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Abstract—Growing mobile data usage has led to end users A. A Virtual ISP Data Plan
paying substantial data costs, while Internet service prowers

(ISPs) struggle to upgrade their networks to keep up with de- A cross-carrier data plan would allow users to subscribe to
mand and maintain high quality-of-service (QoS). This prolem 5 «irtual” ISP (VISP) that combines the resources of migtip

is particularly severe for smaller ISPs with less capital. hstead .
of simply upgrading their network infrastructure, ISPs can pool partner ISPs. Traffic from vISP users can then be handled

their networks to provide a good QoS and attract more users. DY the partner ISP’s network with the best QoS, e.g., the
Such a vISP (virtual ISP), for example, Google’s Project Fi, highest throughput. While this infrastructure sharingrapgh

allows users to access any of its partner ISPs’ networks. We js technologically feasible [3], its economic viabilitymains
provide the first systematic analysis of a vISP's economic ipact, 5, open question. Anti-trust regulations can restrictresfto

showing that the VISP provides a viable solution for smalleiSPs ¢ 41 Insteadttdrd Vi ired to handl
attempting to attract more users, but may not maintain a posiive merge operators [4]. Insteadfard party is required to handle

profit if users’ data demands evolve. To do so, we consider use  this sharing; for instance, in the U.S., Google has intreduc
decisions of whether to defect from their current ISP to the ¥SP, a cross-carrier data plan called Project Fi [5] that pools T-
as well as ISPs’ decisions on whether to partner with the vVISRVe  Mobile, Sprint, and US Cellular infrastructure.

derive the vISP’s dependence on user behavior and partner Is: H it i I heth third tv VISP
users with very light or very heavy usage are the most likely @ owever, It IS unclear whether a third party v can earn

defect, while ISPs with heavy-usage customers can benefiin @ Positive profit, while satisfying anti-trust regulations

declining to partner with the vISP. Our analytical results are

verified with extensive numerical simulations « ISPs who can maintain a high throughput for their users

are less likely to partner with the vISP, and thus become
. INTRODUCTION non-partner ISPs. If the vISP charges too much, users of

. . . these non-partner ISPs may not wish defect to the vISP.
Mobile users today are charged high prices for data plans . .
. . . ) o Smaller ISPs may join the VISP as partner ISPs to gain
from Internet service providers (ISPs), with an expensaseh . . . )
some revenue from leasing their capacity. However, if
payment per month for a data quota and steep overage fees L )
. . they lose users to the vISP, it will decrease their revenue.
above this cap [1]. Most users desire cheaper data plans, but o
X ; . . o Ifthe vISP offers a very low price in order to attract users,
still expect to receive reasonable quality-of-service $and , ; .
. o too many partner ISPs’ users may defect, increasing the
coverage. Meanwhile, current cellular and WiFi infrastane . . -
i - . . price charged by the partner ISPs and jeopardizing the
are insufficient to support growing user demand [2], making ) ‘ . o
o VSO VvISP’s profit. Even if the vISP can make a profit, it may
it difficult for ISPs to maintain high QoS. New network tech- R .
. X . attract too many partner ISPs and users, violating the anti-
nologies (e.g., 5G networks) can increase network capawity : L
. . . 4 trust regulations it is supposed to protect.
upgrading cellular networks is a long-term, expensivegubj
In some developing countries with a competitive mobiligure 1 illustrates the interactions between users, 18Rd,
operator market, prepaid or month-to-month data plansvalldhe vISP: users of both partner and non-partner ISPs must
users to dynamically switch between ISPs’ data plans. Aarottdecide whether to defect to the vISP, while ISPs must decide
alternative for users to lower data costs is to subscribe wihether to partner with the vISP. The viability and impact of
a mobile virtual network operator (MVNO), which resellsa VISP therefore depend on the complex interactions between
wireless capacity from an infrastructure-owning ISP, wftethe decisions of the vISP, partner ISPs, and users. In thik,wo
at lower costs. Given that they restrict to a single networlye study whether, and quantify under what circumstances of
MVNOs may not meet users’ QoS expectations. Thus, tser demands, the vISP, partner ISPs, users, and even non-
satisfy both cost and QoS concerns, we propose leveragpaytner ISPs will benefit from the vISP’s data plan. Our rissul
existing network infrastructure through a cross-carriatad show thatwhile the vISP can make a profit and benefit both
plan in whichusers can access multiple ISPs’ networks  users and ISPs in the short term, it may not remain viable
in the long term as users’ data demands increaRather
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How many users subscribe to the vISP?Section II)
Users decide whether to defect to the vISP or remain with
their current ISP, depending on the achievable throughpait a
the usage-based price charged by the vISP. Their decisiens a
not made independently: the number of users on each network
influences each user’s throughput, leading to a feedbagk loo
: We develop a user model that incorporates the throughput
// parey feedback effects on users, and show that users’ defecties ra

////////’/ v for each ISP always reach an equilibrium. While we would

expect light users to defect, as they can save money by doing
gig-tl- E><ampletcifS Il;s?rs OE ihehvlSP,bp?rtnetrhlSPé p;'f‘Zﬁ' ;ﬂnqzaltspsa so [20],we find that heavy users may also defect from partner
usegrgr; r:séisggctor dsefg]ca;rtg it? 'I'ar:gsregi(?r:einsi%g the Uolmz?rrld?céﬁens ISPs '_f the vISP Charges a sufﬂgently low price. .
that the VISP's users share the partner ISPs’ network infretsire. Which ISPs should partner with the vISP? (Section Il1)
B. Related Work Given the equilibrium user.defection rates, .ISPs must .cmcid
' whether or not to partner with the vISP. We find tiaPs with

Some have considered the economic impact of pricifighter users are more likely to partner with the vISPhese
different WiFi access points [6] or joint pricing of diffete |Sps will experience more user defections, since lighterais
network technologies, e.g., cellular and WiFi, offered meo (who do not fully utilize their data caps) can save money by
ISP [7], [8]. Others have gone further in using prices t8witching to the vISP. Partnering with the vISP allows these
incentiViZe users to Ofﬂoad theil‘ data onto W|F| netWOfk%PS to ||m|t the resu|ting |OSS Of revenue through payments
[9], [10] or allowing users to trade leftover data among eagfom the vISP. These results cast doubt on the long-term
other [11]. Still other works consider inter-ISP pricing iniapility of the vISP: increasing mobile data traffic [2], 1
a hierarchical model of transit and local ISPs for Wirelin@nay result in fewer ISPs that are motivated to join the VISP.
networks [12], as well as the tiered pricing often offered by \when does the VISP make a profitSection 1V) Given
transit ISPs selling capacity to local ISPs [13]. Our work, ijts agreements with partner ISPs, the VISP must decide how
contrast, considers a non-hierarchical setting in whichSPv ych to charge its users so as to obtain a profit, without
combines the infrastructure of multiple partner ISPs. Waufo cannibalizing the marketVe show that the vISP can earn a
on the impact of inter-ISP pricing (i.e., the VISP's payment ositive profit if partner ISP users’ natural usage is suéficly
partner ISPs) on the price that the vISP charges end usets, fght and if the partner ISPs’ market share falls below a give
users’ subsequent decisions of whether to defect to the Vl%per bound.The VISP thus aggregates smaller ISPs who

