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1 Spectral Theory in Hilbert Spaces
1.1 Orthogonal Projections

Projection onto a convex set

This chapter is concerned with the geometric structure of linear transformations,
i.e. spectral theory. Let X be a non-trivial Hilbert space over K with inner product

(’)

1.1.1 Theorem (Projection on a closed convex set). Let X be a Hilbert space
and K € X be non-empty; closed, and convex. Let x € X be given. Then there is
exactly one point y, € K such that ||x — y,|| = inf{|[x — y|| | y €K}

1.1.2 Theorem (Projection). Let X be a Hilbert space and M a closed subspace
ofX. Let x € X be given. Then there is exactly one pair (y,z) € M x M* such that
xX=y+z.

In fact,y is the point y, for K = M in the previous theorem.

Orthogonal projections

Let M be a closed subspace. For each x € X let Py;x be the unique element of M
such that ||x—Py,;x|| < ||x—y|| forall y € M. Then P,; is linear, and x —P,,x € M.
Clearly x = (x—Py;x)+Py,x and it follows that || Py, x|| < ||x||, so Py, is continuous.
It can be shown that Py;1 =1 — Py,.

Orthonormal lists and bases

As list (e; | i €1) is an orthonormal list provided that for all i, j € I we have e; L e;
if i # j and ||e;|| = 1. An orthonormal list is a maximal orthonormal list or an
orthonormal basis if for all x € X, if x L e; for all i € I then x = 0. These terms
apply to sets of elements by considering it a self-indexed list.

Let (e; | i € I) be an orthonormal basis and x € X. Then x = Ziel(x,ei)ei,
where there (generally uncountable) sum is interpreted in the usual way.

Duality

1.1.3 Theorem (Riesz Representation). Let x* € X* be given. Then there exists
exactly one y € X such that (x*,x) = (x,y) for all x € X, and moreover ||x*||, =

Il

Last semester we introduced the Riesz operator R : X — X*, defined by (R(y))(x) :=
(x, y). It is important to note that R is conjugate linear isometry.

Let A€ £ (X;X) be given. The Banach space adjoint is A* : X* — X*, defined
by (A"x*,x) = (x*,Ax). The Hilbert space adjoint is Ay, : X — X, defined by
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(Ax,y) = (x,A},y). These adjoints are related by A}, = R™'A'R, and they are not
equal in general.
Warning: Until further notice we will use A* for the Hilbert space adjoint.

1.2 Self-adjoint Operators

Self-adjoint operators

We say that A is self-adjoint (or Hermitian in the complex case) provided A = A*.
We say that A is normal provided that it commutes with its adjoint, i.e. that AA* =
A*A.

1.2.1 Proposition. Assume that K = C and letA € ¥(X;X) be given. Then A = A*
if and only if (Ax,x) € R.

Proor: If A is self-adjoint then (Ax, x) = (x,Ax) = (Ax, x) so (Ax,x) € R. Con-
versely, let x,y € X and a € C be given. Then (A(x + ay),x + ay) € R, so in
particular a(Ay, x) + a(Ax, y)x € R. It follows that

a(Ay,x)+ a(Ax, y)x = a(x,Ay) + a(y,Ax)
=a(A"x,y)+ a(A"y, x)

Take @ = 1 and a = i and reduce to see (Ax,y) = (A*x,y). Since this holds for
arbitrary x, y € X, it follows that A = A*. O

1.2.2 Proposition. IfA= A" then ||A|| = sup{|(Ax,x)| | x € X, ||x]| = 1}.

Proor: Let M = sup{|(Ax,x)| | x € X,||x|| = 1}, and let x € X with ||x|]| = 1
be given. Then |[(Ax,x)| < ||Ax||||x]| = ||Ax]| < ||A]]| so M < ||A]|. Note that the
self-adjointness of A was not used in this calculation.

Conversely, let x, y € X with ||x|| = ||y|| = 1 be given. Then

(Alx +y),x +y) = (Ax,x) + (Ax, y) + (Ay,x) + (Ay, ¥)
= (Ax,x) + (Ax, y) + (y,A"x) + (Ay, y)
= (Ax,x) + (Ax,y) + (y,Ax) + (Ay, y)
= (Ax,x) + 2%(Ax, y) + (Ay, y)
and (A(x — y),x —y) = (Ax,x) — 2R(Ax, y) + (Ay, y)
s0 4R(Ax,y) =(Alx + y),x +y) —(Alx — y),x — ¥)
Whence

