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1 Exponential Families

1.1 Introduction and examples

1.1.1 Definition. A family of distributions is said to form an exponential family if
the distribution P, (the parameter 8 may be multi-dimensional) has density of the
form

po(x) = exp (Z n,(0)T;(x) —B(e)) h(x).
i=1

This decomposition is not unique, but B is defined uniquely up to constant multi-
ple. Write n; = 1;(6) and write

p(xln) = exp (Z 0, Ti(x) —A(n)) (),

i=1

where A(n) = B(9).

1.1.2 Examples.
(i) The family of normal distributions has parameters (£, 02) and density func-

tions
1 (x—=&) 3 T, ¢& —
pe(x)z Uexp (—T = exp FX—EX —F—log 2o
Ti(x)=x
T,(x) = x?
€2
B(&,0%) = 752 +log V 2mo?
o
€
m= ;
_ 1
Ny = 20_2
n3 [m
A(n) =——+log,[——.
4n, 2
(ii) For the Poisson distribution,
—-0px 1
po(x) = =exp (xlogh —0) —
x!
T(x)=x
1
h(x)=—
x!
B(6)=16
n(6) =log

A(n) =e".
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(iii) For the binomial distribution,

0 n
+nlog(1 — 9)) ( )
-6 X

po(x) = (") 6%(1—0)" = exp (x log
b 1
T(x)=x

n
-1

B(8)= —nlog(1—06)

0
n(6) = log —

0

A(n) = —nl
()= —nlog ——

Suppose we have n independent samples X, ...,X,, from P, in an exponential
family. Individually, the density functions are pg(x;), so the joint density function
is

[ [ps =] Jexp (Z ()T (x;) —A(e)) h(x,)
k=1 i=1

exp (; uh (kzzl: Ti(xk)) - nA(G)) h(x)---h(x,)

exp (ani-(x) - nA(e)) hCx)-h(x,)
i=1

where T;(x) := %Zzzl T; (x¢)-

1.1.3 Example. If we have n independent samples from a N(&,o?) distribution
then T;(x) =X and T,(x) = = > 3¢, x7, so the joint density is

n n .
exp (O_—EY— — T, — — —nlogV2no )

202

1.2 Moments

Moments are important in large deviation theory. Suppose we have samples
Xy,...,X, from a distribution with first two moments u and 2. Then by the

central limit theorem @ 9N (0,1), so
n|x — — ot
P [M > t} =P [IX—MI > —] =28(¢)
o vn

The Mill’s ratio is ®(t) ~ ¢ (t) for large t, where ¢ (t) = ce™t/2, A small deviation
in this case is on the order A = jﬁ =0(—= 1 ) A moderate deviation is on the order
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A = o( Yo fenn

NG ) and a large deviation is A > —. This theory was developed
by Hoeffding, Bernstien, et al. (see Shorack and Wellner Empirical processes and
applications.) Where do moments come in? Later we will see that similar results
can be derived from the higher moments.

1.2.1 Definition. The (generalized) moment generating function of an exponential
family is defined in terms of T;(x),..., T;(x). The m.g.f. is My : R® — R defined
by

My (uq,...,u) :=E[lexp(uy T;(X) + -+ - + u, T,(X))]

It can be shown that if My is defined in a neighbourhood of the origin then it is
smooth and f3,, L = E[Ty (X7 - Ty(X)"].

sssss Ts

.....

1.2.2 Example. Suppose X ~ N(&,02). Then the k™ centred moment, or k™ cu-

mulant, is .
B[ - €)= 0*E K}%g) } ,

and the latter is the k™ moment of a standard normal distribution, so it suffices to
find those quantities. For Z ~ N(0, 1), we calculate the usual m.g.f. and read off
the moments.

” 00 u2k o u2k
Mz(u):fe ¢p(x)dx =e =;2k—k!=;(k—1)(k—3)...1(2k)!.

From this, a; = 0 if k is odd and is (k — 1)(k — 3)--- 1 if k is even.

1.2.3 Definition. Harold Cramer introduced the (generalized) cumulant generat-
ing function,

r T,

ul “o uss

Kr(W)i=logMr (W)= D K, ., ——

oo T'SZO T‘1 . rS H

The first few cumulants can be found in terms of the first few moments, and

visa versa, by expanding the power series and equating terms. For an exponential
family, the c.g.f. is generally quite simple.

1.2.4 Theorem. For an exponential family with

i=1

plxln) = exp (Z 0, Ti(x) —A(n)) (),

for m in the interior of the set over which it is defined, M and K; both exist in
some neighbourhood of the origin and are given by K;(u) = A(n + u) —A(n) and
My (u) = eKr) = A+ 7oA,



This is likely incorrect. It does not
match with the “Stein’s identity” given

in a later lecture.

need updating.

One or both may
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1.2.5 Example. The generalized cumulant generating function for the normal
family N(&,0?) is as follows. It can be seen that we recover the usual cumulant
generating function by setting u, = 0.

+uy)?
K(uq,uy) =log+/—ny —log+/— u, + —1 — u

4ny 4yt uy)
1 Io 52 ( £+ Ul)z
0g 4 / —log 4 /
g 0g Us — 20_2 4(_ _ u2)
Recall that the characteristic function of a random variable X is
ox(u) == J e fy (x)dx.

If f |ox(u)|du < oo then the Fourier transform can be inverted

Felx)=—— Jst?x(u)e “Xdu.

The inversion formula for the usual m.g.f. is more complicated. Under some con-

ditions, pointwise,
x+iy

fx(x) =Y1LH;0J My (u)e™du.

x—iy
On the other hand, for an exponential family the associated m.g.f. is M;(u) =
Elexp(u- T(X))]. For example, for the normal family the m.g.f. is given by

» 1 _x=?
eu1x+u2x I 252 dX.
V2no

1.3 Stein’s identity

1.3.1 Example (Stein’s shrinkage). This example is discussed in two papers, one
in 1958 by Stein and one in 1962 by James and Stein. If X ~ N(u,I,) with p >3
then the best estimator for u is not X but is

~ X

B2

1—cX.X

for some 0 < ¢ < 1. In these papers the following useful identity was used.

1.3.2 Lemma. Let X be distributed as an element of an exponential family

p(x|n) = exp (Z n,T(x) —A(n)) hx).

i=1
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If g is any differentiable function such that E[g’(X)] < co then

HX) < , _ ,
E Khm +;mn (X)) g(X)} = —E[g/(X)]

This is a generalization of the well-known normal-integration-by-parts rule.
Indeed, in the normal case the lemma gives

1
E[¢/(X)] = —E K% - %(zX)) g(X)] = LBl - ©)500)).
o 20 o

Consider some particular examples. If g = 1 then we see E[(X — &)] = 0. If
g(x) = x then E[(X — £)X] = o2, giving the second moment. Higher moments
can be calculated similarly.

Further motivation for finding higher moments is obtained by noting that

gX)=g(w) + g (WX —pw)+--

and also in applications of Chebyshev’s inequality,

lE[I)_f—ul"].

PIX —pl=t] < ——

2 Statistics

2.1 Sufficient statistics

2.1.1 Definition. Let X ~ P, for some element of a family of distributions {P, :
6 € ©} (not necessarily an exponential family). A statistic T(X) (not the same T
as for exponential families) is sufficient for 8 if Py[X|T(X)] does not depend on
0.

There are several concepts of estimation for the parameter . One is point
estimation, where we are looking for a specific value of 8. In this case sufficient
statistics are very important. When looking for a confidence interval for 6 sufficient
statistics are less important.

2.1.2 Example. For example, if X;,...,X, ~ Bernoulli(0) then T = ). X; is suffi-
cient for 6. Indeed, T ~ Binomial(n, 8), so
Py(X,T=1)
Py(T =1t)

n —

T QXi 1—-6 1-X; n
= l_[l;1 : ( 371_ and ZXl =t

(t)G (1-90) p

1

()

Py(X|T =t) =
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Similarly, if X;,...,X, ~ Poisson(6) then T = Y . X; is sufficient for 6. Indeed,
T ~ Poisson(n6), so

Py(X,T = t)
Py(T =t)

no—00%

e a Sx

= T _amey an Z i=t
e i=1

!
1\* t
“\n) \X;---X,
2.1.3 Example. Suppose that X;,...,X, are samples from a continuous distribu-
tion F. Then the order statistic (X(y), ..., X)) is sufficient for F.
Warning: the order statistic, for this course, is reduced, in that if there are ties
then the number of samples at each level is not recorded.

For a continuous distribution the probability that any pair of the X; are equal
is zero, so we may assume there are no ties. It follows that

Py(X|T =t) =

1

PX|T]=P[X;,.... XXy, -, X(] = o

since we are, effectively, picking a random permutation of the data uniformly.
Clearly this does not depend on the distribution F.

2.1.4 Theorem (Neyman-Fisher-Halmos-Savage).

If the distributions {P, : 6 € ©} have densities {py : 6 € ©} with respect to a
o -finite measure y, then T is sufficient for 0 if and only if pg(x) = g¢(T(x))h(x)
for some functions g, (depending on 0) and h (not depending on 6).

2.1.5 Corollary. If T(X) is a sufficient statistic and T(X) = f(U(X)) (ie. T is
function of another statistic U) then U(X) is also a sufficient statistic.

PrOOF: pg(x) = go(T(x))h(x) = go(f (U(x)))h(x) so U is sufficient. O

The motivation for finding sufficient statistics is data reduction, so we are lead
naturally to the concept of a minimal sufficient statistic. T is said to be a m.s.s. if,
for any sufficient statistic U, there is a function f such that T = f(U).

2.1.6 Example. For the normal distribution N(&,0%), (35, X;, >, X?) is a m.s.s.
(It follows then that (X n,Si) is also a m.s.s. since there is a one-to-one corre-
spondence taking one pair to the other.) That it is sufficient is clear based on the
representation of N(&,0?) as an exponential family. For the k-dimensional mul-
tivariate normal N.(&, %), (3, X;, >, X:X[) is a sufficient statistic. This follows
from the form of the density function

1 1 )
po(xy,...,x,) = WGXP (—5 ;(Xi &) (x; - 5)) .
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Expanding this out, a term ), x; %~ 'x; appears. But,
Ts—1 Ts—1 -1, T
X, LTx; =tr(x; T x) = (B xx; )
so this concludes the proof.

2.1.7 Example (Two-parameter exponential). The one-parameter exponential dis-
tributions

1 .
po(x)= ¢’ 120

clearly form an exponential family. However, the two-parameter exponential dis-

tributions
1 ¢
pa,b(x) = Be b 1x>a

do not. Let X;,...,X,, ~ E(a, b). Then

1 _ 2il-a) L
pa,b(xl" . '>xn) = 7€ b l_[ 1xi>a

1  Six)na
= ﬁ e b min; x;>a

so (2, X;, min; X;) is a sufficient statistic for (a, b).

2.2 Ancillary and complete statistics

2.2.1 Definition. Let X ~ P, for some element of a family of distributions {P, :
0 € ©}. A statistic V(X)) is said to be ancillary if the distribution of V(X) does not
depend on 6. V(X) is said to be first-order ancillary if Ey[V(X)] is constant with
respect to 6. A statistic T(X) is complete if it has the property “for any measurable
function f, if E4[f(T(X))] =0 for all 6 € © then f =0 a.s.”

2.2.2 Theorem (Basu). If T is a complete sufficient statistic for the family {Py :
0 € ©} then any ancillary statistic V is independent of T

Proor: If V is ancillary then p, := P4[V € A] does not depend on 0, since the
distribution of V does not depend on 6. Let n,(t) := Py[V € A|T = t], which
also does not depend on 6 since T is sufficient, i.e. the conditional distribution
of X (and hence of V) given T does not depend on 8. By the tower property of
conditional expectation, for any 6 € ©,

Eo[14(T) — pal =Eg[Po[V €A|T]] - p4
=E¢[Eg[1yealT]] —pa
=Eg[lyeal —Pa
=Py[VeA]l—py=0.
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Since T is complete, this implies that n,(t) = p, = P[V € A] a.s. Because the
conditional distribution of V given T is equal to the unconditional distribution of
V, V and T are independent. O

Finding m.s.s. is hard, because the definition of minimal is hard to check.
Completeness and sufficiency are easier, and fortunately these properties imply
minimality.

Warning: Minimal sufficient statistics are not necessarily complete.

2.2.3 Theorem. Complete sufficient statistics are m.s.s.

2.2.4 Theorem. For exponential families in natural form,
S
p(x|n) = exp (Z iTi(x) —A(n))h(x),
i=1

the statistic T = (Ty, ..., T,) is sufficient. T is complete if the natural parameter
space Il € R® contains an s-dimensional rectangle.

The natural parameter space is convex, i.e. if 1 and 1} are parameters for which
p(x|n) and p(x|1j) are well-defined densities, then p(x|(1 — A)n + A7) is a well-
defined density. (This is a consequence of Holder’s inequality.) We have seen that,
unfortunately, U(0, 0) (uniform) and E(a, b) (double parameter exponential) are
not exponential families.

2.2.5 Examples.
() ForXj,...,X, ~Bernoulli(@), X is complete and sufficient.
(i) ForXy,...,X,~N(E,0?),(X,S?)is complete and sufficient.
(iii) For U(0,0), X(,) = max;X; is sufficient because Py [X|X,) = t] ~ U(0,t)
does not depend on 6. It is also complete. Indeed, the density of X, is

0
Z:t" 110 9). Suppose that fo f(t)g:t""'dt =0 for all 6 > 0. Then

6 6
J f+(t)t”_1dt=f Fo(Ot"de
0 0

for all 6 > 0. But because this holds for all 8 this implies

ff+(t)t”_1dt=ff_(t)t”_1dt
A A

for all Borel sets A € R, . Taking A= {f > 0} shows that f~ =0 a.s., and
similarly f* =0 a.s.