Other works have focused on technological aspects ofpfight need the vISP in order to attract more users. However,
shared mobile network infrastructure. In [14]-[16], veali the vISP is unviable if it partners with too many ISPs:
handoff decision algorithms are proposed that considensusqntyitively, it then must pay partner ISPs more, resultingai
mobility, device switching cost and the quality of connenti egative profit and preventing the vISP from cannibalizime t
The authors in [3], [17] study network switching to maximizenarket. Combined with the vISP’s dependence on partner ISPs
user throughput, while [18] proposes a framework for “sefgith lighter users, this result suggests that a vISP reptese
vice” ISPs to use multiple network infrastructures. Howeveg yiable way to benefit users and ISPs when user demand is
while some works have considered the economics of IQfse to the available network capacity, fulfilling todagised
spectrum sharing agreements [19], existing works geryeragh, handling growing user demand.
do not consider the economics of users’ decisions of whethefrhen in Section V, we simulate the behavior of one million
to subscribe to a single or shared network. users to show that the VISP can make a profit under realistic
conditions. We verify Sections Il and III's findings on which

C. Economic Impact of the vISP 4 L
Wi h VISP s devi ich betweSers defect and which ISPs become partner ISPs, empjricall
€ Suppose €ach v USers device can switch betwe onstrating the vISP’s viability conditions. We con&ud

partner ISP networks following policies specified by theRAS Section VI. All proofs are in the technical report [22].
We assume the vISP charges users in proportion to their usage

volume, as Google Fi does, while the partner and non-partner II. USERDECISIONS

ISPs of_fer a _data cap with overage plan. We consider a US€When the vISP joins the mobile data market, users have a
populat_lon with heterogeneous “natural” usage IeVels'd"’h'ch ice of defecting to the vISP from their current ISPs. Thei
\f,;? SSIQGF?)? ;[:gtaunsceer iir;aen?;ssev;l:eanr;hge?reinr;ge(;?:(; ggisions affect, and are in turn affected by, the demands an
streamin. videos and ,thus consume little datg We refer tHPOUghPUtS achieved by other users on each ISP.’S network.
g“l' ht" or “h " d di hei ) | EQen those users who do not defect may realize different de-
luserls a}s 'ght OT \eavy” depen 'trr‘]g on their natur? us_agrﬂands due to other users’ defections changing the throughpu
EVeIS. Ih our analysis, we answer three major QUESHONS. 4, their ISPs. We examine these dynamics by first developing
1Google requires its Project Fi users to choose from selesneartphone a m_OdeI_ Of_user dema_nd n Sgctlon ”_'A’ an_d then_Showmg
models, allowing such policies to be implemented on theagevi the implications for their defection decisions in Sectit:Bl




TABLE | ¢ represents the user’s desire for high throughput, which

Syibol DeﬁnmonKEY TERMS AND SYMBOLS we set towcn;v, to capture the fact that users who experience
M Number of ISPs who have their own network infrastructdre higher throughputs V\_"”_hl_(ely derlvg.greater_ut|||'_[|eS)fn their
and offer Internet access for their users. data usage. By maximizing the utility function in (1), usgtsr

N Total number of users in the mobile data market who skib- maximum utility and optimal demand from ISR are:
scribe to one of theé\/ ISPs.

K Number of partner ISPsL(< K < M). ) cmy

om Market share for ISP, i.e., the percentage of all users wHo UM (zi | ™ dm,p), if z; < (L) ,
subscribe to ISRn without the vISP in the market. Umzs|er,d,n, p)= o1 P

Om Defection rate for ISRn’s users, i.e., the percentage of ISP AT Tl m (G| o g herwi
m’s users who defect to the vISP. U; (_) ¢i»d:m.p |, otherwise

zi Useri’s natural usage without considering price effects, ile., (2)

each user's maximum demand if they do not need to pay. . . .
d,n, p | Data plan offered by ISPs with a monthly capGB data TP derive (2)' we assumg" _> pdaf I.e., the throthP.Ut 1S
charged at; and overage fep per GB exceeding the cap.| high enough so that users still receive positive margiriéityut

2 :{Sssge'base? unit prlice charged by the vISP. at their data capl, unless their natural usage < d.

m m's total network capacity.

¢ Throughput per user of both partner ISPs’ and VISP’s usgrs. We suppo_se _t_hat the natural us_ageOf each gser O_n

- Unit price paid by the VISP to partner 199 each ISPm is i.i.d. on a heavy-tailed Pareto distribution
Am O™

whose probability density function ig,,(z) = Zx5r with
parameter\,,, > 1 and a minimum usagé,,. A smaller \,,

Aa a first step, we model user demands for data before am@ans that this ISP has a higher percentage of heavy users. To
after the VISP enters the market through utility maximizati ensure that all users receive positive utilities from usiaga

1) Before the viSPBefore the vISP enters the market, wgotherwise they would not subscribe to the ISP), we assume
considerN € Z, users who subscribe to one of thé € Z, 5, — (ﬂ;_gﬁ?)ﬁ, whered,,, < (n/p) due toc* > pd®.
ISPs (V > M). We suppose that ISR has a market share 2) User Demands with the VISPWe use 0,0 € [0,1]

M
of i IV users g, € (0,1) and,, _, ¢m = 1). TofoCUS ON 5 genote the fraction of ISP’s users who defect to the
the impact of the vISP rather than the effects of differem IS|sp j e, thedefection rat€ Thus, the total number of VISP
data plans, we assume .that an ISP charges ysknsup tod users isN = ng:l 6,.0omN. The VISP then connects each
GB of data per month with overage feepper GB exceeding o yhese X users to one of its partner ISPs’ networks. We
this cap {/d < p). We suppose that each ISR has a fixed 55q,me that partner ISPs are not allowed to prioritize their
amount of available capacit¢’, across all cells to support ;.\ sers over the VISP’s and that there Afec M partner

its users’ traffic, and each user is allocated an equal sh%?,S k = {1,2,...,K}, and M — K non-partner ISPs
of the wireless mediunt,,/ (¢,,N).? Over the time scale :,{K+ 1 7M}7. ’ '

of one month, all users on ISR’s network are assumed to
experience similar average throughptits.

Suppose that useis “natural” usage in a month, with free
data usage, ig;. We takez; to be finite to account for the
fact that_ there is an intri_nsic limit to the amount of data o uts of each of theK partner ISPs would be averaged
users wish to consume in a month. Most U.S. consumers, [ar; equal each other, i.eGy/ (1 — 0x)ppN +fy) =
instance, use less than 3GB of cellular data per month, r/((l —0,)¢;N +#;), Vk,j = 1,2,...,K.5 More for-

A. User Demands

We also suppose that there aig out of N users who
are assigned to partner ISPs network by the vISP. If
the vISP always selects the best cellular network among all

artner ISPs’ networks for its users, eventually, the tgtou

below many ISP data caps, indicating that they could ha}ﬁf

" X ; ally, we have the following:
consumed additional data without paying more had they been g 14f the visp always selects the partner ISP network

so inclined [23]. Since ISPs do charge users for their d h the best throughput for its users, VISP users' average
usage, we leg; denote their actual data usage over a mon roughput is given by ’

and we model their utility, or satisfaction, from this usage

with the standarch-fair utility function z'=</(1 — «) with . Zszl Ck
a € [0,1). By subtracting each user's payment to the ISP €= (ZK M 9 )N. 3)
from this utility, each usei’s utility from ISP m is then k=1 Pk m=K 41 VmPm

zl-a This ¢ is also the throughput of partner ISPs’ users, since vISP

5 _ ) 5 + .