4R (Ax, y)| < [(Alx + y), x + Y + [(Alx — y),x — )|
<M(llx+yIP+llx = ylI*
< MQ2llx|* +2|x]1*) = 4M
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Choose 6 € [0,27) such that (Ax, y) = e'?|(Ax, y)| (note that if K = R then 6 €
{0,7}). Put z = e"x. Then ||z|| = 1 and it follows that |(Ax, y)| = R(Az, y) < M.
Recall that ||Ax|| = sup{|(Ax,¥)| | y € X, |ly|l = 1}, so ||Ax|| < M. Since this holds
for all x € X with ||x|| =1, ||A|| £ M. O

1.2.3 Corollary. If A= A" and (Ax,x) =0 for all x € X then A=0.

Note that the self-adjointness is required in the real case. Rotation R by % in

R? is a non-zero linear operator but satisfies (Rx,x) = 0 for all x € R2. Self-
adjointness is not required in the complex case. Prove this as an exercise.

Normal operators

1.2.4 Proposition. A is normal if and only if ||Ax|| = ||A*x|| for all x € X.

ProoF: Let x € X be given.
lAX[[* = [|A"x|[* = (Ax,Ax) — (A"x,A"x)
= (A"Ax, x) — (AA"x, x)
= ((A"A— AA%)x, x)
Since A*A — AA* is self-adjoint, the above expression is zero if and only if A*A =
AA*. O
1.2.5 Corollary. IfA is normal then ker(A) = ker(A*).

Isometries

1.2.6 Definition. A is said to an isometry if |[Ax|| = ||x|| for all x € X. A surjective
isometry is said to be unitary.

The right-shift operator on £2 is an isometry that is not surjective.
1.2.7 Proposition. A is an isometry if and only if (Ax,Ay) = (x,y) for all x,y €
X.

Proor: Assume that A is an isometry and let x, y € X and a € K be given. Then

IACx + ay)IIP = (Alx + ay),Alx + ay))
= [lAx|* + 2%t (a(Ay,Ax)) + |al*||Ay|?
= |lx1? + 2% (a(Ay,Ax)) + al? ||y [I?
llx + aylI* = x|l +29t(aly, x)) + la*llyI?
Since the terms on the left are equal, R(a(y, x)) = R(a(Ay,Ax)). If K = R then

we are done. If K = C then put a = 1,i to get the result. The other direction is
clear. O
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1.2.8 Proposition. A is isometric if and only if A"A=1.

ProoF: A is isometric if and only if (Ax,Ay) = (x,y) for all x,y € X, which
is equivalent to (A*Ax,y) = (x,y) for all x,y € X, which holds if and only if
x =A*Ax for all x € X. O

Warning: The theorem does not necessarily hold if we look at AA* instead. Let
R denote the right shift operator and L denote the left shift operator. R is an
isometry, while L is not. Notice that R* = L and L* =R, so R*"R = LR = [ and
RR* =RL #I. Keep in mind that R and L are not normal operators.

1.2.9 Proposition. Assume that A is isometric. Then A is normal if and only if A
is surjective.

Proor: If A is normal then I = A*A = AA* so A is surjective since I is surjective.
If A is surjective then A is invertible (since isometries are automatically injective)
and A™! is an isometry. Whence (A™!)*A~! = I, and since * commutes with ~!, we
get I = (A*)1A™! = (AA*)7!, so AA* = ] = A*A since A is an isometry. O

1.3 Idempotent operators

1.3.1 Definition. E € £(X;X) is said to be idempotent provided E? = E.

Note that every orthogonal projection is idempotent, but not every idempotent
operator is an orthogonal projection. E.g. non-orthogonal projections are idempo-
tent. More specifically, for X = R?, E = (} 1) is idempotent but not orthogonal.
Note that E is not normal and ||E|| = v2 > 1.

Let X be a Hilbert space and E an idempotent operator on X. Then (I — E)? =
12 —2E+E%*=1—E,sol—E is also idempotent. Now x € ker(I — E) if and only
if Ex = x, so ker(I — E) C range(E). Conversely, y € range(E) if there is x € X
such that y = Ex, so Ey = E2x = Ex = y and so y € ker(I — E). In particular
ker(I — E) = range(E) and the range of E is closed.

Recall that ker(A) = range(A*)*.

1.3.2 Proposition. Assume that E is idempotent and put M := range(E). Then
E = Py, if and only if ker(E) = range(E)*.

Proor: Exercise. O

If E is idempotent then ||E|| = ||E?|| < ||E||?, so ||E|| > 1.

1.3.3 Proposition. Assume that E> = E and E # 0, and put M := range(E). Then
E =Py ifand only ||E|| = 1.
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Proor: If E = Py, then for every x € X, x = Py;x + (I — Py;)x, and these compo-
nents are orthogonal. Therefore

ll2cl1? = 1Py x> + 11T = Pag)x[I* = [Py x]I2,

so ||E|| <1 and it must be equal since E is a non-zero idempotent.