(iv) For E(a,b), (X(1) Zi(Xi —X(1y)) is complete and sufficient. It can be shown
that X1y ~ E(a, b/n) and ) ,,(X; — X)) ~T'(n — 1, b).
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(v) For U(O — %,9 + %), T = (X(1),X(n)) is sufficient. It can be shown that
T is minimal. Clearly V. = X(,) — X(y) is ancillary, so T is not complete
because otherwise T would be independent of V, which is not true. This is
an example of a m.s.s. that is not complete.

(vi) We have seen that (X(l), .. ,X(n)) is sufficient for a continuous distribution
function F. The ranks (Ry,...,R,), where R; := #{j : X; < X;}, are ancillary.
Indeed, P;[R = (rq1,...,1,)] = % does not depend on F. It can be shown
that the order statistic is also complete, so it is independent of R. Given
any function h, there is a symmetric function g such that h((X(y),..., X)) =
g(X4,...,X,). Suppose that Ez[h(T)] = O for all continuous distributions
F. Then

0 :EF[h(T)] = f g(xlb"':xn)f(xl)“'f(xn)dxl "'dxn

for all densities f. Let fi,..., f, be densities and let f = Zi a;f; be a convex
combination. Then

0= f g(xl,...,xn)l_[ (Zaifi(xj))dxj.
j=1 \i=1

The right hand side is a polynomial of degree n in n variables a;. Since
it is zero, all its coefficients must be zero. In particular, the coefficient of
a;---a, is zero, so

0= Z jg(xla---:xn)fl(xﬂt(l))'"fn(xﬂt(n))dxn(l)"'dxﬂ:(n)

neSym,

= Z J g(xlﬁ' . 'rxn)fl(xl)' : 'fn(xn)dxl o 'an

mESym,,

=n! J glxy, ey x,)f1(q) - fr (e )dxy -+ dxy,

where we may rearrange the variables arbitrarily because g is symmetric.
Therefore fg(xl,...,xn)fl(xl)---fn(xn)dxl---dxn = 0, and from this it
follows that g, and hence h, is almost surely zero.

2.2.6 Definition. The risk function associated with a loss function L(0,a) is de-
fined to be R(0,X) :=Ey[L(8,X)]. When writing L(6,a) for a loss function, 6 is
intended to be the true value of the parameter, a is the estimator, and L(60,a) is
the penalty if a is incorrect. Often L(6,60) =0.

Recall Jensen’s inequality: if ¢ is convex then E[¢(X)] > ¢(E[X]). If ¢ is
strictly convex then the inequality is strict unless X is a.s. constant.
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2.2.7 Theorem (Rao-Blackwell). Let X be distributed as a element of the family
{Pg : 8 € ©}, and let T(X) be sufficient for 6. Let L(6,a) be a loss function that is
convex in a for any 6 € ©.

Let 6(X) be an estimator for g(0) with finite risk. Then n(T) := E[6(X)|T]
is an estimator for g(0) satisfing R(6,n) < R(0,96) for all 6 € ©, with equality
everywhere only if 5(X) = n(T) a.s.

Proor: Note first that n(T) is a well-defined estimator—in that it doesn’t depend
on O—because T is sufficient. The risk is computed as follows.

R(g(0),6) =E[L(g(6),5(X))]

=E[E[L(g(0),6(X)IT]] tower property
>E[L(g(8),E[6(X)|T])] Jensen’s inequality
=E[L(g(0),n(T))] =R(g(6),n) O

2.2.8 Examples.
(i) The loss function defined by L(6,a) = 0 if 6 = a and 1 otherwise is not
convex. This is the hamming distance or 0-1 loss function.

(ii) Another non-convex loss function that arises is L(8,a) = /|0 —a|.
(iii) Some common convex loss functions are L(0,a) = |6 — a|? for p > 0. When
p = 2 this is referred to as squared error loss.

3 Unbiased Estimators

3.1 Uniform minimum variance unbiased estimators
3.1.1 Definition. For squared error loss, the risk can be decomposed as follows.
R(6,6()) =E[(6 — 6(0))*] = (0 — E[5(X)])* + Var(5§(X)).

The first term on the right hand side is the bias squared. An unbiased estimator for
g(0) is a statistic 6(X) such that E[6(X)] = g(0). We call the unbiased estimator
with smallest possible variance the uniform minimum variance unbiased estimator
or UMVUE.

3.1.2 Example (Stein). Unbiased estimators are not necessarily the esti_mators
with smallest risk. Let X; ~ N(u,I;), where k > 3. It can be shown that X is the
UMVUE. But Stein showed that the following is a better estimator.

) k—2) _
u = 1—W X
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Unbiased estimators may not even exist for some problems. Let g(0) := % and
X ~ Binomial(n, 0). For an unbiased estimator estimator 6(X) we would need

1 " (n _
5 =EaloC01= Y, (Jatoera— ey,

k=0
but this is impossible because no polynomial in 6 equals 1/6.

3.1.3 Theorem (Lehmann-Scheffé). Let T be a complete sufficient statistic for
0 and let 6(X) be an unbiased estimator for g(0) with finite variance. Then
n(T) :=E[6(X)|T] is the unique UMVUE.

Proor: Note that n(T) is a well-defined estimator—in that it does not depend on
6—because T is sufficient. By the tower property,

Eo[n(T)] =Eq[6(X)] = g(0),

so n(T) is unbiased. By the Rao-Blackwell theorem, applied with squared error
loss, Var(n(T)) < Var(6(X)).

If 6'(X) is any other unbiased estimator of g(0) then Eq[n(T) —n'(T)] =0
for all 6. Since T is complete, n(T) =n’(T) a.s. In particular,

Var(n(T)) = Var(n'(T)) < Var(5'(X)),

so n(T) is a UMVUE. If §'(X) is UMVUE then Var(n/(T)) = Var(6'(X)), so &'(X) =
1n'(T) = n(T) a.s. from the Rao-Blackwell theorem and the completeness of T.
Therefore n(T) is the unique UMVUE. O

How do we actually find UMVUE? On approach is to try to solve the equation
Eo[6(T)] = g(0) directly, for all 6 (I don’t understand why this would give a
UMVUE), and another is to find an unbiased estimator 6(X) and apply Lehmann-
Scheffé.

3.1.4 Example. Let X;,...,X, ~ N(u,02), so & = (u,0%). We have seen that
(X,S?) is a complete sufficient statistic for 6.

(i) For g(6) =, X is an unbiased estimator. Since this estimator is a function
of a sufficient statistic it is UMVUE.

(i) Assume u = 0 and o2 is unknown. Consider g(0) = o”, withr > 1—n. It
can be shown that T = )}, X? is complete and sufficient for 0%, and T /0 ~
12(0).

T \"/2 or/2p(ntr
E K;) ] — B[(20) 2] = K, = %

Whence KnJrTr/ 2 is an unbiased estimator for g(6).
(iii) It can be shown that when both y and o? are unknown, K,_1,S" is an
unbiased estimator of o".
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(iv) Consider g(6) = u/o. It can be shown that X and K,,_; _,S™! are indepen-
dent, so Kn_l,_ls_l)_( is an unbiased estimator of g(68), and is UMVUE since
it is a function of a sufficient statistic.

(v) Assume o2 =1 and u is unknown and take g(6) = P,[X < x]=®(x — ).
We know that X is complete and sufficient for u. To find a UMVUE we
find an unbiased estimator and then condition on X. &(X) := 1y <. is an
unbiased estimator of g(6) (but clearly not a great estimator).

E[6(X)X =x] =P[X, < x|X =X]
=PX,-X<x—-XX =X]

=P[X,-X <x—X] Basu’s theorem
xX—X
=¢(—).
v/1—=1/n

(vi) If both y and o? are unknown then take g(6) = P, ,2[X < x] = ®(=F
The same sorts of computations yield

XX x—-X%
E[5(X)IT]=IP’( g < )

S

and in principle the distribution of the random variable (X; — X)/S can be
computed.

3.1.5 Example. Let X3,...,X, ~ Bernoulli(8). Since the Bernoulli distribution is
an exponential distribution, we see that T := >_X; is sufficient and complete for
6. Clearly E[T] =n#, so X = T /n is UMVUE.

How to we find a UMVUE &(T) for (1 — 8)? Note that T ~ Binomial(n, 6),
so we can compute the expected value.

0(1—0) = Eg[6(T)] =D 5(k) (Z) 0k(1 — o)k
k=0

Divide by (1 — )" and change variables to p := ——
& n
Z5(k)( )9’%1 0)k=0(1-6)"
k
k=0
1 1-n
2o (i)t =45 (55)
1+p 1+p

=p(1+p)?

505

el
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We conclude 6(0) =6(n) =0and, for0< t <n,

—2 (n=2)!
(?,1) _ (e=Di(n—t-1) _ t(n—t) _t t?
(’Z) n! nn-1) n-1 nn-1)

t!(n—t)!

o(t)=

Similar things could be done to find UMVUE for 6" with r < n. But we could

PX; =1,....X, =1] = 0". Now),m){Xl = 1,...,X, = 1} is the event that the
first r are all ones, and it’s not hard to condition on the event that we got a total
of t ones, {T =t}. Withn>t>r,

n—r t— —t
ef(t_r)e "1-o)"

n

(t)Gf(l —-0)t
I N VR ()
B ('Z) T nan-1)---(n—r+1)

PX,=1,....X,=1T=t] =

For r =1 we get T/n and for r = 2 we get
T(rT-1)  T? T
nin—-1) nn-1) nn-1)

Notice that taking the difference between these gives an estimator for 8 — 62 that
agrees with the one found above.

3.1.6 Example (One-sample exponential). Let X;,...,X, ~ E(a, b).

x—a

1 i
pa,b(x)zge C D

(i) Assume b =1 is known. If Y ~ U(0, 6) then —logY ~ E(—1log9,1). From
the uniform case, if Y3,...,Y, ~ U(0,0) then Y, is complete and suffi-
cient for 6. We have X; ~ —logV; fori = 1,...,n, so it seems as though
X1y ~ —logY(, and it should be complete and sufficient for a = —log6.
Sufficiency is easy and completeness follows from the definition (try it).

(i) From the assignment, T := X(;y and T, := D .(X; — X(y)) are sufficient
for (a,b). We show now that they are complete for (a, b). Suppose that
E,p f(Ty,T,) = 0 for all a and b. We must show that f = 0 a.s. We have
seen that T; ~ E(a,b/n) and T, ~T'(n—1,b) = %Xzznfz and they are inde-
pendent. Define g(t;, b) :=E; f(t;, T,). Then, with b fixed, for all a,

o0

0=Eq f(T1, T2) = Eq[g(Ty, b)] :J g(tl:b)efml/bdﬁ

a

It follows that g(t;,b) = 0 a.s.-t;, for any fixed b. (It also follows because
when b is known, T; is complete for a in E(a, b).) For any b, there is a set
N, of measure zero such that g(t;,b) = 0 for t; € N;. Now,

0=f|g(t1,b)ldt1=fJ Ig(tl,b)ldhdb:J |g(ty, b)ldbdt,
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by Fubini’s theorem, since |g(t;, b)| is a non-negative function. Therefore,
for almost all t;, g(t;,b) = 0 a.s.-b. However, g(t;,b) = E;, f(t;, T,) and
T, is y2, so b — K, f(t;, T,) is a continuous function for all t;. It follows
that, for almost all ¢4, for all b,

Ebf(tlf Tz) = g(tl, b) =0.

For fixed t; =Xy, Ty = > ;(X; — t;) is complete for b because %xzzn& is an
exponential family. Therefore f(t;,t;) = 0 a.s.-t,, for almost all ¢;. More
precisely, there is a set N of measure zero such that, for all t; € N¢, there is
a set M, of measure zero such that f(t;,t,) =0 forall t, € Mfl. Whence,

0 :J If (t1, tx)Idty a.s.-t;
SOOZJ |f(t1: t2)|dt2df1.
Therefore f =0 a.s.

Completeness is very important, but can be hard to verify.

3.2 Power series distributions

3.2.1 Definition. A power series distribution has a density function or probability
mass function of the form
) a(x)6*
X)=——"—.
Po <(6)
It is seen that the binomial distribution is a power series distribution by repa-
rameterizing with p = &. The Poisson distribution is already in this form.
If X,,...,X, are distributed as a power series distribution then it is easy to see
that T := X; +--- + X, is sufficient and complete, because power series distribu-
tions are exponential families. More explicitly,

n
P[T=t]=P |:X1 =X1,--,Xp :xmzxi = t:|
i=1

Z a(x;)---a(x,)0%%  A(t,n)6"
a s c(0) (o)

where A(t,n) := Zx1+---+xn:t a(x;)---a(x,). Now, c(0) =, a(x)6*, so

c(9)”=§:( > a(xl)---a(xn))ef=iA(t,n)9f.
t=0

t=0 Zi X;=t
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To find A(t,n) we can expand the coefficient ¢(6)" into a power series and read
off the coefficients. When looking for a UMVUE for 8", we look for a function
6(T) such that

> A(t,n)0t

0" =E[5(T)] = Zé(t)w
t=0

50 Z S(HA(t, )0 = c(0)" = ZA(!:, n)6*
t=0 t=0

Therefore 6(t) =0 for t < r and 6(t) = A(t —r,n)/A(t,n) for t > r. It can be seen
that these estimators agree with the estimators obtained in the binomial case.

3.2.2 Example. For the Poisson distribution, c(6) = e?, so

[e9)

ZA(t, n)O" = c(6)" = e = Z %(n@)k.

t=0 k=1

Thus A(t,n) = n'/t! and it follows that the UMVUE for 0" is

T(T-1)---(T—r+1)/n" itT>r
0 otherwise.