Uit (zild,m, p) = ci" 11_ o 1 (Zi —d)7p, (1) and partner ISP users share the same network infrastructure
- We termé users’shared throughpytand assume? > pd®.

for z; < z;,* where (2; — d)* indicates that the user pays ghpd ‘ p

no overage for usage under the cap The Scal'ng factor 5We do not consider the case of new smartphone users. Singarthst
also choose between the VISP, partner, and non-partner &P sliscussion

2We assume that all cells of an ISP have roughly the same ¢gpaod in this section is also applicable to new users. We suppose large enough

users access them with uniformly random probability. that 6 can be approximated as continuous [On1].
We do not explicitly consider users' access to WiFi hotspatstead SWe suppose that there are sufficiently many vISP users fovI8E to
assuming that this access does not change with their ISR riptizn. enforce this equality (cf. Section I1I-B). If there are toavfeISP users, it is

4Since users’ natural usage is their maximum consumptiohowitbeing possible that some partner ISPs may have lower throughpatsdthers due
charged, we assume that they consume no morezthahen actually charged. to handling too much traffic from their own users.
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Though for some use&> ¢, i.e., the shared throughput is u
larger than the throughput before joining the vISP, this ma 2 30 30
not be the case for all users: 4
8 20 20
Proposition 1: The shared throughput is lower than theg ©
maximum throughput of partner ISPs before the VISP ente © s 1o ‘ - 1o

the marketé < max {Ci/(vrN)}. 10 ) 10 o
k=1,...,.K 4 6 8 10 2 4 6 8 10
Distance (km) Distance (km)
Intuitively, some partner ISPs, due to their larger network (a) max{T-Mobile, Sprint}. (b) AT&T.
capacities, would receive more users from the VISP, reducifig. 2. A comparison of network performance (i.e., averages) of (a) the
their average throughput. VISP and (b) a non-partner ISP [24].

We further observe from (3) that is not affected by the
number defecting from partner ISPs, only by the numbers Partner ISPs_ originally have lower average throughput
of users defecting from non-partner ISPs. Too many users than that achieved by the non-partner ISPs; < o,
defecting from non-partner ISPs harm the shared throughput VA = 1,..., K andVm = K +1,..., M, resulting in
- ¢ < C";V. In Figure 2, we use data from public, crowd-
Corollary 1: Users’ minimum throughput among part-  soyrced databases to estimate cellular signal strength

ner ISPs before thea/ISP exceeds the shared throughput, from a 10 kmx 10 km square area in downtown San
ie., ¢ < min {—’;V} if the number of users de- Francisco [24]. We observe from Figure 2 that AT&T,
Pk

i k=1, K M which is not a Google Fi partner, has average through-
fecting from non-partner ISPs satisfigs,,_ x| Ompm >

A put 34.32 Mbps, exceeding the maximum throughput of
C . C partner ISPs T-Mobile and Sprint which is 34.07 Mbps.
(k_nll,aXK{ }/ k=1 K{ } B 1) 1; ok

ok Lo N mm oK N o The usage-based unit price offered by the vISP is higher
than the unit price offered by the data plan with a monthly
From Lemma 1, we can also find the number quota:n/d < p < p. For example, Google Fi offers

of VISP users in partner ISPj's network: n; = p =$10/GB, while T-Mobile, Sprint, AT&T, and Verizon
g% 25:1 P+ Z%:K-Q—l 9m<Pm) —(1- Gj)goj) N. offer roughlyn/d ~$7/GB, and both Verizon and AT&T
he VISP needs to pay partner ISFor the traffic generated have an overage fee=$15/GB.

by thesern; ‘4%"8”5- ) We suppose that users defect from their current ISPs to
Useri’s utility from the vISP data plan then consists of thene |Sp if they can obtain a better utility with the VISP,
user's usage utility for consuming amount of data, and a gigre 3 depicts users’ utilities when subscribing to th&R/l
usage-based payment pfper GB for their usage: partner and non-partner ISPs. Since the vISP employs usage-
. sl-a based pricing, the vISP users’ utilities are nonnegative an
Ui(%i | ¢,p) = e —Ep, (4) increase fromz; = 0 but are eventually exceeded by both
_ the utilities for non-partner and partner ISPS’ users. &inc
where Z; < z;, useri's natural usage. We note that in (4)the vISP users and partner users, sharing the same network

the scale factor for usage utility is replaced with the stargnfrastructure, have the same average throughput, tHative
throughputé. We thus find useri’s maximum utility and | lities depend heavily on the VISP’s prige

optimal data demand? if useri defects to the vISP:

Compounding the difficulty of our analysis is the fact that

. ) &N users’s defection decisions are not made independently. As
. Ui(zi | &,p), if z; < (I_?) ; more users defect to the VISP, for instance, the vISP’s dhare
Uiz |é,p) = . Nt , ®) throughput will decrease, potentially driving some users t

Ui ((]_D) c,p), otherwise switch back to their original ISPs. We thus derive users’

R R ~defection decisions in terms of users’ aggregate defectitas
where we havet/p > ¢/p > d* due to the assumptiong —and then analyze the resulting time dynamics of users’

p < pandé¢ > pd*. Comparing (5) with users’ utility defection rates in Section I1-B3.

without the VISP, (2), Wi obierve that partner or n_on-partne 1) Defections from Partner ISPsAs discussed above, the
users consume at mogt!*/p)= amount of data, while vISP

T . . Ipartner ISPs’ users have the same average throughput as the
users consume at mogt/p)«. Thus, users can realize highe , o
N m VISP users, since they share the same physical infrasteuctu
demands for data at the VISP dfp > c"/p. In the next S x| A
. Y L . Thus, users who do not defect obtain utiliyf (7 | ¢, d, 7, p).
section, we compare users’ utilities with and without th8R| . ) . .
10 determine users’ defection rates Users defect if they can gain more utility from the VISP,,i.e.
' Uk(zrle,d,m, p) < Ui(3F | é,p). Partner users’ decisions then
depend entirely on the price charged by the vISP, making

) the defection rate a piece-wise functionof
We can now move on to characterize the users who defect

to the vISP. We make the following two assumptions: Proposition 2:Users of partner ISR defect to the vISP if