Assume ||E|| = 1. By 1.3.2, since range(E) is a closed subspace, it suffices to
show that range(E) = ker(E)*. Let x € ker(E)* be given. Notice that range(I —
E) =ker(E), so

0= (x — Ex,x) = ||x|I> = (Ex, x) > [Ix/|(llx|| = [[Ex]]).

Since ||E|| = 1, it must be the case that ||Ex|| = ||x]||, and it follows that ||Ex|| =
v/ (Ex,x). Whence ||x — Ex||?> = 0 and x € range(E). Conversely, let y € range(E)
be given. Write y = x + z with x € ker(E) and z € ker(E)* C range(E). Then
y=Ey=E(x+2)=Ez=z, 50y €ker(E)"’. O

1.3.4 Proposition. Assume that E?> = E and let M = range(E). The following are
equivalent.
(i) E="Py;
G |Ell =1;
(iii) E =E*;
(iv) E is normal.

Proor: (i) and (ii) are equivalent by 1.3.3. Assume E = P); and let x,y € X.
Write x = x; + X, and y = y; + y, where x;,y; € M and x,, y, € M*.

(Ex,y)=(Ex; +EXxy,y1 +¥2) = (x1,¥y1) = (X1 + X3, Ey; + Ey,) = (x,Ey),

so (i) implies (iii). Clearly (iii) implies (iv). Assume that E is normal. Then for
all x € X, ||[Ex|| = ||[E*x||, and it follows that ker(E) = ker(E*) = range(E)*. By
1.3.2, E = Py; and (iv) implies (i). O

1.3.5 Proposition. Assume E? = E and put M = range(E). Then E = Py, if and
only if (Ex,x) > 0 for all x € X (i.e. is real and non-negative).

ProoF: Assume E = P,;, and note that, for any x € X, we can write x = x; + x5
with x; € M and x, € M, so (Ex, x) = (x;,x;) > 0.

Conversely, in the complex case (Ex,x) € R for all x € X implies that E is
self-adjoint, so it is a projection by 1.3.4. In the real case, let x € X be given and
write x =Ex+ (I —E)x=:y+2.

0<(Ey+Ezy+2)=0Q,y+2)=yl*+(,2),

Therefore (y,z) = 0 for all y € range(E) and z € range(I — E) = ker(E) and E is
orthogonal. O
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1.4 Spectral Theory

Invariant and reducing subspaces

Let X be a Hilbert space and M < X a closed subspace. Note that X = M & M.
We can write an operator A € £ (X;X) as

Py(Ax)\ _ (B C\ [ Pyx
Pyi(Ax)) \D F ) \Pyix
where Be ¥(M; M), C € (M*+;M), D e £(M;M*Y), and F € £(M*+; M*1).
We say that M is invariant under A provided that ALIM] € M, and M reduces A

provided that AfM] € M and A[M*] € M*. Notice that M reduces A if and only
ifC=0and D=0. M (M?1) is invariant under A if and onlyif D=0 (C =0).

1.4.1 Proposition. M is invariant under A if and only if M* is invariant under A*.

ProoF: Assume that M is invariant under A and let x € M and y € M be given.
Then (x,A*y) = (Ax, y) = 0. It follows that A*y € M, so M~ is invariant under
A%, O

1.4.2 Proposition. M is invariant under A if and only if Py;AP,; = AP),;.

Proor: Assume M is invariant under A and let x € X be given. Then Py x € M,
so APy x € M, so Py;AP);x = APy;x. Conversely, let x € M be given, and note that
Ax = APy x = P,AP;x € M, so M is invariant under A. O

1.4.3 Proposition. The following are equivalent.
(i) M reducesA;
(i) PyA=APy;
(iii) M is invariant under A and A*.

Proor: Exercise. O

The spectrum

Let a € K be given. We say that a € p(A), the resolvent set of A € ¥(X;X),
provided that al — A is bijective. Note that if a € p(A) then (al —A) ™! € £2(X;X).
The spectrum of A is defined to be o(A) = K\ p(A). A number A € K is called an
eigenvalue of A provided ker(AI — A) # {0}. Each non-zero member of ker(AI — A)
is called an eigenvector. The set of all eigenvalues of A is called the point spectrum
of A and is denoted o ,(A). Clearly 0,(A) S 0(A). A number A € K is said be a
generalized eigenvalue of A provided

inf{||((AI —A)x|| | x € X, ||x|]|=1}=0.