However, things are not always peachy. Suppose X ~ Poisson(6) and we use this
method to find a UMVUE for for g(6) = e 9.

e "0

) 0 gx
e =Ep[6(X)] = ) 60—
x=0 :

X

[0 9) 9)( o0 ex
s0 Y 5(x)— =e =% (1-a)*—
=0 X! =0 X

Thus 6(x) = (1 — a)*. When a > 2 this is a very bad estimator, despite being
UMVUE. A much better, but biased, estimator could be obtained by expanding the
power series for g(60) to a few terms and using the estimators for 6".

3.3 Non-parametric UMVUE

Let X,,...,X, ~ F, where F is any continuous c.d.f. We have shown that the order
statistic is complete and sufficient and the rank statistics are ancillary. Suppose we
want to estimate £ = f xdF(x). But the first moment may not exist for all F, so we
must restrict the class under consideration. This may change the properties of the
above statistics, e.g. there is not reason to suspect that the order statistics remain
complete and sufficient. However, Hoeffding showed that the order statistics are
complete and sufficient for each class Z,, the class of distribution functions having
finite r™ moment. It follows that any UMVUE must be symmetric in its arguments
Xq,--.,X,, Decause at its heart it is function of the order statistic. Therefore, in
the non-parametric case, to find a UMVUE it suffices to find a symmetric unbiased
estimator.
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3.3.1 Examples.
(i) For P[X < a], 1y <a is an unbiased estimator, so symmetrize to obtain a
UMVUE 137 1y, <.
(ii) For &(F) = f xdF(x), X is symmetric and unbiased, hence a UMVUE.
(iii) S? is symmetric and unbiased, hence a UMVUE, for the variance o2(F) of F

(over Z,).
(iv) To find a UMVUE for (£(F))? we have be a bit careful. Notice

() =fx2dF(X)—02(F),

and for the first term %ZIX 12 is symmetric and unbiased. Alternatively,

&2 =& - &, s0 X, X, is unbiased. Symmetrizing, n(nl_l) 2., X:X; is UMVUE,

and these two estimators can be seen to be the same.

4 Lower Bounds on Risk

Recall that risk is expected loss. More precisely, the risk associated with an es-
timator T of a parameter 8 is Ey[L(T, 0)], where L is the loss function, a non-
negative function that quantifies the error when T is not equal to 6. For this
section we will usually consider loss functions of the form L(T,0) = £(|T — 6]),
where £ : [0,00) — [0, 00) is convex and £(0) = 0. Many common loss functions
are of this form, including the very commonly used squared error loss.

Let X;,...,X, ~ Py where 6 € © C R¥. The minimax risk is

R, = infsupEq [L(Ty, 6)],
no0

where the infimum is taken over all statistics T, = T,(X3,...,X,). We would
like bounds on this risk, and ideally to find an estimator that attains this risk.
Upper bounds can be found by constructing specific statistics T. With clever
constructions the upper bound R, < supy Eq[L(T;, )] can be quite good.

Lower bounds are trickier. The Cramer-Rao lower bound was one of the first
lower bounds on risk that was discovered, and is basically a consequence of the
Cauchy-Schwarz inequality. A different approach was taken by Lucien Le Cam,
and developed by Lucien Birgé, David Donoho, and others, and is discussed in
detail in the next section.

To this end, consider the true value 6, and an estimate 6;, presumably close to
6y, such that the test of Hy : 8 = 6, vs. H; : 8 = 0, is “indistinguishable.” It was
shown in the paper Rate of geometric convergence by Donoho and Liu, and going
back to earlier works by Lucien Birgé, that if L(T,0) = £(|T — 0|) for some convex
function ¢, then R} is bounded below by a multiple of £(|6; — 6,]).

What does it mean for two hypotheses to be indistinguishable? Intuitively, if
the sum of the type I and type II errors is close to one for any test then the hy-
potheses cannot be differentiated. We will make this formal and derive estimates
based on notions of the distance between hypotheses.
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(i) Hellinger distance, via the Hellinger affinity
(i) y2-distance (not actually a distance)
(iii) L'-distance
(iv) Kullback-Leibler divergence, from information theory.

4.1 Hellinger distance

To simplify the exposition, in this section all measures considered are assumed to
have a density with respect to Lebesgue measure on the real line. Most of the
results still hold in a more general setting.

4.1.1 Definition. The Hellinger distance between two densities p and q is

1
H(p,q) := \/EJ (Vp(x) — v/q(x))*dx = /1 —Alp,q),
R

where A(p,q) := fR v/ p(x)q(x)dx is the Hellinger affinity.

Remark. Note that H(p,q)? = 1—A(p,q), and 0 < A(p,q) < 1 by Cauchy-Schwarz,
so 0 < H(p,q) <1 for all densities p and q.

4.1.2 Definition. Recall that the L!-distance between densities p and q is

lp —qlly :== J Ip(x) — q(x)|dx.

The y2-distance between p and q is

(p(x) —q(x))? g
—daXx.
p(x)

Remark. Note that the y2-distance is not symmetric in p and q. When p is close
to q, in the sense that ||(q — p)/p|| is small,

H(p,q)*=1- J p(x)g(x)dx

=1- J Mp(x)dx
V p(x)

:1_J 1+Mp(x)dx
\ p(x)

1q()—p(x) 3 (q(x)—px))?
1 J(HE p(x) 5( p(x) ))p(x)dx
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3 (gGx) = p(x))?
=—- | ——————dx
2 p(x)
which is 3/2 times the y2-distance.
Claim. Fori >0, let H; : 6 = 6;, and py,_, be the joint density of X, ..., X, under
hypothesis H;. If the Hellinger distance H(pg, ,,, Pg, ) is 0(1/+/n) then the sum of

the type I and type II errors converges to 1 for any test, i.e. the hypotheses H, and
H, become indistinguishable.

The remainder of this section is devoted to substantiating this claim.
4.1.3 Definition. A test is a mapping ¢ : R — [0, 1]. The power function of a test
isT:©—[0,1]:0 - Ey[p(X)].

4.1.4 Example. Let ¢(x) := 1z(x) for some R C R, the rejection region for this
test. The power function is 7(0) = Ey[¢(X)] = P¢[X € R]. Under the simple
setup of testing Hy : 6 = 6 vs. Hy : 0 = 0y, m(6,) = Py [X € R] is the level of a
test or the type I error, and 71(6,) = Py [X € R] is said to be the power of a test.
Higher power tests reject the alternative hypothesis with greater probability.
7(6;) — m(6y) =1 — Py [Accept] — Py [Reject]
=1 — (type II error + type I error)

4.1.5 Lemma. 7(6;) — 7(6,) < l||P(9l —Dpe,llr-

PrOOF:
7(60;) — 7(6,) = f ¢ (x)p;(x)dx — J ¢ (x)po(x)dx
= J d(x)(p1(x) — po(x))dx

= f $(x)(p1(x) — po(x))dx + J ¢ (x)(p1(x) — po(x))dx
P12Po

P1<Po

SJ (p1(x) — po(x))dx
P12Po

_ 1
= EHP —qlly
since |lp —qll; = J (p1(x) = po(x))dx — f (p1(x) = po(x))dx
P12Po P1<Po

and 0= J (p1(x) = po(x))dx + f (p1(x) = po(x))dx O
P1Zpo P

1<Po
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Remark. The above lemma implies that
1
type I error + type Il error > 1 — §||p91 —Dpe,llh>

so if ||pg, — pg,ll1 — O then the hypotheses become indistinguishable.

4.1.6 Lemma. 1—H(po, > Pe,n)* = (1~ H(pg,, g, )*)"

Proor: Hellinger affinity has the property A(pg_,, Pg, ») =A(Po,>Pg,)"- O
Show that if [ p Aq — 0 then H> > 1 and if [ pAq — 1 then [[p —qll; > 0

and H? — 1(?) Chain: minimax risk lower bound, testing argument, type I error
+ II error, L'-distance, Hellinger distance, Hellinger affinity.

4.1.7 Lemma.

0<2H(p,q)* < lp —qll; < (2 —A(p,q)*) A2V2H(p,q)

ProOOF:

2H(p,q)* = J (VP — v@)dx
SJ [vP — val(vp + v@)dx
R
=J lp —qldx =1lp—ql;
R
=J [vP — vallvp + vqldx
R
< \/f Iﬁ—ﬁlzdx\/f lvP + vql*dx
R R

<V (2H%)(4) =2V2H

It can be shown that 2 fR(p Aq)dx =2 —||p —ql|; by noting that

p+q=pVq+pAq and |[p—q|=pVqg—pAq.

Alp,q) = f Vpqdx = J VeV Aq)dx
R R

< J (p+q)(pAgq)dx
R

< \/f (p+q)dXJ (pAgq)dx
R R

=+v2—|p—dqll a
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It follows from this theorem that H(p,q) ~ 0 if and only if ||p —ql|; ~ O,

and H(p,q) ~ 1 if and only if |[p — q||; ~ 2. In some sense these distances are
“equivalent.”

4.1.8 Example. Let p, and p, be densities, and v be a functional of densities. Let
£ :[0,00) — R be convex with £(0) = 0. If H(py, p;) < 1 then

i;lfmaX{En’o (e(IT, = v(po)D1L E, 1 [€(IT, — v(p1)D1}
1
>1( (ZW(Pl) —v(po)l(1 - H(po’pl)z)zn)

To prove it, note that

E[L(|T, = v(po)D] = €(E[IT, — v(po)I])
by Jensen’s inequality, so it suffices to prove the result for the identity function.

infmax { &y o [£(IT, = v(po) )], En1 [€(IT, — v(p1)DI}
1
= i%fE(En,O[lTn = v(Po)l] + Epy [IT, = v(p1)I])

1
=35 i%lff IT, = v(po)lpo(x1) -+ po(3,) + T, = v(p1)Ipa(x1) -+ - p1(3,)dxy - - - dxy,

1
2 S nf | (1T, = v(po)l + T, = v(p)D(Po(x1) -~ Po(xa) A P1 (1) P ey ))dxy -+ dx,
1
Zii%lf [v(p1) = v(Po)l(Po(x1) -+ - Po(xz) A p1(x1) -+ p1(x,))dxq -+ - dx,
1
:EIV(P1)—V(P0)| (Po(x1) -+ Po(xn) A py(3y) - -+ p(,))doxy -+~ dx,
1

ZZW@J—WmNU—H@mmMYf

1
= 2 Iv(p1) = v(po) (1 = H(po, p1)*)™

Suppose the family {p,,0 € © C R} has a common support that does not
depend on 6, and that the py are differentiable with respect to 6. Moreover,
suppose there is {4, (which may usually be taken to be Vpg(x)/pg(x)) such that

1 , 2
| (vmo- vr- 50 - ot g7 ) dx=otio-au.
R

In the univariate case (,/pg)'(6 —6y) = ﬁ(%pe lo—g,)(6 — 6,). Essentially, the

condition is asking that the linear approximation for ,/py is good.
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In the claim near the beginning of this section, take 6, := 6, + h/+/n, where h
is a fixed vector. Then

nH(pq,,Pq,)” = gJ(\/P_en— \/p—eo)zdx
1
-1 f (VAP — /o)
1 T T
-~ J 7€, ()" £, (O pg, () dx +0(1)
1 T
= < B (W71

where I is the information matrix I1(0) := Eg [@g@ o], to be discussed at length in
the next section.. In particular, if £(x) = x and v(py) = cT0 for some vector c,
then

1 1
infIT, 6,017, ~ cOyl} = 5176, — 7 6yl exp (—Zh”(eo)h)

L ooy Ly
:4_ﬁ|h c|lexp _Zh 1(6y)h

where the exponential comes from estimating (1 — H 2(pen, peo)z)zn, noting that
(1 + f)n > e* for all x and all n (I think).

4.2 Fisher’s information

In the univariate case, with {py, 0 € © C R}, Fisher’s information is

100)= ple(x)z dx=E dl X ’
(0)= NApe® Po(x)dx =, (@ 0g(pyl( )))

The name may come from information theory. In regions where the density is
changing quickly, we can estimate 6 more accurately. Correspondingly, the infor-
mation is large because the derivative is large. See Elements of information theory
by Thomas Cover.

4.2.1 Example. For X ~ N(6,0?2), with o2 known,

pe(x) 1
o)~ 279

1 1
100) =5, | 2500 =0%| =

Unfortunately, I(6) depends on the parameterization of 6, so reparameterizing
can change the information. Suppose that & = h(6), where h is differentiable.
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Then

d 2
10) =5 | (g 1ouptsn)) |

_E, dé d | 2
= (@E ogp(x; 5))
= (K'(0))*1(%).

Therefore I1(£) = 1(0)/(R'(6))>.
In the multivariate case, where ® C R, I(6) is a matrix with

d
14(6) =, [39

for 1 <i,j <k If& =h(0,...,6,) fori =1,...,k then we have a similar
relationship between the information matrices, I(§) = JI(6)JT, where J is the

logpe(x) logpe(X)}

. . . 26; . .
Jacobian of the inverse transformation: J;; = a_gj.‘ Note that J is usually symmetric

in applications.

4.2.2 Example. Let X be distributed as an element of an exponential family

k
poC) =exp | (O, = An(6) ).

i=1

Let 7,(0) := Eo[T;(X)] fori =1,...,k. Then I(t) = C™!, where C is the covari-
ance matrix of the random vector (T;(X), ..., Tx(X)). Indeed,

k
1= f eXP(ZmTi(X)—A(n))dx
R

i=1

2 k
0= fR exp (;”"Ti(x) ~An) ) dx

Vol
- J (Ti(x) - a—A(n)) po()dx
R i

soT; =Eg[Ti(X)] = aimA(n). Taking the derivative again yields

0 0 02
0= J ((Ti(x) - —A(n)) (T () - A(n)) A(n)) po(x)dx
R on; nj aﬂia’ﬂj

so Covy(T;(X), T;(X)) =

d )
Iij(n) =Eq [(Ti(x)— a—nA(T))) (T (x) - —nA(n)ﬂ = Covy(T;(X), T;(X)),

J

so I(n) = C. The Jacobian of the transformation taking 7) to 7 is again C, so
I(t)=Cc~lccl=c™L
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4.2.3 Example. Let X ~ N(u, o).