B. User Defection Rates
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Fig. 3. User utility comparison subscribing to the vISP, 4pamtner and partner ISPs under different price conditions
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o

and only if By comparing users’ utilities from the vISP and non-partner
dor 1 ISP m, and recalling that users’ natural usage follows a Pareto
< dory >l ifp<p—(dp—-n)(5) * (6) distribution, we identify the users who would defect andier
zi < 1101 otherwise the defection rate for non-partner 1SR
The defection rate for partner ISPis Proposition 3: If the VISP provides sufficient throughputs
satisfyingé > ——
1— (w)% ((ﬂ)”k _ (M)*Ak) m to the VISP |annd only if
Ck D p=p , ’
0 (p) = if p<p—(dp—n)(%) °, 5 < ((1_a)n(pmN)ﬁ< a (pl—ié;)ﬂ)labm
A S\ /= P u—— .
| (GmemeeN ) T () , otherwise Cm L—a (1 —a)y
Ck P (8)

(7)  The defection rate for non-partner ISR is then

In Proposition 2 and the rest of the paper, we suppose that Am
N is sufficiently large that the (expected) number of users for g )y — 1 — < (1—a)n > T=atxm ©
which (6) holds can be approximated Bif.(p). If the vISlP n

charges a relatively high price, i.e2,> p — (dp —n)(£) ~,
only users with natural usage less thafp will defect (cf. Intuitively, as p decreases and the VISP charges users less,
Figure 3(b)); otherwise, users with natural usage more thaiore users will defect to the vISP. Mathematically, we see
dp’ip" will also defect (cf. Figure 3(a)). Users with a lowetthat bothd,, (p) in (9) andfy(p) in (7) decrease witp.

natural usage that is well below the partner ISP’s data cap ca 3) Defection Rate Equilibria:We now show that users’
always save money with the vISP compared to the partner IgBfection decisions converge to a long term equilibriume Th
since they can avoid the flat-rate fee for the partner ISR cajefection conditions derived in Propositions 2 and 3 assume
Those with higher natural usaggwill need to pay the partner that users make their decisions based on the fixed defection
ISP more than the VISP, as long@s z; < p -1 . However, ratesd,,, but these user decisions can change the defection
if de=n (g) or equivalentlyp < p — (dp— 77)( )—é rate, prompting a change in users’ defection decisions. We

the' VISP users pay less than the partner ISP’s for usage ab@gdress these dynamics in this section. .
de=n inducing heavier users to defect to the VISP. From Lemma 1, we note that the shared througlégot(3)

2) Defections from Non-partner ISPsiVe also consider depends only on the defection rats.i, ..., s from non-
a non-partner ISPn and suppose that a fractigh, of the Partner ISPs; it does not depend on the partner ISPs’ defecti
original ¢,, N non-partner users defect to the vISP, increasifgtes. Thus, from (7) and (8), the defection ratgs from
its average throughput td" = 07) Substitutinge? each partner ISP are completely determined by fixed system
into (2), we find that usei’s ut|I|ty from’ISP m and the viSP Parameters and, while the defection rates from each non-
respectively aré/™ (7 | 7N’d n,p) andU; (27 | ¢, p). Partner ISP do not depend on the rates for partner ISPs. We
As with non-partner ISPs, \)/\7e would expect I|ght users figerefore focus on the non-partner ISPs’ defection rates. F
defect in order to avoid the non-partner ISP’s flat data cap fe&ase of notation, we write the shared throughput(@t))

Moreover, since non partner ISPs prowde better throughpWith 0(t) = [0x41(2),. .01 ()] representing a vector of
than the vISP((l H—. owN > ¢), heavy users who the non-partner ISPs defectlon rates at a given time

are sensitive to throughput changes are less likely to tlefec Given defection rates, (t) and the shared throughpct(ﬂ)
Lemma 2:No non-partner user with; > d defects. we definef,, (0 ) to be the time derivative of:

The VISP is unable to provide higher throughput to attractno  _ A

partner users, so it can only attract light users with< 4, d9(t) _, (1) — n(l —a) "

who may pay a higher unit price for their usage with the non-dt " ap'— m ’

partner ISP than the unit price offered by the vISP. (20)




for each non-partner ISB.. The quantityh,, represents the To compensate its revenue loss, a partner ISP should charge
fraction of users who wish to defect, as derived from (8)he VISP a sufficiently high price for accessing its network
less the fraction who have already defectéd(¢). Our goal to ensure that it does not lose any revenue. The partner ISP
is now to show that the dynamics (10) converge to a lon¢hus charges the vISP the minimum amount for which it is
term equilibrium. Note that i#),,(0) € [0, 1] for all m, then incentivized to partner with the vISP. We suppose that tisvI
eachd,, € [0,1] at any timet: the unit cube[0, 1] X is a  will refuse to pay more than this amount, knowing that the ISP
positively invariant set for these dynamics. This sanitea will still partner with it for a lower payment. In what follosy
ensures tha#,,, can always be interpreted as a defection rateie derive this price, which we denote ag, by dividing the

We observe that these equations form a nonlinear dynamipartner ISP’s loss in revenue by its vISP traffic.
system with state variables given By Proposition 3 gives a By Lemma 1,2 of the vISP’s expected traffic goes through
set of fixed-point equations that any equilibrium point 0®X1 partner ISPk’s network, and the total vISP traffic is:
must satisfy, namely, (9). We show that there is a umquetpom

satisfying (9), and that (10) always converges to it: <Z wk/ 2 fo(2)dz + Z o / 2o
Proposition 4: There exists a unique limit point* € m=K+1

[0, 1]M~K of (10). Moreover, (10) converges . Z gak/ (Z B (_) a> fk(z)dz>N

We can thus take (9) as determining the unique equiIibrium (e b

(13)

defection rates for non-partner ISPs’ users. These rates Ca}were]l ) is an indicator function that equalsif dp n <

then be substituted into (7) to determine the partner ISP¥

equilibrium defection rates. p , and0 otherwise. We useZ,. to denote the users who
defect from ISPk, integrating over their Pareto natural usage
Il. I MPACT ON PARTNER AND NON-PARTNERISPS distributions. To understand (13), we recall from (5) that a

Given users’ defection rates for partner and non-partngiSP uAselrz' does not change his or her data consurppltion if
ISPs, we now turn to analyzing the vISP’s impact on both < (C)— but otherwise reduces his or her usage(-‘zgc)z.
types of ISPs. In particular, we examine the implications forpys, Whend” n < ( 2)% , the partner users for whom >

their revenue, using our results to understand which 1SEs aaro n would defect (Proposmon 2), but those with > ( )

more likely to partner with the vISP. Would only add(£)= amount of traffic each to vISP The

A. Partner ISP Revenue partner ISPk thus sells data to the vISP at a price:
Suppose the partner ISR charges the vISP a usage- — ARy (05, )
based pricer),. After losing 6,0, N users to the VISP, ISP Tp = ———— (14)

_ : ) _ =2D(p)
k experiences the following expected change in revenue: N

0 (1 — a)perN e C 1-x,  Partner ISPs neither lose nor gain revenue from partnering
ARE(0k,p) = <)\ 1( & k ) ° <(—kN) “ with the vISP. Non-partner ISPs, however, may lose revenue,
ke k Pek driving some ISPs to partner with the VISP.

