters adjusted during minimization

@ covariance recomputation still much simpler than root finding
required in spectrum method
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Decay width of p

@ appliedto 7 =1 p — 7w system NPB 910, 842 (2016)

@ included L = 1, 3,5 partial waves in NPB 924, 477 (2017)
@ large 32° x 256 anisotropic lattice, m, ~ 240 MeV

o fit forms (first ever inclusion of L = 5 in lattice QCD):

2
([?_1)11 = 67 Eem (mp Egm>

gmy \m:i  m2
- 1 ~ 1
Ky = K )55 = ——
( )33 s ( )ss s

@ results

Mo — 3.349(25), g = 5.97(27), mlas = —0.00021(100),

mry

m!las = —0.00006(24), x*/dof = 1.15
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Decay of p

@ plot of phase shifts

10 . ‘F‘hase Shift ‘ .
— L=1
— L=3
254 o
20}
150 1= pi pi 1
1.0}
0.5}
2N
00 ,,,,,77-.ii=-;’;7...,., 5
e T, @ B //////// 7
05w 4w E(3)
A ET(1) O A (4)
Loy st oA W
* B Q)
15 : . . .
2.5 3.0 3.5 4.0
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K7 energies in finite volume

@ finite volume energies 32° x 256 lattice, m, ~ 240 MeV

Ag(0) Tw(0) A1) E(1) A2 Bi(2) B2) A@B) EQG) A4
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Decay of K*(892)

@ studied K*(892)

@ included L = 0, 1, 2 partial waves

@ large 32° x 256 anisotropic lattice, m, ~ 240 MeV
°

fit forms
~ 6TE, my.  E? ~ —1
K_l _ cm K* _ “cm K—l —
& = e (TE-lr) @
(I?_])g(r)1 = a-+ blEcm> (I’E—l)ggad = lq + qu5m7 (I?_l)g(}v
@ results
TKT _ 3.808(18), g =5.33(20), myrag = —0.353(25),
My
m>a; = —0.0013(68),  x*/dof = 1.42
@ experiment: g = 5.720(60)
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Decay of K*(892)

@ plot of P-wave and S-wave phase shift

@ included L = 0, 1, 2 partial waves

@ large 32° x 256 anisotropic lattice, m, ~ 240 MeV
@ r fit: Breit-Wigner or effective range
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o o
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—
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o * s Y M o o * o ﬁv"tmf* My
© ° 4)700 o - o
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Decay of A

@ included L = 1 wave only (for now) PRD 97, 014506 (2018)

@ large 48 x 128 isotropic lattice, m, ~ 280 MeV, a ~ 0.076 fm

@ with student Christian Walther Andersen (U. Southern Denmark)

@ Breit-Wigner fit gives gan- = 19.0(4.7) in agreement with
experiment ~ 16.9

0.2

01"~

M’ =0H[@d*=1,6,
Wc’=3F Wld*=3F,

3
LA L L L L LN B B AL

2 _
Bd=40,
oale e Lo 1
’ 0.8 0.9 1 11 12
Ecm'mN
mT{
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Conclusion

@ two-particle Luscher formalism
e scattering phase shifts from finite-volume energies
e generalized to arbitrary spin

@ use of the K-matrix and the box B matrix
@ implementation (including software)
o fitting strategies
@ successful results depend on time-slice to time-slice quark
propagators needed for temporal correlators involving
two-hadron operators
e Stochastic LapH method!

@ more results shown in Ben Horz’s talk later today
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