1

0 Lo
I(M,O'):{UZ l:| and I(M,Uz):{‘g 1}

0 o? 204

4.2.4 Example. Consider X distributed as a member of an exponential family
with k = 1, so that

po(x) = exp(n(6)T (x) — B(6))h(x).

We have seen that I(g(9)) =1(8)/(g’(8))?. By differentiating under the integral
sign it can be shown that n'(6)Ey[T(X)] = B’(6). Therefore

(X 2
1(0) =, Ki ZEXD ] =Eq[(n'(0)T(X) —B'(6))*] = (n'(6))*Vary(T(X))

Combining these formulae,

)
g'(6)
For 7(0) :=E[T(X)] we have seen that I(t) = 1/ Vary(T), so we get the formulae

% and T(Q)Zw.

n'(0)
(i) For X ~T'(a,f), with a known,

2
1(g(0)) = ( ) Varp (T (X)).

Varg(T(X)) =

a=1,"%

1
P = Ty

Son(B) = —%, T(x) = x, and B(3) = alog 8. Therefore

a/B

T(B) :=Eg[X] = 18"

ap,

Varg(X) = aff?, and I(af) = 1/(aB?).

(ii) For X ~ N(u,0?) with o2 known, B(u) = u?/(20?), n(u) = u/o?, and
T(x) = x. Therefore I(u?) = (%)2 Var(X) = 1/(4u?0?). These formulae
can be used to do many calculations for exponential families.

4.3 The Cramér-Rao lower bound

One-dimensional case

Let © C R be a one-dimensional parameter space, and let {P, : 0 € ©} be a family
of probability measures with densities po with respect to a o-finite measure y on
R, and let T be a measurable function.

4.3.1 Conditions.
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(C1) © isopen inR.
(C2) (a) There is a set B C R such that u(B¢) = 0 and %pg(x) exists for all
0 €© and all x €B.

(b) A:={x :pge(x) =0} does not depend on 6
(C3) 1(6) := Eq [(£(X))*] < 0o, where £ 4(x) = - 1ogpy(x) is the score.
(C4) f]Rpg (x)u(dx) and fR T(x)po(x)u(dx) can both be differentiated with re-
spect to @ under the integral sign. In this case Eq[{4(X)] = 0.

(C5) f zPo (x)u(dx) can be differentiated twice with respect to 6 under the inte-
gral sign. In this case we have the formula

2

. d
1(0) =-El{,(X)]=-E [@1081?9()0} .

4.3.2 Theorem. Let T(X) be an estimator for q(0), and let b(0) be the bias.
Then, given that (C1)-(C4) hold,

(¢'(6) + b'(6))

Varg (T (X)) = 10)

for all @ € ©. When T is unbiased this reduces to (q'(8))?/1(8).
ProoF: Assuming (C1)-(C4) all hold,

T(x)pe(x)u(dx) = J T(x)pe(x)u(dx)

B¢NA®

Eo[T(X)] = q(6) + b(6) = f

R

d
q'(6)+b'(0) = f T(x) 75 Pe(x)u(dx)

BNA®
= f T(X)KQ(X)PQ(X)M(dX)
BNA°

= Covy (T (X), (X))
(q'(8) + b'(0))* = (Covy(T(X),(X)))* < Varg(T(X)I(6)

since the score has mean zero and by the Cauchy-Schwarz inequality. O

If the lower bound is achieved then, from the Cauchy-Schwarz inequality, it
must be the case that £,(X) = A(6)(T(X) — E¢[T(X)]) for some constant A(6).
This is why the MLE often achieves the lower bound, while other statistics fail to
do so. It can be shown that the lower bound can only be achieved for parameters
of an exponential family.
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Multivariate case

Let © C RF be a k-dimensional parameter space, and let {P, : 6 € ©} be a family
of probability measures with densities p, with respect to a o-finite measure y on
R*, Suppose X ~ P, for some @ € © and T(X) is an estimator for q(6), where
q : R — R is differentiable. As usual, b(0) := E4[T(X)] — q(6) is the bias.

4.3.3 Theorem. Suppose that (M1)-(M4) below hold. Then
Vary(T(X)) > a’1(0) 'a

for all 6 € ©, where a := V(q(6) + b(0)). If T(X) is unbiased this reduces to
Varg (T(X)) = q(6)"17'(6)q(6).

4.3.4 Conditions.

(M1) © is open in Rk,

(M2) (a) There is a set B C R such that uw(B¢) = 0 and %pg(x) exists for all

0e€0,1<i<k,andall x €B. l
(b) A:={x:py(x) =0} does not depend on 6
(M3) The k x k matrix I;;(0) := Eq [0o(X)o(X)"] is positive definite, where
4(x) = Vylogpy(x) is the score vector.
(M4) ka po(x)u(dx) and ka T(x)po(x)u(dx) can both be differentiated with

respect to 6 under the integral sign. In this case E¢[£y(X)] = 0.
(M5) ka po(x)u(dx) can be differentiated twice with respect to 0 under the in-
tegral sign. In this case we have the following formula.

.. R
1(0)=—Eply(X) = (—Ee {mlogpg(x)})
i90;

ij

5 Decision Theory

Let 6 € ©, the parameter space, let a € A, the action space, and let x € X, the
sample space. Let L : ©® x A — R, be a loss function and d : Ax X — [0,1] be
defined by d(a, x) = d(a|x) = “probability of taking action a given x is observed.”
This is a randomized decision rule. Given a decision rule d(x) := d(-|x) (actually a
probability distribution on A), the decision loss is L(6,d(x)) and the decision risk
is

R(6,d)= J J L(6,a)d(dalx)Py(dx).
xJa

If the decision rule is non-randomized then the risk is fx L(0,d(x))Py(dx). Let D
denote the collection of all decision rules.

5.0.5 Definition. A decision rule d is an inadmissible decision rule if there is an-
other rule d’ such that R(6,d") <R(6,d) for all 6 and R(0,d’) < R(6,d) for some
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6. An admissible decision rule is one that is not inadmissible. A decision rule d* is
minimax if

inf supR(6,d) = supR(6,d").
deD peg 0co

A probability distribution A on @ is called a prior distribution. Given a prior A and
d € D, the Bayes risk is

R(A,d) = f R(6,d)A(d6).
e
A Bayes rule is any decision rule d, satisfying R(A, d,) = infyep R(A, d).

5.1 Game theory: the finite case

Suppose O, X, and A are all finite sets, of sizes £, n, and k, respectively.

5.1.1 Lemma. D is a bounded convex set.

Proor: In this setting, D is the collection of k X n matrices with non-negative
entries, all of whose columns sum to one. O

5.1.2 Theorem. R := {(R(0;,d),...,R(6,;,d)) € ]R‘i :d € D} is convex.

Proor: Let a € [0,1] and d;,d, € D be given.

aR(6,d;) + (1~ a)R(6, d;)
n k n k

=a) D dPL0,a)pe(xc) + (1 =) Y D dPL(8,a)po(x))
j=1i=1 j=1i=1

k
=" (ad; + (1 - a)dy);;L(0,a,)pe(x;)
i=1

=1
R(6, ad, + (1 — a)dy) O

5.1.3 Theorem. Every d € D can be expressed as a convex combination of non-
randomized decision rules.

Proor: The extreme points of D are the non-randomized decision rules. In fact
d=3" 2,60, where
no koS0
—— ij
=TI

j=1i=1

and {§(” : 1 < r < k"} enumerate the non-randomized rules. O
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5.1.4 Example. Let © = 0,11 0,, A = {0,1}, d(1]x) = ¢(x) = 1 — d(0]x),
L(Q,O) = eoleeel, and L(Q, ].) = elleego. Then

6 Eg[¢(X)] 6 €6,

RO, d)= {eoEeu —¢(x)] Oeo,.

Thus decision theory is clearly a generalization of hypothesis testing, where the
risk corresponds to the power.

5.1.5 Example (Urns). Let © = {1,2}, the urns. In urn 1 there are 10 red, 20
blue, and 70 green balls, and in urn 2 there are 40 red, 40 blue, and 20 green
balls. One ball is draw, and the problem is to decide which urn it came from.
Whence X = {R, G,B} and A = ©. Arbitrarily, let

L(0,a) = [g 100]

which can be regarded as Hamming loss 1,.4, 0-by-6. (In particular it is not
convex.) Let d = (dg,dp,dg) be the decision rule, specified as the probability of
choosing urn 1 given that the colour R, B, or G was shown.

The risk is computed as follows.

2

3
R(1,d)= "> L(1,1)d(, x;)p(x;)

i=1 j=1
3
=10 d(2,x,)p;(x;)
j=1

=10(0.1(1 — dg) +0.2(1 — dp) +0.7(1 — dg))
=10_dR_2dB _7dG

The Bayes risk is simply

R(A,d)=AR(1,d)+ (1 — A)R(2,d)
=102+ (2.4 —3.40)dz + (2.4 — 4.41)dz + (1.2 — 8.2A)d,
The Bayes rule for A = 0.5 is dz = dy = 0 (since they have positive coefficients)
and d; = 1 (because it has a negative coefficient). In fact, the Bayes rule will

always be a non-randomized rule. For the case A = 12/17 the Bayes rule is not
unique, because d, may be any number and the Bayes risk is still minimized.

5.2 Minimax rules, Bayes rules, and admissibility

Remark (Non-randomized rules vs. randomized rules). Corollary 1.7.9 of the text-
book says that if the loss function is convex then we can focus on non-randomized
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rules. More precisely, if L(0,a) is convex in a for all 6 then, given any random-
ized estimator, there is a non-randomized estimator that is at least as good, and
uniformly better if strictly convex.

Remark (Admissibility and Bayes). Under mild conditions it can be shown that
every admissible rule is a Bayes rule for some prior distribution. Theorem 4.2.4
in the textbook says that if a Bayes rule is unique (i.e. if there is a unique d
minimizing f@ R(6,d)A(dH)) then it must be admissible.

5.2.1 Definition. A prior A is a least favourable prior if y, > y , for all other priors
N, where y, := fR(G, d,)A(d0) is the Bayes risk of the Bayes rule.

5.2.2 Theorem (Least favourable Bayes rules are minimax).
Ify, =supyR(6,d,) then A is a least favourable prior and d,, is minimax. Further,

if d is the unique Bayes rule with respect to A then it is the unique minimax rule.

Proor: Let d be any other decision procedure.

supR(6,d) > fR(G, d)A(dO)
0

> f R(6,d\)A(dBO) by definition of d
=supR(6,d,) by assumption
0
If d, is the unique Bayes rule for A then the second inequality is strict. O

5.2.3 Corollary. If a Bayes rule has constant risk (i.e. R(6,d,) does not depend
on 0) then it is minimax.

5.2.4 Corollary. Let ©, := {0 € © : R(0,d,) = supy R(0,d,)}. d, is minimax if
A =1
5.2.5 Example (Urns, revisited). The minimax rule is found by solving

max{10 — dy — 2dg — 7dg,2.4dy + 2.4dz + 1.2d}.

The solution is d* = (dg, dg,ds) = (0,9/22,1). This is a Bayes rule with A =6/11,
but there is no unique Bayes rule for this A. This d* has constant risk R(1,d*) =
R(2,d*) = 24/11.

5.2.6 Theorem. Let L(0,a) =K(0)(0 —a)? be weighted squared error loss (K is a
positive function). Then the Bayes estimator for g(0) is

E[K(0)g(0)lx] [, K(6)g(6)A(dO]x)
EKO)x] [ K(O)AdOx)
where A(0|x) is the posterior distribution. When K(6) =1, d,(x) =E[g(0)|x].

dj(x) =
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ProoF: Let d be any other estimator and let h(t) be the Bayes risk of d, + td
conditional on x.

h(t) := J K(6)(g(0) = da(x) — td(x))*A(dO]x).
(C]

For each x, h is a differentiable function of t, and h’(0) = 0 since d, minimizes
the Bayes risk.

d
0= Eh(t)’ e —Zd(x)f K(0)(g(0) — dp(x))A(dO]x)
t= e

For each x there is d such that d(x) # 0, so we can solve for d,(x) and see that it
has the desired expression. O

5.3 Conjugate Priors

5.3.1 Definition. Suppose that x has density p(x|6) and A is a prior distribution.
If the posterior A(-|x) has the same form (i.e. lies in the same parametric family
of probability distributions) as the prior then A is a conjugate prior.

5.3.2 Example. Let X ~ binomial(n,9) and 6 ~ Beta(a, ) = A. It can be shown
that (8|x) ~ Beta(a+x, B +n—x). If L(8,a) = (0 —a)? is squared error loss then
a+X a+pf a n X

d,=E QX = = —
A Lo1X] a+fB+n a+/5+na+[5+a+[5+nn

The risk in this case is

R(6,d,) =E[(d)) — 6)*]

_ a—|—ﬁ 2 a 2 n 29(1_9)
_(a+/3+n) (a—l—ﬁ) +(a+/3’+n) n

a?+(n—2a(a+B))0 + ((a+ B)? —n)6?
(a+ B +n)?

If we can choose a and 8 so that is does not depend on 6 then we will have
the minimax rule by 5.2.3. We need (a + 8)? = 2a(a + 8) = n, so solving,
a = f3 = v/n/2 and the minimax rule is obtained by taking A = Beta(v/n/2, v/n/2).