_X) - 9k77> PrdV, B. Non-partner ISP Revenue
(11)  Although non-partner ISPs lose some users to the VISP,

wherey is given by they may experience greater traffic in their networks asrthei

PAg=S oy -1 remaining users increase their demands due to higher throug

-) " Liftp>p—(dp—n)(-) ", puts. Non-partner 's change in revenue is then:

P fp> d ) P N ISP’s ch h

X = _
dp — 1 dp — Aptl . _
(B2 ) ()™ e A

p =1 p—p (12) ((n(l—a))n( Cm )ﬁ(l—(l—e )A,,;ﬂ)

These equations are derived in the proof of Proposition 5. Am =1 P om N

By partnering with the vISP, the partner ISP not only loses —9m77) omN,
some of its own users, but may also decrease its average

throughput (cf. Corollary 1) and thus user demands, Ieadla%
to a decrease in revenue:

(15)
ere \,, is the parameter of the Pareto distribution for

its users’ natural usage. We derive (15) in the proof of
Proposition 5:1f the shared throughput is less than thergposition 6:

average throughput originally offered by partner 18Pi.e.,
(6, p) < 0, i.e., the partner ISP’s revenue _Proposition 6:If the parameten,,,, of users’ natural usage

decreases after sharing its network infrastructure wigh/sP.  distribution for ISPm satisfies
(1 — a)(log(dp) — log(an)) (16)
log(dp) —log (1 —a)n) |’

As discussed in Corollary 1, Proposition 5 is likely to occur
if too many users from non-partner ISPs are attracted to.vISP

A Smin{l—i—a,



then the non-partner ISP’s revenue increases after the vl k—— original partner users o N Original non-partner users ¢mN — 3|
enters the market. k Ohon N> Bipr N->]
Proposition 6 implies a lower bound on the minimum natur: Partnerwers VISE users Non-partner users

usage for ISPn’s users:

Corollary 2: If (16) holds for ISPm, the minimum usage
of its users’ natural usage distribution satisfigs > (an/p).

K
pD(p) + Y AR 6k, p)
k=1

AR (0, D)

Non-partner ISPs

I

,T\
Since a smaller parametgy, and a larger minimum usage, PartnerISPs (2K (00.2) ’i" VB
for a Pareto distribution indicate a CDF with more moderaic
; . ; ig. 4. Market dynamics and payments between users and IBfestop
Increase at the beglnhlng and Ionger tail _at the e_nd’ Propdr:%gtangles represent the number of users on the vISP and®@&ctvhile the
tion 6 f’md Corpllary 2 'nd“?ate that ISPs with heaV'_er USEES @hottom rectangles represent each ISP’s revenue. An armw A to B means
more likely to increase their revenue by not partnering With that party A pays party B for their data traffic. The shadedisiia the bottom

VISP. Since Iighter users are more Iikely to defect to thd;)\”srectangles represent the change in revenue when the viS®tjwe market.

(Proposition 3), these ISPs will experience fewer defestio We call the vISP’s business modeiable if it makes a
and a lower revenue loss, which can be compensated withgssitive profit, i.e., the optimal value of (17) is larger tha
increase in demand from heavier users. zero. We find realistic conditions for the vISP’s viability:
These results cast doubt on the long-term viability of the — _ . . .
Proposition 7: There exists a feasible point for which the

VISP: the increase in data usage predicted in [2], [21] can’ " ) o )
be modeled as an increase in users’ natural usage, as ipRigctive (17) is positive, if the parameterg of users’ natural

driven by an increase in ways to use mobile data, not by tﬂgmand distributions for each partner 18Ratisfy
price or throughput of data consumption. Thus, over time we n D Ak (1— a)pepN e
would expect),, to decrease and,, to increase, resulting Ak > = [14+ = . , (18)
in more ISPs with heavier users who can gain more revenue b p F
by declining to partner with the vISP. In the next section, wand the total percentage of users for all partner ISPs saisfi
examine the vISP’s profit and show that it can remain viable x o
- " o _dp
even as fewer ISPs are willing to partner with it. Z or < (I—a)? . (19)
k=1

1 dp— 3
1—2a pp—pnp+ (134(!)2 dp

IV. OPTIMAL VISP STRATEGY AND ITS VIABILITY

Building on our analysis of user behavior and ISPs’ willThis fin_cz[ing dovetails with our result for non-partner_ISIPIs i
ingness to partner with the VISP in Sections Il and IIl, wErOPosition 6: non-partner ISPs tend to have heavier users,
can now derive the vISP’s optimal strategy, i.e., the price While the VISP is more likely to be viable if its partner ISPs’
charges its users, which we denotepagigure 4 summarizes USers have lighter usage distributions with a larger pateme
our findings, with the top row of rectangles representiny:- Moreover, the vISP can actually jeopardize its profit by
users’ defections, and the bottom row representing viSRtprd®@rtnering with too many ISPs, or with ISPs that have too
and ISP revenue before and after the VISP joins the mark@@ny users. Thus, the vISP can serve as a way for smaller
Intuitively, the VISP can maximize its profit by offering aer |SPS with fewer users to work together in order to attract
price, thus attracting more users. Yet, as more users def@idré users, as T-Mobile, Sprint, and US Cellular have done
from partner ISPs, the VISP needs to pay the partner 1S{&h Google Fi. The Ilmlt to the vISP’s market §hare further
more to compensate their loss in revenue. Thus, the viSPvents it from cannibalizing the market, helping to eesur

goal is to simultaneously attract more users from non-gartritS Viability from a regulatory perspective.
ISP and pay as little to partner ISPs as possible. Though Proposition 7 establishes the vISP’s short-term

The VISP's objective in choosing its price is to maximize itéiaPility with a positive profit, the condition (18) may not
profit, which consists of its income from VISP usep®(p) hold in the long term as usage levels increase. As discussed

less its payment to partner ISPs. The VISP pays each partflepection lll, users’ natural usage is expected to increse
ISP k at the rater, found in (14), for a total payment time, meaning that the, parameters may decrease as more

of Zszl Wk%D(p) _ _Zszl AR(0x,p). The VISP thus USers join the “heavy tail” of the natural usage distribqtio
derives its price by solving the optimization problem: Thus, the vISP may eventually be forced out of business;
however, it can still benefit the mobile data market in the
K short-term by allowing partner ISPs to attract more usets an
maximize pD(p) + > ARk(0k,p) 17 llowing some users to increase their utilities,
_ n k=1 (17) Although (17) is a nonlinear programming problem, it can
subject to P <p<p be numerically solved by a line search over all possibleaslu

of p. As data prices are usually rounded to integral values in
7We assume that Proposition 6 holds for all non-partner I8Bmrwise, Practice Tor ease of users’ UnderSta_ndmgy searching (b}gél‘ t
they would be partner ISPs. integers in[4, p] would generally suffice. In the next section,
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() Non-partner revenue. (b) VISP profit. curve, and its revenue after more light users defect_ to the
Fig. 6. Changes in revenue for the non-partner ISP and pmfithe vISP VISP decreases even fastgr_ as shown by the blue solid cqrve.
with different values of the parameters for the Paretoriiisted partner and As expected from Proposition 6, the non-partner ISP gains
non-partner users’ natural usage. We take $10/GB as the vISP’s price. revenue by not partnering with the VISP whanis small