In this case
0 = 1 1+x ¥ 4 1
Tirval2 va) T\ A

and the minimax risk is 1/(4(1 + v/n)?).

5.3.3 Example (Normal with known variance).
Let X ~N(0,02) and 6 ~ N(u, 72). It can be shown that

1/72 N 1/0? 5 1
1/72+1/02M 1/724+1/0% " 1/72+1/0?

(Blx)~N (
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and so, for squared error loss,

1/72 N 1/0? %
1/72+ 1/02“ 1/72+1/0?%

dy =E[0]X] =

The Bayes risk is

R(6,dy) = E[(d; — 6)°]

3 1/72 2 ) 1/0? 2 ,
—(m) w=0 +(m) o

Until now we have not used the fact that o2 is known. Even if it is know, there
is no prior that can be chosen so that the Bayes risk does not depend on 6, so
we cannot apply 5.2.3. But by taking 7 larger and larger, the term with 6 can be
made as small as desired. In the limit with T = oo, there is no dependence on 6.
This motivates the definition of improper prior, a measure A on © with A(6) = co.
This example is continued below.

5.3.4 Theorem. Suppose that 6 ~ A and (X|0) ~ Py. Assume there is a rule d,
that has finite risk. If, for a.e. x, d,(x) minimizes

E[L(O,dA(-]x))IX = x] :f L(6,d(-[x))A(dO]x).
(€]

then d, is the Bayes rule.

5.3.5 Definition. A generalized Bayes rule is a rule satisfying the condition of
5.3.4, but with A an improper prior instead. A rule d is a limiting Bayes rules if
there is a sequence of proper priors A such that d(x) = limy_,, d,, (x) a.s. Such
a sequence {A};2 is said to be a least favourable sequence of priors if y,, — y and
ya < v for all proper priors A.

5.3.6 Theorem. Suppose that {A;}}2, is a sequence of priors with y, — y and
d* is an estimator with supy R(6,d*) = y. Then d* is minimax and the sequence
is least favourable.

Proo¥F: Let d be any other decision procedure. For all k > 1,

supR(6,d) > f R(6,d)Ac(dO) = vy,
0 e

Taking k — o0, and noting that the right hand side converges to v,

supR(6,d) > v = supR(6,d"),
6 0



Conjugate Priors 33

so d* is minimax. Further, for any prior A,

YA = f R(6,d,)d6 < f R(6,d*)A(dO) <supR(6,d") =y,
e S} o
so the sequence is least favourable. O

In 5.3.3, take Ay = N(u, k), where u is arbitrary because it is irrelevant. Then
YA, — o2 and the rules d,, converge to the rule d(x) = x. We have seen that
R(8,X) = 02, so the sample mean is minimax by 5.3.6.

5.3.7 Lemma. Let X be a random quantity with distribution F and let g(F) be
a functional defined over a set &, of distributions. Suppose that § is a minimax
estimator of g(F) when F is restricted to a subset #, C %,. Then & is a minimax
estimator of g(F) for F € & if suppeg R(F,6) = suppeg, R(F,0).

5.3.8 Example (Normal with unknown variance).

Let X ~ N(0,02), where 8 € R and 02 < M. For squared error loss, from the
calculations in 5.3.3, supy ,2 R(6,x) = M. (Note that there is a big problem if we
consider M = 00.) In 5.3.3 we saw that the minimax estimator is the sample mean
when o2 is known. Applying the lemma, the sample mean remains minimax when
o? is unknown but known to be bounded.

5.3.9 Example. Let X;,...,X, ~ F, where F € &, := {F : E; |X| < oo}.
() Let Fy = {F € &, : Px[0 < X < 1] = 1}. What is the minimax es-
timator for 8 = Ey[X] under squared error loss? Consider the subclass
Z, = {Bernoulli(p) : 0 < p < 1}. The sum of n Bernoulli r.v.’s is binomial,
so the estimator d(x) = (1/2+ /nx)/(1 + /n) is minimax over the class
Z,. For any F € Fp, write

11 vno_
= -+ X
1+vn2 1+4++vn

1 1 2 v\
E[(d—e)z]Zm(E—e) +(m) Var(X)

- E.[X%]-6 1
_(1+ﬁ)2(F[ 1= +Z)

Now, Bz [X2] < Ex[X] =0, so E[(d — 6)?] < 1/(4(1 + v/n)?), which is the
minimax risk in the class %,. Therefore the minimax estimator is d.

(ii) Let &, = {F € &, : Varg(X) < M} and again 6 = E;[X]. Consider
the subclass &, := {N(u,0?) : u € R,0% < M}. It can be shown that
SUPrer, R(F,X) = M /n, which is the minimax risk in the subclass, so the
sample mean is minimax for 6.
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5.4 Inadmissibility

Recall that any unique Bayes rule is admissible by Theorem 4.2.4 in the textbook.

5.4.1 Example. Let X;,...,X, ~ N(0,0?) with 02 known. For 6 ~ N(u, t2) and
squared error loss, we derived that d,(x) = pu + (1 — p)x, where

o Ye?
p= 1/t2+1/0?
This is the unique Bayes rule, so it is admissible. It is interesting to ask for which

(a,b) is d(x) := ax + b admissible? This example shows that any such rule with
0 <a <1 and b arbitrary is admissible.

5.4.2 Theorem. Let X have mean 6 and variance o (but not necessarily nor-
mally distributed). Then d,,(x) = ax + b is inadmissible for 6 in the above
example under squared error loss if
G) a>1;
(ii) a<O0;or
Gii) a=1,b #0.

Proor: We must demonstrate a rule d such that R(6,d, ;) > R(6,d) for all 6 and
strictly greater for some 6.
R(0,d, ) =Eo[(aX +b - 0)]
=Eg[(a(X —0)+b+(a—1)0)]
=a®*Eg[(X — 0)* ]+ (b+(a—1)0)?
=a’0?+(b+(a—1)0)?

Recall that the risk of d(x) = x is 02. Ifa > 1 ora = 1 and b # 0 then R(0,d, ;) >
o2 =R(0,d), so this takes care of (i) and (ii). For the third case, if a < 0 then

) b )? b
R(0,d,;) > (b+(a—1)60)*> (e—m) =R(9, ) O

1—a

5.4.3 Theorem (Stein, 1956). Let u € R* and Xi,...,X, ~ N(u,0?l,,), so that
— 2
X = %Z?:nxi ~ N(_U«’ %Ik)'
(i) Ifk =1 then X is admissible.
(i) Ifk =2 then X is admissible.
(iii) Ifk > 3 then X is not admissible.

Remark. This is discussed in Stein (1959) and discussed at length in James and
Stein (1962). They showed that the estimator

C = o?(k —2))
=X1-—-
g ( X ),
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(or something similar) has strictly smaller risk than X when k > 3. When k is very
large then apparently this is very close to X. In many practical cases u will have
most coordinates equal to zero, so in these cases the threshold estimator is better
still.

O =4 X;+t |X;|<—t

X;—t |X;|>t
N X, x>t _
i = or i
0 X<t
0 IX;| <t

Proor (k = 1 usING THE CRAMER-RAO BOUND):
We prove that X is admissible when k = 1 and 0 = 1. For squared error loss,
R(6,X) = 1/n. Assume that d is an estimator such that R(6,d) < 1/n for all 6.
Note that

R(6,d) = Eo[(d(X) — 6)*] = Varg(d(X)) + (b(6))?,

where b(0) :=Ey[d(X)] — 0 is the bias. By the Cramér-Rao lower bound,

(1+0b'(6) _ (1+b'(6))°

Varp(d(X)) 2 O -

Hence, for all 9,

/ 2
(b(@))2 + w < l
n n

In particular, |b(6)| < 1/+/n for all 6, so b is a bounded function, and b’(6) < 0
for all 8, so b is a decreasing function. Since b is bounded, there are sequences
6 — oo and 6, — —oo such that b'(6;") — 0 and b’(6;7) — 0. From the
inequality, it follows that b(9i+) — 0 and b(6,) — 0. Since b is decreasing, it
must be the zero function. Since X is the UMVUE, d(X) =X. O

PrOOF (k = 1 USING BAYES ESTIMATION):

Here is another proof for the case k = 1 and o = 1. Assume for contradiction that
X is inadmissible then there is d* such that R(6,d*) < 1/n for all 6 and strictly
less for some 0. The risk is a continuous function of 6, so there is an interval
[6,,6;] and an & > 0 such that R(6,d*) < 1/n—¢ forall 6, < 6 < 6;. Let A,
denote the prior N(0,72), and let d,. be the associated Bayes estimator. Then

yh= fR(Q,d*)AT(G)dG > J R(6,d.)A(0)dO = .

by the definition of Bayes estimator. We have seen that, since 02 =1,

1 72

- 1/7%2+n/oc? T 1+ne2

Yo

Now,

n—v: L [* (1/n—R(0,d"))e " />"d0

2nT

1/n—vy, 1/n—12/(1+n7?)
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n(1+nt?) [ 2902
=— 1/n—R(6,d")e /> do
e J_Oo( / ( )

n(1+nt?) b 202
> - 1/n—R(6,d*))e /%" d6
Tore LO (1/ (6,d%)

ML) a(6,) - a(8))
> ——¢ -
V2nT ! 0
This last quantity goes to co as T — oo. Therefore, for sufficiently large 7, 1/n —
y: >1/n—y,. But this contradictions that y, < y}. O

Recall Stein’s Lemma: When k = 1, if X ~ N(6,0?) and g is a function with
E[lg’(X)|] < oo then

o?E[g'(X)] =E[(X — 6)g(X)].

In k dimensions, if X ~ N(0,0?%I;) and g : Rk — R is with E[|%g(X)|] < oo then

0
2K [a—g(xﬂ — B[, — 6,)500)].
Xi

PrOOF (k > 3, INADMISSIBILITY): For simplicity, take o> = 1. Then we have seen
that E[|X — 6|?>] = 1/n. We look for an estimator 8, of the form

~ —_ 1 _
Qn =X+ Eg(X)
where g : R¥ — R is to be determined, such that for all 6,

_ _ 1 _
0<Ey[IX — 01?1 -E, |:X+Eg(X)—9

]

1 - 2G — —
=~ Bl - £ 3 BIK, ~ 0)5,00)

—Leem- 23 s [ L@
T8 n? & | 9x; 8 ’
Furthermore, we would like g = V log) for some 1) : R — (0, 00). Then

d _ d 1 oy _ 1 oy 2 1 821/,'
2%, 509" 5 (w(x)a_xl-) e (ﬁ) e o

With regards to the desired expression for g, x-by-x,

1& 1 a2 2 (& 1 [ayY\2 1 9%y
e (E) _F(Z_w(x)z (H) TP 0

i=1
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22 AY(x)
(6»«) ()

Aw(X)}
Y(X)

If we take 2 to be harmonic then we get what we wanted. Take v(x) = |x|?>7%,
which is harmonic when k > 3. Then g(x) = Vlogy(x) = %x. Plugging this in,

R k—2) —
0,=|1-— |X
( anlz)

is a strictly better estimator, with a difference in squared error risk of

(k —2)? 1
e [W} ' 0

The problem of estimating the mean of n normals has been studied in depth
for a long time. This problem is important in non-parametric estimation, in that
such problems can often be reduced to estimating the mean of n normals, where
n is a large number. Often Stein’s shrinkage is not enough of a correction.

Herbert, Robbins, Bradley, Efron, Larry, and Brown introduced and studied the
empirical Bayes method to solve the same problem If X ~ N(6,0?I,), with o2
known, and 6 ~ N(0,72I,) then d, = X is the Bayes estimator. The idea is
to use the data to pick the “best” 7, say T = T and then use d; as the estimator.

1 k
I

i=1

=

So we want

1
0<—E[Ig(X)|] n2 [

5.4.4 Example Let X be as above, so that X ~ N(O (o2 + TZ)Ik) where o2 is
known and 7 is to be estimated. The MLE for 72 is 22 = (||X||*/k — 0?),, so

d.2(X) = v 1 ko® X
T 02 T xiz), >

which is every close to Stein’s estimator for large k and n = 1.

6 Hypothesis Testing

6.1 Simple tests: the Neyman-Pearson lemma

Consider the problem of testing Hy : X ~ P, vs. H; : X ~ P;, where P, and
P, have densities p, and p; with respect to a o-finite measure u. Recall that a
(generalized) decision rule is

d(alx) = probability of taking action a when we observe outcome x.

Some of these are first names, but I
don’t know which are which.
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In this case the action space is {0,1}, corresponding to the hypothesis that we
accept.

Let ¢ (x) := d(1]|x), the probability of accepting the alternative hypothesis H;
given datum x. The level of a test or size of a test is Ey[4y(X)], the probability of
a type I error (rejecting the null hypothesis despite it being true). The power of a
test is B, [y (X)], the probability of accepting the alternative when it is true. The
probability of a type II error (accepting the null hypothesis despite the alternative
being true) is E,[1 — y(X)].

Recall that (type I error + type II error) > 1 — %H Po — P1ll;- In proving this
note that the function
1 pi(x) > po(x)

1) = {0 pr(x) < Po(x)

played an important role.

6.1.1 Definition. A level a most powerful test, or MP test, is a test ¢ with the
property that Ey[¢] < a (i.e. it is level a) and, for every other test ¢ of level a,

B [¢] <E,[¢].

In this Neyman-Pearson setting, the objective is to fix the level of a test and
then maximize the power. Equivalently, fix an acceptable level of type I error and
then find the test with the minimum probability of type II error. It turns out that
in this simple setup, the most powerful test is of the form

1 py(x) > kpo(x)
¢(x) =1 pi(x) =kpo(x)
0 pi(x) <kpo(x).
6.1.2 Theorem (Neyman-Pearson). Let0 < a < 1.
(i) There are constants k and y such that Ey[¢(X)] = a.
(ii) The test ¢ from (i) is most powerful for testing P, vs. P;.

(iii) If+ is a level a most powerful test then it must be equal to ¢, u-a.e., unless
there is a test of size a with power 1.

Proor: Let Y = p;(X)/po(X), and let Fy be the CDF of Y, so that

p1(X)
v [PO(X)

Let k :=inf{c : 1 — F(c) < a}, a non-negative number since Y > 0, and let

> k} =1-Fy(k)

. a—Py[Y > k]
TRl =k

if Py[Y = k] # 0, otherwise take y = 1. Then

Eo[px(X)] =PylY > k] + yPy[Y = k]
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a—PylY > k]

=P [Y > k]+ PolY = K]

PO[Y=k]=OL

Therefore ¢, is a level a test. Now we check that is it most powerful. Assume for
simplicity that u[p; = kpy] = 0. Let 2 be another test with E,[y] < a.

(E1[¢r] — Er[9]) — k(Eo[di] — Eo[])
= J(% —Y)(p1(x) = kpo(x))u(dx)

= J +J (¢ — YI(p1(x) — kpo(x))u(dx)
P1>kpo p1<kpy

= J (1 = (x))(p1(x) — kpo(x))u(dx)
p1>kpo

- f Y (x)(p1(x) — kpo(x))ul(dx) = 0
p1<kpg

because ¢, = 1 on the first set and ¢, = 0 on the second set and 0 < 1
everywhere. Now, k > 0 and Eq[ ¢, ] —Eo[v] = a—a =0, s0 E;[¢,] —E; [¢]
Therefore ¢, is most powerful.

For uniqueness, assume now that 1 is also most powerful at level a. Then
Eo[Y] < a=Eq[¢,] and E;[¢] = E; [¢]. From the latter,

—k(Eo[¢pi] —Eo[yp]) 20,

so either Eq[1] = a or Eq[1p] < 0 and k = 0. In the first case This proof was particularly confus-
ingly presented in class. Try to fill in
the case u[p; = kpg] > 0.

<1
= 0.

0= J(¢k — ¥)(p1(x) — kpo(x))dx,

so it follows that ¢ = ¢, = 1 on {p;/py > k} and ¢ = ¢, = 0 on {p,/p, < k},
u-a.e. If Eq[1] < a then k = 0, so there is a test of power 1. O

6.1.3 Corollary. If0 < a < 1 and f is the power of the most powerful level a test
then a < f3, unless p, = p; u-a.e.

ProoF: Consider the trivial test of level a, namely the constant a. Then
B=Ei[¢r] ZE [a] =a.

Moreover, if a = f8 then a is most powerful by the Neyman-Pearson lemma, so
DP1/Po = k has probability 1, so k = 1 and the densities are equal. O

6.2 Complex tests

Let {py : 0 € © C R} be a family of densities. The last section was concerned with
testing 0 = 0, vs. 0 = 0;, a simple test. In this case we know the most powerful
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tests. A complex test involves testing whether 6 lies in some infinite subsets of ©.
We will consider the following four complex tests in detail.

H; :0<6;vs.K;:0>6,
Hy:0<6,0r0>06,vs.K,:0, <0 <6,
H;:0,<0<0,vs.K5:60<0,0r6 >0,
Hy:0=0,vs.K;:0# 6,

What are the most powerful tests in each case?

6.2.1 Definition. For testing 0 € ©, vs. 0 € ©4, a test ¢ is uniformly most pow-
erful, or UMP, at level a if supyeq Eg[¢] < a (i.e. it has level a) and if ¢ is any
other level a test then Ey[v] < Eg[¢] for all 6 € ©;.

6.2.2 Definition. The family of densities {py : 6 € © C R} has the monotone
likelihood ratio property, or MLR, on the interval [0, 8;] € © if there is a statistic
T and a nondecreasing function g such that

Po(x)
po(x)

=g(T(x))
for each pair 6 < 6’ in [0y, 6],

6.2.3 Example. Consider a one-parameter exponential family,
po(x) = c(6)e¥ " h(x).

If Q(0) is nondecreasing then this family has MLR. Indeed, if 6 < 6’ then

po(x) _ c(0”) £(Q(6N-Q(ONT(x)
pe(x) 6(9) ’

which is a nondecreasing function of T(x). The binomial and Poisson families
have this property.

6.2.4 Example. The Cauchy location family py(x) =

. 1+(x—6")?
MLR since T+ —6)

the ratio cannot be nondecreasing.

1
pre ooy does not have

— 1 as x — oo and also as x — —o0o, but is zero at x = 8’, so

6.2.5 Example. Some important MLR families are
(i) N(6,1),0 R
(ii) non-central 15(5 ), 6 = 0, with k fixed
(iii) non-central t,.(6), 6 > 0, with r fixed, where

N(5,1)

VT

t,(6) =
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(iv) non-central F,, ,(6), 6 > 0, with m and n fixed, where

x2(8)
x2(0)

These families show up often, and we often wish to test 6 =0 vs. 6 > 0.

Fm,n(5) =

6.2.6 Theorem (Karlin-Rubin). Let X be distributed according to a density pg in
a family with MLR involving the statistic T (X).
(i) There is a UMP level a test ¢, of H; : 0 < 6, vs. K; : 0 > 0, with the
property that By [¢.(X)] = a, namely

1 T(x)>c
p(x)=qr T(x)=c
0 T(x)<ec.

(ii) The power function B(60) :=Eq[¢.(X)] is increasing in 6 when 3(0) < 1.
(iii) For all 6 < 6,, if ¢ is a test with Eyq[¢(X)] = a then ¢, has the smaller
power function.

Proor (SkeTcH): The idea is to construct a test H : 6 = 6, vs. K : § = 0;, where
0, is fixed for now. By the Neyman-Pearson lemma we get a test ¢,(x), which we
hope to write as 1(T(x)). From the MLR property, f(0) :=Eqy[¢(X)] increasing.
As a result, Eg [¢o(X)] = a, and Ey[¢o(X)] < a for all 6 < 6, so it is level a
in the current setting. The second key fact that follows from the MLR property is
that ¢, is uniquely determined by (8,, @), and in particular does not depend on
0,. O

There is a geometric representation of the simple test H : § = 6, vs.K : 0 = 0.
Let € := {0 < ¢ <1 measurable} be the set of critical functions and

Q:={(a,f) = (B¢ E [¢(X)]): p € 6} S [0,1]%

This set has the following properties.
@ (a,a)eQforall0<a<l.
() If(a,B)eQthen (1 —a,1—-B)e.
(iii) Q is convex because integration is linear and the convex combination of tests
is a test.
(iv) € is closed because {0 < ¢ < 1} is a weakly compact subset of L®(?)

6.2.7 Theorem (Generalized Neyman-Pearson lemma).

Let f1,..., fm41 De real-valued functions defined on a Euclidean space & and inte-
grable with respect to a o -finite measure u (e.g. density functions). Suppose that,
for given constants a, ..., a,,, there exists a critical function ¢ € € such that

J ¢ () fi()uldx) = a;
x
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fori =1,...,m. Let 6, be the class of all critical functions such that the above
equations hold. Then
(i) Over all € 6, there is one that maximizes f% ¢ (x)fnp1(x)u(dx). (When
m =1 this quantity is the power.)
(ii) A sufficient condition for ¢ € 6, to maximize f% ¢ (x) fny1(x)u(dx) is that
there are constants ky, ..., k,, € R such that

T faa () > Zznzl ki f;(x)
P {o Fria () < S kif ().

(iii) Further, if the k; may be chosen to be non-negative then ¢ maximizes
f% ¢ () 1 (x)u(dx) over the larger class

{qﬁ : f () fi()uldx) < a; foralli = 1,...,m}.
x

(iv) Define M = {([, ¢(x)f,()u(dx),..., [, $(x)f(Iu(dx)) : ¢ € €} €
R™. If (a,...,Q,,) is an interior point of ./ then there are constants
ky,...,k, and a test function ¢ € 6, of the form above that maximizes
f% ¢ (x)fmr1(x)u(dx). Moreover, a necessary condition for an element of

%, to maximize f% ¢ () fne1(x)u(dx) is that it is of the form above u-a.e.

6.2.8 Theorem. Consider a one parameter exponential family
Po(x) = c(8)e¥ P n(x)
with Q strictly increasing. For the problem of testing
Hy,:0<0,0r0>0,vs.Ky:0, <60 <6,.

there is a test
1 ¢ <T(x)<c
p)=1{7ri Th)=c,i=12
0 T(x)<c orT(x)>c,.

where ¢y, ¢y, 71, Y2 are determined by a = Ey [¢(X)] = Eg,[¢(X)], such that
(i) ¢ is UMP i.e. ¢ maximizes Ey[¢(X)] over all tests of the same level for
every 9, < 0 < 0,.
(ii) ¢ minimizes Eq[¢(X)] over all tests of the same level for every 6 < 6; and
6 > 0,.
(iii) The associated power function is unimodal, unless T(X) is concentrated on
the same set {t,,t,} for all 6.

We will refer to Lemma 3.4.2 from the textbook: If ¢ = 1;,;; and satisfies
the constraints a = Eg [¢(X)] = Eq,[¢(X)] and 6; # 0, then ¢ is uniquely
determined u-a.e.
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Proor: We claim that (a, a) is an interior point of the region €. Indeed, it can be
shown that (a, @ + A) is in the region for A sufficiently small. Take ¢ to be a level
a MP test for 6 = 6; vs. 6 = 05, so that § = Eg [¢(X)] > a. The symmetry of Q
completes the proof of the claim.

For part (i), note that T is a sufficient statistic for 8, so we may focus on
functions of the form ¢(x) = (T (x)) = ¥(t). Let pJ(t)dt = c(0)eUP v (d¢t)
denote the density of T = T'(X).

First fix 6’ such that 6; < 8’ < 6, and choose a test ¥)(T) such that Eg [(T)] =
Eg, [¥(T)] = a and Eg¢ [y(T)] is as large as possible. Note that for the re-
gion A = {(Eg, [¢(T)],Ee,[v(T)]) : ¢}, (a,a) is an interior point. Applying
Theorem 3.6.1 with f; = py (t), fo = pe,(t), and f3 = py.(t) (so m = 2) and
f Yfi=a= f Y f,, to maximize f 4 f5. There is 1), that does this, and there are
numbers k; and k, such that

1 f3(t) > kif1 +kof
0 f3(t) <kify +kafs.

The desired test will be ¢o(x) = Yo(T(x)). We have expressions for all these
densities, so ¢(t) =1 only if

¢o(t) = {

klc(Gl)eQ(el)t + kzc(ez)eQ(ez)f < C(Q/)GQ(QI)I.

Write this as a;e’ + a,e®! < 1, where a; = k;¢(8,)/c(6"), a, = kyc(6,)/c(6"),
b; =Q(6,) —Q(6') <0, and b, = Q(6,) — Q(6’) > 0. There are three cases:

(@) a;<0anda, <0

() a;<0anda, >0

(c) a;>0anda, <0

(d) a3 >0and a, > 0.
We claim that only (d) can hold. If (a) holds then 1), = 1, which contradicts that
Eg, [¢¥(T)] = a < 1. If (b) or (c) holds then the left hand side of the inequality
is a monotone function of t, implying that the rejection region is a half-infinite
interval. By Lemma 3.4.2 and Lemma 3.7.1, Ey[¢(T(X))] is a strictly mono-
tone function of 6 when 1) is of this form, so this contradicts that Eq [¢(T)] =
Eg, [¥(T)] = a.

So we know we are in case (d). The inequality holds then for ¢; < t < ¢, for
some constants ¢; and ¢,, and Y = 1;. . 1, more or less. It remains to determine
y1 = Y(cy) and y, := Y(c,). But by Lemma 3.7.1 there is only one choice u-
a.e. Further, these depend on (6, 6,,a) and not on 6’. It follows that ¢, is MP
for testing 0 € {6,,0,} vs. 6 = 0’, and is independent of 6’. Therefore it is MP
for testing 6 € {0,605} vs. K3 : 6; < 6 < 6,. To finish the proof we need to
show that this test works for Hy : 6 < 6, or 6 > 6,, which involves showing that
Eg[4o(T)] < a for all 6 with 8 < 6, or 0 > 6,.

Now fix, without loss of generality, 8’ < 6,. Find another test ¢* for which
Eg, [Y(T)] = Eg,[¢(T)] = a and Ey [¢(T)] is as small as possible. We will be
able to show that 1™ = v, which is prove in particular that Eq/ [¢(T)] < a (by
comparing with the constant test a). Similar things can be done for 6" > 6,.
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To find 1%, instead consider 1 — ¢ * and trying to maximize E4 [¢(T)] subject
to Eg [Y(T)] = Eg,[y(T)] = 1 — a As before, there are k; and k, such that the
optimum is
1 f3(t) > ki fi +kofs
0 f5(t) <kifs +kafs.

The same analysis shows that v* is 1 only if a; + a,e®! > eb!, after dividing by
c(6")e?)t Since Q is increasing, b; > 0 and b, < 0. We can show that a, < 0,
so again the test looks like ¢ = 1. . ; for some ¢; and c, depending only on
(61, 65, a), and it must be the same as 1)),.

For the third part... (omitted, I guess). O

1—¢*(t)={

6.3 UMPU tests

6.3.1 Definition. For testing 8 € O, vs. 6 € ©,, a test ¢ is an unbiased test at
level a if Eg[¢p] < aforall 6 € Q, and Eq[¢p] > a for all 6 € ©,. A test is UMPU
at level a if it is UMP over the class of unbiased tests at level a.