we provide numerical examples of a positive VISP profit anihile ISPs with greaten values partner with the vISP to
optimal price, as well as further numerical insights inte thavoid revenue loss. The vISP earns more profit with a greater
analysis in this section and Sections Il and Il A for partner users, verifying Proposition 7; if partner ISRs
is too small, the vISP has negative profit.
We finally examine the market dynamics, considering two
We now evaluate the market dynamics caused by a vISP different prices charged by the vISP to their users= $8
a total of one million users, whose natural usage is randonglye., p — n/d) andp = $14 (i.e., p — p). We consider two
generated according to the Pareto distribution parameterspartner ISPs (ISP 1 and ISP 2) and two non-partner ISPs (ISP 3
their associated ISPs. We set= 0.25, p = $15/GB, d = and ISP 4) with market shares, = 0.12, ¢35 = 0.14, p3 =
10GB, andn = $15/GB for all experiments in the section. 0.34, andp, = 0.40 and network capacitie§; = 3.36 x 10°
Figure 5 shows users’ equilibrium defection rates and 19®bps, C, = 2.80 x 10° Mbps, C3 = 1.36 x 107 Mbps, and
revenues in a simple example of one partner ISP and one néh-= 1.6 x 107 Mbps respectively. Since we abstract away
partner ISP. In Figure 5(a), defection rates for both parimel from user mobility across cells, these capacities aretdlked
non-partner ISPs decrease with the vISP price: the defectizetwork capacity, across all cells. Assuming non-part&&sl
rate for the partner ISP decreases sharply with the vi®Rve more heavy users than partner ISPs, welyse 1.5,
price, while the non-partner ISP’s defection rate decreask, = 1.6, and s = Ay = 1.06.
more moderately. We also observe that when the vISP pricélVe simulate the dynamics of users switching between their
approaches the overage fee- $15/GB, almost no partner ISP original ISP and the vISP over 18 months. Users decide to
users defect to the vISP data plan: users can no longer sdeéect or not at the beginning of each month by estimating
money by defecting, and they experience the same throughghgir utilities on each ISP. However, they cannot anti@pat
on the VISP and partner ISP. As expected, the partner ISfer users’ decisions, so their actual throughputs aférat-
loses revenue without counting the payment received fran ting may differ from their estimates, possibly leading them t
VISP, while the non-partner ISP’s revenue in fact increasswitch back after a month. We suppose that users who would
(Figures 5(b) and 5(c)). Surprisingly, as more light useggain utility by switching actually switch ISPs with probétyi
defect, the non-partner ISP gains more revenue. o = 0.3, e.g., if some users may not want to be bothered by
To be consistent with Section Ill, the partner ISP users’ natigning up for a different data plan. We calculate the rasmlt
ural usage distribution has a larger parameténan the non- total user utilities, vISP revenues, partner and non-eartsP
partner ISP’s users. We further elaborate on the relatipnsievenue changes, and market share between ISPs over time in
between ISPs’ partnership decisions and their users’ alatufigures 7, 8, and 9 respectively.
usage distributions in Figure 6. In Figure 6(a), we fix 1.3 As shown in Figure 7(a), the VISP has a negative profit
for partner users and randomly generate natural usage for nm the first two months since it needs to pay partner ISPs
partner users based on thevalues on the x-axis, while in sufficiently to make up for partner ISPs’ high revenue loss (c
Figure 6(b), we fixA = 1.05 for non-partner users and varyFigure 9(b)). Starting from the third month, as some partner
the A parameter for the partner users. In Figure 6(a), the namsers switch back and more non-partner users defect to the
partner ISP’s original revenue decreases\ascreases (i.e., VISP (cf. Figure 9(c)), VISP profit gradually increases. tritb
there are more light users) as shown by the dotted blaElgures 7(a) and 7(b), the vISP profit converges to a positive

V. NUMERICAL EVALUATION
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APPENDIX

A. Proof of Lemma 1

10

D. Proof of Proposition 2

Proof: Since the optimal utilities for both non-partner
users and VISP users are piece-wise, we prove the result

Proof: The proof starts from the fact that by sharing e by case. When; < d, we find UF(z* |&,d,1,p) <

capacity with vISP users, the network performance of any tvyp(

partner ISP, k' = 1,2,..., K are the same:

Cy B
(1 — ek)<pkN + ’ﬁk

Chr
(1 —0p)ow N + g
K

—~
S
—

= (1= Ok o N + ) > Ch
K =t K
=Cp Y (1= 0N +Cp Y i
k:ll( k=1
(:b>) &= Zk 1 O
iy (1- 9k><pkN +N
(:C; &= Zk 1 Ck

K
(ot + T gesa O ) N

where (@) is by summing both sides of the equation forall
partner ISPs, (b) is due t§:,C L = N, and (c) is due to

N = Zmzl OmemN.

B. Proof of Proposition 1

Proof: Supposing ISR’ provides the highest QoS among/* (2 | ¢,d,n, p) =

¢ p)if 2z < L. Thus, users withy; < I will defect in

any case.

When d < 2z < (¢/p)Ve, UFGrle dn,p) —
Ui(27|&,p) = (dp — 1) — (p — p)z is decreasing. When
sz (@), UMGE | edn,p) = ogp' wew — 0+
dp, but U;(z7 | ¢, p) keeps mcreasmg until’; (2% | &,p) =
reptE ek SinceUN (21 | ¢, d,n,p) — U2 |é,p) = (dp —
1) — (p — p)z equals zero at; = =1 if 91 < (¢/p)'/,

we discuss the relationship betweéif (z; | ¢, d,n, p) and

Ui (27| é,p) in three different cases below far > d.
d
D e < (9" A
In this caseUf( zx|é,d,n, p)—Ui(2 | é,p) <0 also holds
for z; > %, so the defection rate is calculated By =

de— 1 N
1-— f 777 fk(z)dz whered;, = (%) . We then
obtain the first expressron in (7).

i =
2) (P)a _de P?S(p) )
Due to (5)* < 45 < (5)* UMEIedn.p) -
Ui(2:|é,p) > 0 always holds forz; < (£)°, and

T2 pl=wéw — 1+ dp would intersect

all partner ISPs before sharing network mfrastructurethtNlth 0, (4| ¢,p) at some point m{(i); dp=1] To enable
C/ b op— p

the VISP, i.e.,. =g = k?r{{?FfK c/ Y = the analytical result, we approxmaté “ using its Taylor

ok, VE=1,..., K’ leading to series approximation at =

Z Omom

m=K+1

K
Z‘Pk <Z‘Pk+
= =

K M
= Z <Pk/<90k<290k+ > O
k=1 k=1 m=K+1
Zk:l Cy

< .
(ZkK:l Pk + Z%:K-t—l 9m<ﬂm) N el
The result can also be proved by the mediant inequaliti

C. Proof of Corollary 1

Proof: Similar to the proof of Proposition 1, we supposg zt e dy, p)
that before sharing network infrastructure with the vISFé,p)

ck/
%

partner ISPk’ provides the highest QoS, i.e;

k_rrllaxK{ } and partner ISR provides the least QoS,
H Ck// 3

l.e., o N = k:I{nn <

C// o .
pr and Sk py, > Vk =1,..., K with Z OO >
m K+1
( { <}/ m { ~)-1) Z ¢ to find that
..... O Pt
¢ < Inln K } |

(%) < up to the first order terms.

e a1 i\w
) (5) = +0-a)(F) (- (5)")+
: Uiz |ep), URGES |edim.p) < Uil | ép).

leads toz; > dp%p”. Approximately, the second case vyields
the same result as the first case.
3) dp=n > ( )

PP ) . 1

Due to the convexity of the functiop(r) = z'~=, we

By substitutingz; ~*
O(z?) into

havep!~% > p'=% +(1-L)p~% (p—p). Combining this with
1
dpp——_; > (§)*, we find 22 p! “aléw —n+dp > 72 plTaéa,

ie., UF(z* | é,d,n, p)>U(A*|cp) for z; > (g)i.
1 N .