There is no UMP for the testing Hs vs. K3. Indeed, such a test would have to
satisfy supy <g<g, Eg[¢(X)] < a. Consider the problem of testing H3 vs. K : 0 =
0’ where 6’ > 0, (this is easier than K;). When the power function is strictly
monotone, there is a MP test. But in this case the MP test cannot be unbiased for
testing H vs. K5 (see homework, I guess?). If we restrict the class of tests to those
have Ey [¢(X)] = a =Eg [¢(X)] then a UMP exists. Such tests will be unbiased,
so the most powerful test over this class is the UMPU.

6.3.2 Definition. Let w be the common boundary of two sets 2;; and Q. We say
that ¢ is similar on the boundary, or SB, if 3,(6) =Ey[¢] = a for all 6 € w.

6.3.3 Lemma. If 3,(0) is continuous and ¢ is unbiased then ¢ is SB.

Proor: Intermediate value theorem. O
6.3.4 Lemma. If the distribution py is such that the power function of every test
is continuous and ¢, is UMP over the class of SB tests then ¢ is UMPU (i.e. UMP

over the class of unbiased tests).

Proor: If the power function is always continuous then the class of SB tests con-
tains the class of unbiased tests. O

6.3.5 Theorem. Consider a one parameter exponential family
Po(x) = c(8)e¥PT™n(x)
with Q strictly increasing. For the problem of testing

H;:0,<0<0,vs.K3:0<6, 0r0>0,
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there is a unique level a« UMPU test, namely

1 T(x)<corT(x)>cy
p=1ri T(x)=c,i=1,2
0 ¢ <T(x)<cy.

Proor: The power functions are all continuous for this family. Consider the prob-
lem of maximizing Eq/ [v)(T)] over v unbiased, for some fixed 8’ € [6,, 0,]. This
is equivalent to the minimization problem for 1 — 4, which brings us back to the
setting of the proof of the last theorem. O

Last week we talked about the tests:

H,:0<6,vs.K;:0 >0, (UMP)
Hy:0<6,0r60>06,vs.K,:0; <0 <6, (UMP)
Hy:0,<60<0,vs.K;:0 <0, or 0 >0, (UMPU)

We expect the test for H, to be a special case of the test for Hs, and so we
expect there to be a UMPU test. The problem is to determine c;, ¢y, ¥;, and
Yo with some constraints. In the third case, the constraints Ey [¢(X)] = a and
Eg,[¢(X)] = a determine the four parameters. In case four we only have the one
constraint Eg [¢(X)] = a, which does not seem like it will be enough. Recall that
¢ is unbiased for this case if Eq[¢p(X)] < a when 68 = 6, and Ey[¢(X)] = «a
when 6 # 6,. Therefore 3, attains its minimum at 6,. If it is differentiable then
B(6o) = 0. Furthermore, if Py(dt) = c(0)e®tv(dt) is the distribution of T'(X)
and we can write ¢(x) =4 (T(x)) then we can use Stein’s lemma to compute

c’(0)

+ EEQW(T)]-

d
—Eo [Y(TX)] =Eo[Ty(T)]

This holds for all unbiased tests, so in particular it holds for ¢(x) = a. Then

c'(6)

0= (XE@[T(X)] + @a,

giving Eq[T] = —c’(6)/c(0). Plugging this into the original expression yields

d
77 Bo[W(T(XD)] =Eo[Ty(T)] — Eo[T]Eq [1(T)] = Cov(T, 4(T)).

Finally, if 1) is unbiased then E, [¢)(T)] = a and the derivative is zero at 6 = 6,

o)
C/(Go)
c(6y) .

This is the second constraint that can be used to find c;, c,, 71, and v,.

Eg [TY(T)] = aEg [T] = —a
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6.4 Nuisance parameters

Difference, in addition, we have a nuisance parameter 9, e.g. in X; ~ N(0,02),
testing @ = 0, vs. 6 # 0, has the nuisance parameter o2

Review: unbiasedness of test + continuity of power function = SB property

6.4.1 Definition. Let T be sufficient for P = {p,(x),0 € w = 30} and let PT =
{pg = po(T(x)) : 6 € w}. A test function is said to have Neyman structure with
respect to T if Eg[¢(X)|T] = a a.e.-P, , for 0 € w.

6.4.2 Lemma. If ¢ has Neyman structure with respect to T then ¢ is SB.

Proor: Forall 6 € w,
Egl¢p(X)] =E[E[¢(X)IT]] =Eg[a] =a. O

Neyman structure allows us to use conditioning (on complete sufficient statis-
tics) to reduce a high dimensional problem to fewer dimensions. The question
that remains is, when does SB imply Neyman structure? Note that if all unbiased
tests are SB and all SB tests have Neyman structure, then to find the UMPU test it
suffices to find the UMP test over the class of tests of Neyman structure. Why does
this make the problem any easier?

Eg¢pp=a aEw
Egp ¢o = f b (u, )Py (du)P] 5(dr)

For every fixed t, if ¢ (u, t) is level « UMB then the power is greater than or equal
to the power of any other level a Neyman structured test.

6.4.3 Theorem. Let X be a random variable with distribution pg € P = {py : 6 €
©} and let T be sufficient for P = {py : 6 € w = 9©}. Then all SB tests have
Neyman structure if and only if the family of distributions PT = {pg 1 0 € w}
is bounded complete, i.e. “if ¢ is bounded and Ey[y)(T)] = 0 for all 6 € w then
Y =0a.e”

Proor: Ifitis bounded complete then if ¢ is a level a SB test then let ¢ = E[¢|T].
Eyp¢p =aforall € wsoE[Y(T)—a]=0forall € w,soE[¢|T] =a a.e.-PT.

Suppose that all SB tests have Neyman structure, but there is a statistic such
that PT is not bounded complete. Then there is h # 0 bounded such that Ey h(T) =
0 for all 6 € w. Define Y(T) = ch(T)+ a where c is chosen sufficiently small that
) is a test. Then Eg[¢] = a and E[Y(T)|T] =y (T) = a+ ch(T), which is not a
with positive pg -probability for some 6, € w. O

The setting is now as follows. We have a (k + 1)-parameter exponential family
with density functions

k
puo = (6, 0)exp (UG + D7)

i=1
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with respect to a o-finite dominating measure p. Suppose that ® € R**! is convex
with non-empty interior. Then T :=(Tj,..., T}) is complete and sufficient for the
nuisance parameters ¢ when 6 is fixed. In this setting the hypotheses of the above
theorem hold, so we need merely to find the UMP test over the class of tests with
Neyman structure.

1. H: 0 <6,vs.K:0 >0,

2.H:0<60,0r0>0,vs.K:0, <0 <6,

3.H:0,<0<0,vs. K:0<6,0r6 >0,

4. H:0=0,vs.K:0#6,
The following are UMPU tests.

1 u>c(t)
$1(w, t) =4 r(6) u=c(t)

0 u<c(t)

1 c(t) <u<cy(t)
P, ) =1 i) u=c(t)

0 otherwise

1 u>cq(t) oru < cy(t)
$s(u, t) =14 1vi(t) u=ci(t)

0 otherwise

1 u>cy(t)oru<cy(t)
Pau, ) =1 vi(t) u=c(t)

0 otherwise

where t = T(x). For ¢, the conditions that Eg [¢;(U,T)|T = t] = a for all
t determine the coefficients. For ¢, and ¢ the conditions are Eg [¢ (U, T)|T =
t]=afori=1,2andall t, and for ¢, the conditions are Eq [¢,(U, T)|IT =t] =a
and Eg [Ug4(U, T)|T =t] = aEy [U|T =t] for all t.

Proor: T is sufficient for 9 if 6 if fixed. The associated family of distributions of
T is

k
dP; () =c(6;,6)E (ZﬁiTi(x)) dve (1)
i=1

where 8 = 6, 6,, or 6, and j =0, 1, or 2. (v is like a push-forward or pull-back of
uwrt t = T(x).) By the assumptions on the domain ©, w; := {6 = 6, : (6,9) € ©}
contains a k-dimensional rectangle. Therefore T is sufficient and complete. If ¢
is SB then

g, [6(U, TIT = t] =

for all t. We now show that ¢, is UMP over all SB tests (in order to conclude that
it is UMPU).
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Consider case 1 for now. For any point (6,1) in the alternative K,

Eg [ (U, T)] = f ¢ (u, t)PQU‘t(du)PgT’ﬁ(dt)
=Eg4[Eg [¢(U,T)IT = t]]

(The distribution (U|T = t) does not depend on ¥ because T is sufficient.) For all
SB tests, for all t,
Eq [$(U, TIT =t] =a.

We claim that ¢; maximizes the inner integration over all ¢t subject to this con-
straint. The rest of the proof is an exercise? O

6.4.4 Example. Suppose that X ~ Poisson(A) and Y ~ Poisson(u). We are inter-
ested in comparing A and u (say, testing A < y or A = ).

e~ (A1)
PX=x,Y=y]=

Ty P (ylog(u/A) + (x + y)log 1).

Let 6 = log(u/A), @ =logA, U=Y and T =X + Y. For the test H : u < ai
(where a is fixed) H : log(u/A) < loga, so H : 6 <log(a) vs. K : 6 > loga with
nuisance parameter ¥. There is a UMPU test with form

1 u>c(t)
p(u,t) =4 rt) u=c(t)

0 u<c(t)

where ¢ and y are determined by Eq [¢ (U, T)|T = t] = a for all t. Here 6, = loga
so given t,

Py, [U > c(T)|T = t] +7() P, [U=c(T)T =t] = a

What is (U|T = t)? It is Binomial(t, u/(A+u)). Under Py , u/(A+u) =a/(a+1).
This (in principle) determines c and y as functions of t.

: t a k 1 t=k t a c(t) 1 t—c(t)
k=%+1 (k) (a+1) (ﬁ) +Y(t)(c(t)) (a—l—l) (a—l—l) -

6.4.5 Example. Let X; ~ N(&,02),1<i < m. We could test H; : 0 < g, (UMP

exists), or Hy, : 0 > 0, (UMP does not, but UMPU does), or Hy : £ < &, (UMP

does not, but UMPU does), or H, : £ = &, (UMP does not, but UMPU does).
Suppose Y; ~ N(n,7%), 1< j <n. We could test H : £ <mor H': 0*> < at?.
For Hy, the joint density is

1 n n&? 1 né_
(mo) exp (_F) exp (—ZT‘ZZXI.Z—F;X)
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Take 0 = —1/(20%), § =n&/o? U =Y.X? and T = X. Then H, is equivalent to
testing @ > 0,. There is a UMPU test of the form

1 u<c(t)

Pl t)= {o u>c(t)

and we have the constraint

a="Pqy [U<c(T)IT =t]
=P [U—nT? < co(T)IT =1t]
=Py, [U — nt? < co(1)]

(Note that U — nT? = S? is independent of X = T.) It follows that c,(t) = ¢, is a
constant independent of t. Now U —nT? is 0y, under Py, so we obtain the
usual y2-test. Taking co/ o2 to be the a-percentile of y2 | determines the test. We
reject when Y (X; — X)? < c,.

Suppose that V = h(U, T) is monotonically increasing in u for any fixed t.
Then
1 u<c(t) 1 v<cy(t)
$u,1)= { = { =

0 u>c(t) |0 v > co(t) = o)

are the same test. If V is independent of T when 6 = 6, then ¢(v) is UMPU for
H,. If V is independent of T when 6 = 6, and 6 = 0, then we get corresponding
statements for H, and H;. If V is independent of T for 8 = 6, and h(u,t) =
a(t)u+ b(t) then ¢4(v) is UMPU for H,. (See the theorem on the bottom of page
151.)

6.4.6 Example (Two sample normal with equal variances).
Let X;,...,X,, ~ N(§,0%) and Y;,...,Y,, ~ N(n,02). Consider testing the hy-
potheses H : n = & or H' : < &. The joint density of the data is

1 n 1 mé_ nn—
C(E,n,oz)exp(——z( X2+ Y.Z) +—2X+—2y),
20 ; ; J o o

1

so the natural parameters are — m—f, and 21, Rearrange the parameters to get
g g

X 202’
something useful.
mé_ nn— n-& _ _ m&+nn  _—
— X+ Y= (Y -X)+ ————(mX +nY
o2 o2 (l+l)02( ) (m—|—n)0'2( ny)

so we may write the density as

178 gy MEEM e o L (S Sy
cexp((%_f_%)o_z(Y X)+(m+n)02(mX+nY) 202(;Xi+;yj))
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%, with nuisance parameters ¥; = (rmni% and 9, = # We
look for V = h(Um, Tn) such that h is increasing in u and h(U, T) is independent of
T when 6 = 0. Note that when 6 =0 then Y —X ~ N(O, (i + %)02), so with this

in mind take

Now write § =

U
h(U,T) =
T, — L T2_ mn
\/ 2 m+n "1 m+n
and note that
U/ 1,41
/. m n
V= T > p— ~ tm+n—2'
V(L= T2 = BLU)/(m+n - 2)

Therefore we recover the classical t-test.
If the variances are not the same then there is no good answer for the UMPU.

6.4.7 Example (Two sample normal with equal means). From the exam.

Review for second midterm: How to find a Bayes/minimax rule? To find a
Bayes rule calculate the posterior and then find the posterior mean (for squared
error loss). For minimax, if you can find 6(X) such that it is Bayes and it has
constant risk then it is minimax (and the prior is least favourable). Less rigidly,
if 5 has constant risk y and y = lim,,_,,, 75, then 6 is minimax (think improper
priors, normal mean with variance known). A third approach is to find a minimax
estimator for a restricted family and then show that the risk over the smaller set is
the same as the risk over the larger set (think normal mean with variance unknown
by bounded).

How to find/determine admissible estimators? Recall that aX + b is inadmis-
sible when a <0, a > 1, ora =1 and b # 0, otherwise it is admissible. When the
dimension is three or greater, X is inadmissible (Stein).

Testing: Neyman-Pearson lemma for the simple test setting shows MP test is of
the form

1 fx/fu>k
dp(x)={71 fxlfu=k
0 fr/fu<k

and the proof is not very complicated (read it!). For complex tests, we defined
a monotone likelihood ratio family to be one for which fy/f, is monotonically
increasing in x (or T(x)) when 6’ > 6. E.g. one parameter exponential family
¢(0)eQOUEn(x) with increasing Q, location family for some distributions. There
is a UMP for 6 < 6, found by showing the MP for 8 = 6, vs. 8 = 6; does not
depend on 60 for all 6; > 6, and then that the power is increasing in 6 for 6 < 6,.
See Karlin-Rubin theorem. For the one parameter exponential family in particular,
we considered four testing problems. There are UMP tests for the first two but not
the last two, and if we restrict to the family of unbiased tests then there are UMPU
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tests. For the multi-parameter exponential family we know the UMPU tests. See
theorem on page 151.

7 Maximum Likelihood Estimators
This section follows TPE §1.8.

7.0.8 Theorem (Delta method). Let g be a function that is continuously differ-
(d

entiable at 6, with g’(6,) # 0. If /n(T, — 6,) — N(0,7?2) then

Va(g(T,) — g(6,)) = N(0,72(g'(6p))%).

()

Proor: Note that T, — 6, > 0, so T, — 6, — 0. By continuity, g’(£,,) — g’(6,)
whenever &, =, 6. By Taylor’s theorem, for some &, between T, and 6,

V(g(T,) — g(60)) = g'(EIVn(T, — 6,)
= g/ (B)N(0,72) 2 N(0,72(g'(6p))?). O

7.0.9 Assumptions. Let {p, : 0 € © C R?} be a family of densities with respect to
a o -finite measure u on R and satisfying the following assumptions.
AQ: (Identifiable) 6 # 6’ implies py # po-
Al: (Common support) A= {x : pg > 0} does not depend on 6.
A2: Xy,...,X, ~ Py =: P,.
A3: (Smooth around 6,,) © contains a neighbourhood © of 6, such that, for all
0 €0,
a) For u-a.e. x, £(0]|x) =logpy(x) is twice continuously differentiable.
b) For u-a.e. x, 'é.jkl(elx) exists and satisfies I'é'jkl(elx)l < Mjjy(x) for all
1<j,k,l <d, where M is family of constants independent of 0.
A4: (Regular at ;)
a) Eo[£(6,]X)] =0.
b) Eol1€(6oX)I*] < co.
c) 1(6y);; := —Ey[£;;(6p1X)] is a positive definite matrix.

We fix the following notation. L,(0) := []_, ps(x;) is the likelihood func-
tion, and £,(0) := logL,(6) is the log-likelihood function. For B € ©, L,(B) :=
Supgep L,(0) and £,,(B) :=supyep £,(6).

7.0.10 Theorem. Assume that AO-A4 are satisfied.
(i) (Consistency of MLE) With probability one, there is a sequence én of solu-
tions to the sequence of equations {,(0|x,,...,x,) = 0 such that 0, 2, 6,-
(ii) (Asymptotic efficiency of MLE) én is “asymptotically linear” with respect to

£,(6glx1,...,x,), Le.

VB, — 6,) =171(00)Z, + 0p(1)
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1 &
=ﬁ;z(eo|xi)+oP(1)

= 17(60)Z ~N(0,17'(6,))
where Z,, := % S €(Bolx;) and £(By)x) :=I7(6,)E(Ho)x)
(iii) (Asymptotic efficiency of LRT) 2log A, RN ZT17Y(6,)Z ~ )(j where
3 Ln(énlxlau-’xn)
" Ln(90|x13~-~:xn)

Remark. It suffices to remember that “identifiability + common support + smooth
around 6, + regular at 8, = MLE is consistent and efficient and log(LRT) — % ;(5.”
Note that the general likelihood ratio test statistic

. MaXpee Ly(Olxy,...,x,)  L(6)"F|xy,...,x,)

" L(6olxy,..xy)  La(Blxg, ..., x,)

is slightly different from the likelihood ratio test statistic A,.

Proor: Fix a > 0 small and let Q, := {6 € © : |8 — 0,| = a}. We will show that
Py[£,(0)<£,(6,) forall 6 €Q,] — 1 as n — 0.

It will follow from this that, for n large enough, 12“(9) = 0 will have one or more
solutions inside Q, with high probability. By Taylor’s theorem, for 6 € Q,,

1 A1
=(€,(8) = £,(60)) = (6 — 6)" —£,,(6,)
n n
1 N s
=50 =60)" | = £a(60) | (6 = 6) + 0|6 — 6,[),

where we have used the regularity and the boundedness of the third derivative.
By the SLLN,

1. 1, .
~0,(60) = ;;aeaxi) = Eo[£(6,X)] =0

and
n

1. 1 .. ..
—=1,(80) = = D =1 (olx;) — Eo[—(6o}X)] = 1(8)-
n n i=1
Therefore, since |6 — 6| = a,

L(0(0) ~ £(0,)) = a0p(1) ~ 5(0 — 07 1(8)(0 — ) + Ba®

<ao (1)—11 2+ Bd®
= aop 5 a4 a
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where B is some constant and A; > 0 is the smallest eigenvalue of the information
matrix. In particular, for small enough a and big enough n, £(8) — £(6,) < 0.
For the next part,

1. .
Ozﬁgn(en)
1. 1. )
= =06, (—;en(en)) VA, — 0,)
Vb, — 0= [ Li,00) Lo
6,00 = (20.6)) =06

By the CLT, the “numerator” converges in distribution to a normal random vari-
able with mean zero and covariance matrix E[£,(6,)¢,(0,)"] = I(6,). For the
“denominator,” recalling that 6 is a number between 6, and 6,

()

1. 1. 1..
—0,(07) = —£,(6p) + — £ ,(6,)(6, — 65) = —1(6,),
n n n

by the SLLN and because the third derivative is bounded. Therefore

V6, — 65) = (1(65))'N(0,1(65)) = N(0,1(6) ™).

The final part is more of the same. O

7.0.11 Definition. If 6(X) is an estimator of 6 and +/n(6(X) — 0) N N(0,72)
then we say that 6 is an asymptotically unbiased estimator with asymptotic variance
72, It can be shown that the asymptotic variance of an asymptotically unbiased es-
timator is bounded below by I (6)71, and that the MLE (under certain conditions)
attains this lower bound. A sequence of estimators that attains the lower bound is
said to be asymptotically efficient.

7.0.12 Example (Newton-Ralphson). If yn(6, — 6) = Op(1) then 6, is said to
be a y/n-consistent sequence of estimators for 6. For the MLE, 6,,

0=10,(0,)

~ en(én) + en(én)(én - én)

£a(6)
£,(6,)
This gives a method of obtaining a sequence of asymptotically efficient estimators
given a 4/n-consistent sequence.

nNQn_

7.1 Kullback-Leibler information

7.1.1 Definition. Let P and Q be two probability measures with densities p and g
with respect to a o-finite measure u. The Kullback-Leibler information is

e wor Foe (PO — . T (40
K(RQ)i= 4 ()= By |tog (255 ) | = s [10s (455 |
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7.1.2 Lemma. K(P,Q) > 0 and is zero if and only if P = Q.

ProorF: Since x — —logx is a convex function, by Jensen’s inequality,

K(PQ)=—Ep[log(q/p)] = —logEp[q/p] = —log1 =0. O

Note that, by the SLLN,

1 Ln(eo)) 1 (Pe (Xi)) [ (Pe (X))}
—lo =—>lo z —E4 |lo L =K(Py ,P
n g(Ln(e) nZ Elpex ) 70 ¥ pe@) (Per: o)

7.2 Examples

Note that the condition of common support excludes the uniform family U(0, 8)
and the one-sided double parameter exponential family, and the smoothness re-
quirement excludes the double exponential family % exp(—|x — 0]).

7.2.1 Exercise. Show that if X;,...,X,, ~ U(0, 8) then
V(X —6) 2, Exponential(1).
Also show that if X1, ...,X, ~ N(0, 1) then
X n ®
v/ Z;O)gn —!
It can be show that there are b, ~ \/m and a, ~ \/m such that
b,(X () — ay) A log(Exponential(1)) =: Gumbel(1).
These limits come up in the theory of empirical processes and extreme value the-
ory.

Clearly the equations ¢, (0) = 0 each have only one root then the sequence of
roots converges to the true parameter. If those equations all have multiple roots
then it is not necessarily the case that every sequence of roots converges to the
true parameter.

7.2.2 Example (One parameter exponential family). In this case the conditions
always all hold.

po(x) = exp(0T(x) —A(6))h(x)
£(0)=0T(x)—A(0) +log(h(x))
{(6)=T(x)—A6)

Then £(8) = 0 if and only if T(x) = A’(6). Note that A”(8) = Vary(T(X)) > 0,
so A’ is an increasing function. Hence there is at most one root, and the MLE is
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6 = (A)7(T(x)). Here I(6) = Varo(T (X)) and 6 satisfies 2 33" | T(x;) = A'(6).
The binomial(n, ), Poisson(6), and normal (if one parameter is known) fall under
this example.

7.2.3 Example (Multi-parameter exponential family). In this case the conditions
always all hold.

d
py(x) = exp(Y_,m; T;(x) — A(m))h(x)
i=1

. 0
£y, =Ti(x) - 8_nA(n)
j

The second derivative matrix is Cov(T, T), which is positive definite.

7.2.4 Example (Double exponential). Also referred to as the Laplace distribu-
tion. The joint density is f(xq,...,X,;0) = 2%1 exp(—Z?=1 [x; — 6]). The MLE is
found by making 2;1 |x; — 0] as small as possible. It turns out that § = sample
median. Indeed, if the sample median is ¢, then

n n
Z lx; —t| = Z(Xi —t)+ Z(f —Xx;)
i=1 x>t X<t
(Fill this in.) We cannot use the theorem to conclude that
Va6 —0) S N(©,1(0)™D),

even though it is true. Let Uy,...,U, ~ U(0, 1). Following pages 89-93 of Fergu-
son’s book, let 0 < q < 1 and k := |nq]. The g-quantile is Uy,. Then

Vi(Ugy — q) = N(0,q(1 — q)).

Now if Y3,...,Y, are distributed as some distribution function F, then F(Y;) ~
U(0,1), and the order statistics are preserved. It follows that

@ q(1—-q)
‘/H(Y([nq]) _yq) —N (O’ f(yq)2 )

where y, is the g-quantile of F and f is the density. In the case of the double
exponential, the theoretical median is 8 and the value of the density at the median
is1/2, so

va® —6)N(0,1).

7.2.5 Example (Cauchy location family). Here f(x) = 1/(n(14+x?2)). The deriva-
tive of the log-likelihood function is hence
2(x—0)
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Setting £(6|xy,...,x,) = 0 and rearranging,
N 2(x;—6)
0= Z 1+ (x;—0)?
0= Z ((x o) Ja+, —9)2))

i#]

This is a polynomial equation for 6, and it may have as many as 2n — 1 different
roots. The method we use is as follows. Find a ,/n-consistent estimator 6, and
then iterate one step to get

£,(6,)

£(6,)

The initial estimator we choose is én = sample median (because the theoretical
mean is infinite). Via the same analysis as the last example, since the theoretical

median is 0,
\/_(9 —_0) % @, 7'52
ok

7.3 Method of Moments

.

n

n

The method of moments is very useful for constructing /n-estimators. Assume that
f is a density function with sufficiently thin tails that a few moments exists. Let
X100, Xy~ f(x—0). Set

E[X] =J xf(x—@)dsz(G +x)f(x)dx=6+m
R R

where m = f R X f (x)dx is the theoretical mean. Then

V(X —m)—6) = N(0,0?),

where o2 is the theoretical variance. Applying Newton-Ralphson, a good estima-
tor is hence o

— {(X,—a

X,—a-— y
‘e(Xn - a)
7.3.1 Example (Mixture distributions). Assume X;,...,X, ~ 0F + (1 — 6)G.
This can come up in Bayesian situations, e.g. X; is class 1 with probability 6 and
class 2 with probability 1 — 6, and we wish to estimate 0, the proportion of the
population in class 1.

E[X,]=0my+(1—0)mg = 0(mp —mg)+mg

Assuming mp # mg but both are known, then (X, — mg)/(mp — mg) is a v/n-
consistent estimator. In practical applications it is often the case that m is not
known, but similar estimators can be found.
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7.3.2 Example (Joe Hodge’s super-efficiency). Suppose that v/n(5,—0) 2, N(0,v(0)).
One would expect that v(0) > I(0)™}, but this is not always the case. Suppose
X4,...,X,~N(6,1) and let

(X, Xl >ntl
" lax, IX,|<nV4

when 6 # 0. Then since v/n(X, — ) 2 N(0,1), so X, =0+ %N(O, 1), it follows
that P[X, # 6,] = P[|X,| < n""4] = 0 as n — co. It will follow that v/n(&, —
)

6) — N(0,1) when 6 # 0. On the other hand, when 6 = 0, §, = aX,, with high
probability, so +/né, 2, N(0,a?). In this case

0
v(0)= {6112 0 ig.

It turns out that this can only happen on a set of parameters of Lebesgue measure
zero.

7.3.3 Example. Let P, ,(x) = %¢(x) + id)(%) be a mixture of normals, a

standard normal half of the time, and a N(u,o?) half the time. Then trying to
maximize the likelihood yields an infinite value, so there is no MLE.

1 1
sup L(x|u,0) = { sup —¢(x)+ 2—¢(0)} = oo.
u,o o,u=x o
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