A > (£) > (£)" implies that

Ui(2f]¢,p) > 0 always holds forz; <
. i
Forz; > (%), asU; (27 | ¢,p) still increases while
U’“( *|¢,d,n, p) remains the same valu€} (37 | ¢,d,n, p) >

N 1

Ui(2f |&,p) at 2 = (5)~ ensures thaUf(zf |¢,d,n, p) is
also larger thari/; (3% | ¢, p) in (%)é <z < (g)%.

Thus, in the third casel/¥ (27| ¢, d,n,p) > Ui(5F | é,p)
holds torzZ > d, and only users with; < ’7 will defect, i.e.,

9k—f fk

Summarrzrng the above discussion, we find (7).

Furthermore, 42=2

)dz. We obtain the second expressmn in (7).
|

E. Proof of Lemma 2

Proof: Lemma 2 is equivalent to the statement that
if user ¢ defects, then this user must have a natural us-
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age that is less than monthly cap, i.e;, < d for de- G. Proof of Proposition 4

fected non-partner users. As given in (5), the highest pos- proof: We first show the existence of a limit point.
sible utility for a VISP user ispe;p' T ca if this user Taking a linear combination of the dynamics for each
has z; > (£)7. Since U | g=g3w dim,p) > we conclude thaty ).\ ¢mbm = Soo_piy (gom -
UGz = dl g=g35:dim,p) for z > d, we show o n(1—a)

1,1 _1 1
that -2-p'~=¢= is even smaller than the smallest utility Ofpiwacwr(l*a)n
. gi-o T = k41 Pmbm, we then have

Am
)m) at any limit point. Defining

U7 (51 = | i 1 p) = i 4~ tha
a user with a natural usage larger thanan obtain from non- M _ _Am
77(1 Oé) T—a+im
partner ISPm. Before doing so, we consider the function: 7= Z wm—wm( I T ) 5
. m=K+1 ap'~wé(r)w + (1 —a)y
g(d) = —d'""* + (1 = a)(¢/p)"'d + a(é/p)="" (22)

where we have writte@ in terms ofr instead off. We now

that is non-increasing in terms dfdue toﬁ > d*. Thus, we e that the right-hand side of (22) is monotonically dasre

find g(d) < g((£)=) = 0. We now derive that ing in 7, while the left-hand side is monotonically increasing.
i o L Thus, to show that (22) has a unique solution it suffices
a(é/p)="" + (1 —a)(é/p) d=<d to show that the right-hand side is less )}, . ¢m at
@ ap'Twen 4+ (1—a)y < éd 7 =0 and larger tha at7 = >0 _ .. ¢,,. Both are true
® a q-1.1_ Cm = by inspection.
1—af "7 = omN1—a 1 We thus see that at a limit point,= 7*. We can thus solve

1 m = for 6* by writing

1 _ 1—a+Am
where (a) is due tg/d < p, (b) is due to > ¢, and (c) Oy, =1— < T U T @) ) . (23)
is due to6,, € [0, 1]. n aptmwc () + (1—a)y

for each non-partner ISPR.. It is clear that a unique solution to
these equations exists, which determines a unique limittpoi
Proof: By Lemma 2, only users with; < d would defect of (10). To show that (10) converges to this unique limit poin
to the vISP. Thus, we only need to compéfgz* |¢,p) with we first show that the Jacobiafh/d§ is a negative-definite
Um(zF | ¢, d,n, p) = (10iw < — —y for z; < d. Since matrix for any value of). Using the definition of from the

Ui(27|é,p) is piecewise, our calculation consists of two stegroof of Proposition 4, we see that for # 7,

1

1—
First, from2-p'~ wéw > 7(1,92)%1\, Z———n, we obtain: Ohy 0 <( n(l - ) >1a“m> 9¢
P )

F. Proof of Proposition 3

1-1:1 L = 00, ¢ ééé—i-(l—oz ar
5 <A = (O‘p kil G O‘)"> . (20)  Ogm
(1-0m)pm N - 67_ - ¥Pn
which is combined with the Pareto-distributed user 1natur\*ﬁvlhefe we define
demandsf, , — (&) and b, = (U=2remlyes, .
< n(l—a) +Xm
and leads to (9) Substituting (9) back to (20) we find (8). Im(T) = — T )
Next, we prove that with¥,,, given in (9), we also have ap' == é(r)e + (1 —a)y
Az’ilia Cin Zilia ¢\ a 1
f — zgg B S el for z; < (5) _Due to Thus, we find that
¢ >~ 2onp, we find O, _{ngn 1 iftm=n
. a0, Ogm ifm#n
Cm L ¥n
ap'“wéw +(1—a)y >4, ’\m—(f)é ' _ -
emN *p and the Jacobladh/d9 can be written as
which leads to -9
J0) =52 -1,
§=Am Cm T—atrm 8 1 T
< 1_!1 ol ) > (—) (21) where ¢ is the horizontal vector concatenating thsg, for
ap'een £ (1—an b m=K+1,...,M andyg is the vertical concatenation of the

gm. It is easy to see that, ifi is an eigenvalue oﬂ(g) for

any fixedd, then1 + w is an eigenvalue ofdg/07) g. Thus,

C,, R A since this matrix has eigenvalues of 0 af@g/07), we see

1—6, > SN <ac+ (1- 0‘)77(];) Q) : that J(6) has eigenvalues of1 and @ (dg/d7) — 1, which
. " . are both negative sinagy,,,/0r < 0 and,, > 0 for any m.
leading toc¢5—— — zip > W H— . B We have thus shown that(f) is negative-definite for any.

for A, > 1, i.e., 1:;+am > —1. Finally, (21) is equivalent to
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We now propose the Lyapunov candidate function Substituting;, = 1_((1—%)%)1% ((%)—Ak _(%)‘*k)
. —

Ak
I (5 t)) - i h (5)2. (24) c’calgggkin—(ﬁl)'%%m) = into R} — R}, generates the second
Combining the above two cases together, we can obtain the
It is easy to see that this function is nonnegative@n ]~  result in (11).

and that it is zero if and only if,,, = 0 for all m (i.e.,ata  When ¢ < C’}V it is straightforward to see that

m=K+1

limit point). We now take the time derivative df to find that i = —
; (p%N ( ) for A\, > 1. Thus, ARy (0k,p)
-2 Z < £ )) h(6)T J(B)h(F), (25) is negative for the casé— > (%)%. On the other hand,
m=KAl if dppp” < (p) then( )% < (dpp p”)ld’“ The facts
which, since J(f) is negative-definite, is negative onof p>panddp > 7 Iead to (dp i ve L) > 1. Thus,
[0,1]™ K except at the limit points wherk(6) = 0. Thus, AR, (6, p) is negative in this case "as well. [ |

M—-K
L is a Lyapqnoy function for (10) oro, 1] . LaSalle’s 1. Proof of Proposition 6
invariance principle allows us to conclude that the deéerti o ) ) )
ratesd converge to the largest invariant s€tcontained in Proof: Similar to the calculation of (11) but with a single
91i.(9) = 0}, or equivalently the set of points for whichcase of user defection, the result in (15) is calculated by

h = 0. Since we have shown in Proposition 4 that there exists
a unique such limit point, (10) converges to this poeh‘t, [ | AR (0, ) = fzm nfm (2

H. Proof of P ition 5 gl )
;C;zofc') E;ZEO;!:::M ISPk’s original revenue can be +fd(( B ) (n+ (= =)o) fm(z)cliz
' 1 — Cm o _
calculated by different types of user usage: +f (1 grfypt%N)E nr (((1 Om )pme) d)p) fm(2)dz
d (i)’ i 11t
- (/5 itz = [ G e ) s
— > & é _ _J"OOCM 77+ ((—j\[)é - d/)p fm(Z)dZ><pmN,
‘/(pfﬁ)é (77+ ((pQOkN) d)p)fk(z)d’z)(pkN’ (p«PmN) ( e )

with the minimum usage of all ISPms users, om,

substituted by §,, = ((1(’0)7":’”) —o and ™ =

where users with usage below the cgp< z; < d pay tt]e

monthly fee, users with natural usage< z; < ( f’v ° o i

consume the exact amount of their natural usage and pay <he&) (ﬁa( =) )+1) " following the

monthly fee plus the overage; — d)p, the rest heavy userscondmon derived In (8).

maximize their ut|||w and reduce their demands(t& We then show that the condition in (16) leads to a nonneg-
Since the set of users defecting from the partner ISP (8ive AR, by transforming it to:

is a piece-wise function, we discuss the two cases that lead i((l o)) T tesl _ dmresl )

to different revenues for the partner ISP after partneriith w an neooP P

the vISP. We start with the simpler one Whé‘ﬁ— > (p) 1 Am A taot ( c,, )M -

1 1
oo

Amta—1 Amta—1 >\m+0< 1

= a—n((l —a)n)p

d (&)= (26)
= </_, nfu(2)dz +/d (n+ (2 = d)p) fu(2)dz due o= > pd”. By taking the first-order and second-order
i derivatives ofAR,,(0,,,p) with respect td,,,, we find

omN

[ele] é 1
+/a 1 (’” (G _d)p)f’“(z)d“z)‘p’“N‘ OAR,, 1 dm apract [ Cpy \ S0
)= P ™o —((1—a)y) TEp TR
A \ 0., Q@ omN
Substitutingf, = 1 — (“_(’C)%’”V)m(%)_ * and §, = x(1—0y) " ",
A
((1_62%’“1\[)ﬁ into R}, — R}, generates the first case inand
(11). L AR, a+1-—X\, 1 Am apta—t
If d” ’7 < (p) heavy partner users with > dff’ p” also 002, > a? (( B a)n) p

defect to the VISP and thus no loyal parter user needs to eeduc o e Ny —1— 20
their usage: (sD—N> (1—=6m) =

dp—n

Ry = </Qd 77fk(2)612+/dW

p

Thus, A < (« + 1) ensures the convexity dhR,,, in terms

(T] + (Z - d)p) fk (Z)dZ) V. (1—a)(log(dp)—log(an))
of 0,,, and \,, < Tog(dp)—log(T—a)n) (or (26)) ensures
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that AR,, has a critical point satisfyingy;, < 0. Due to We find gx(p) > 0 due to the condition in (18) and, <
ARlo,,—0 = 0, we conclude thaAR,,, increases and is (n/p). We then prove thap(p) is also larger thard. First,

nonnegative in,, € [0, 1].

J. Proof of Corollary 2

Proof: We prove thatd,, > (an/p) leads to the same

inequality in (26). Due to\,, > 1, we find that

m-o [ Cp
5)‘m > : )\a "
m = AP omN

Am —1
o

Substitutings,, = (M) ™% into the above |nequal|ty

results in an inequality that is equivalent to (26).

K. Proof of Proposition 7

Proof: To prove the positivity of the optimal value forW|th Z

for £ < Cm_

B due to the convexity ok~ for A > 1, we find

M
$(0) > Y PAmor 2 (B — Om)om
m=K+1

(28)

K A 1-Xg .
1 . /¢\ = ~1sé Ck
+Z: 2ok (;) (; - p@kN)*"k

W =z, (28) holds; otherwise, due tg= < —%—
need to prove a necessary condltlon for %2@3 that

m (& —0m) @m>zp ()ﬂl(pi’?v—z)%

(29)
Starting from combining the condition in (19)

f <>
s

1, we

M

20

—WN
K+1‘F’m—1_2k 1 Pk and( )a = dppT_;:]WG

(17), we only need to find a feasible point that makes thgd

objective posmve Thus, we exam the case whpen p, i.e.,
dp 77 >

W|th 7z < 1 WI|| defect to vISP, the profit for the vISP can

then be calculated by

K

D(p) + Y ARy (6x.p)
k=1
i Ak A O (ﬂ)”’““ N
AP v ) o
M
+ > <5Am+1—2tm+1) N)
m m QOm

m=K+1
K
k:
+ (77 1>

)\m

C 17(:,6 B 17(:,6
(o)~ - () N,
+/\k_1 y <(P<PkN P o
) . 1(27)
1-a "o atxm
wherez™ — ((L=cguenl) T (par (e 1) T

follows the result derived in (8).
We then rewrite (27) as

K K
D(p) + Y ARk(0k:p) = Y gr(p)prN + $(p)N
k=1 k=1
with
N )\k 1 (Sk ke
9(p) = /\k_lpék /\k_ln(n/p) 1,
and
PAm _
(b Z )\ - 16)\ <5 Am+1 )\erl) Om
m= K+1

+Z)\k % <(ps0kN) ! _(%)13’“>%

. Also, in this case, since only partner users

2

= )dpmgﬂwm_l 57 ( ) Z‘Pk (30)
Then, due td5,,, > (an/p) derived in Corollary 2,(< ) >d,

a € [0,1) and A, > 1, the left-hand side of (30) is smaller
than the left-hand side of (29). Furthermore, the rightehan
side of (29) is maximized wheﬁ =(1- 2a)
right-hand side of (30) is Iarger than the r|ght hand side of
(29). Thus, under the condition in (19), (30) leads to (29) as
well as (28).

Finally, we conclude that under the conditions in Proposi-
tion 7, the objective in (17) can be positive in its feasidé s

[ |