In this case there is a sequence {x,,n = 1,2,...} of unit vectors such that (AI —
A)x, — 0 as n — oo. It is clear that every eigenvalue is a generalized eigenvalue.
Every generalized eigenvalue belongs to o (A).
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1.4.4 Example. Let X = (2 and Ax = (x,, %xz, %xg,...). Then A is injective, so
0¢ o,(A), but lAe™|| = % — 0, so 0 is a generalized eigenvalue.

Spectral theory of compact operators
1.4.5 Proposition. Assume that A is compact, A € 0 ,(A), A # 0. Then ker(AI —A)

is finite dimensional.

Proor: Assume that ker(AI — A) is infinite dimensional. Choose an orthonormal
sequence {e,,n > 1}, and choose a subsequence {e, } such that Ae, converges
strongly. For j # k,

”Aenk _Aen] ”2 = ”A‘enk - A'enj” = 2|A|2
But this contradicts that Ae,, converges strongly. a

1.4.6 Proposition. Assume thatA is compact and A € K\ {0}. If A is a generalized
eigenvalue of A then it is an eigenvalue of A.

Proo¥: Let {x,,n > 1} be a sequence of unit vectors such that (AI —A)x,, — O.
Choose a subsequence {x, } such that Ax, — 0. Since A # 0 it follows that
x,, — 0, which is a contradiction unless A = 0, which it isn’t. O

1.4.7 Corollary. Assume that A is compact and let A € K\ {0} be given. Assume
that A ¢ o ,(A) and that A ¢ o ,(A") (this second condition is redundant). Then
AI — A is bijective (and (AI —A)™! is bounded).

ProOF: By 1.4.6, since A ¢ 0,(A), A is not a generalized eigenvalue of A. Whence
there is ¢ > 0 such that [|(AI —A)x|| = c||x|| for all x € X. Therefore AI — A has
closed range. It follows that

range(AI —A) = ker(AI —A")' = {0} =X,
so AI — A is surjective. It is injective because A is not an eigenvalues, so by the
corollary to the Open Mapping Theorem, (1I —A)~! is bounded. O
Spectral theory of normal operators
1.4.8 Proposition. Assume thatA is normal and let A € K be given. Thenker(AI—
A) = ker(AI — A*) and ker(AI — A) reduces A.
Proor: Clearly AI — A is normal, so

ker(AI —A) = ker((AI — A)*) = ker(Al — A").

To prove the second assertion, by 1.4.3, it suffices to show that ker(AI — A) is
invariant under both A and A*. Let x € ker(AI — A) be given. Then Ax = Ax €
ker(AI —A), and A*x = Ax € ker(AI — A). a
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1.4.9 Proposition. Assume A is normal and let A, u € o ,(A) be given, with A # u.
Then ker(AI — A) L ker(ul — A).

Note that this is a generalization of the fact from basic linear algebra that the
eigenspaces of a symmetric matrix are orthogonal.

Proor: Let x € ker(AI —A) and y € ker(ul — A) be given. We must show that
(x,y)=0. Since A is normal, y € ker(ul —A*), and

Alx,y)=(Ax,y) = (Ax,y) = (x,A"y) = (x,uy) = u(x, y),

so (x,y) =0 since A # u. O

1.4.10 Proposition. IfA" = A then o ,(A) C R.

ProOF: Let A € 0,(A) and let x € ker(AI —A) = ker(AI — A*), with x # 0. Then
Ax =Ax =A*x = Ax, S0 A = A. O

Spectral theory of compact self-adjoint operators

1.4.11 Proposition. Assume that A is compact and self-adjoint. Then one or both
of £||A|| is an eigenvalue of A.

Proor: This is immediate if A= 0, so we may assume that A # 0. Since A is self-
adjoint, by 1.2.2, ||A]| = sup{|(Ax, x)| : ||x]| = 1}. Choose a sequence {x,,n > 1}
of unit vectors such that |(Ax,,, x,)| — ||Al|l. Actually, since this is a sequence of real
numbers, we many choose {x,} so that (Ax,,x,) — A, where A is ||A|| or —||A]|.
Then,

0 <[I(A—ADx,II?
= (Ax,,Ax,) — 2A(Ax,, x,) + A%(x,, X,)
— ||AlI> — 2||AlI* + |AII> =0

Therefore A is a generalized eigenvalue. Since A is compact and A # 0, by 1.4.6,
A€ ,(A). O

Let M and N be closed subspaces of X, with M | N. The direct sum of M and
NisM®N={x+y|xeM,yeN} Then M @ N is a closed subspace of X and
(M®N)t=MtnN*.

Let A be a compact self-adjoint operator on X. Let M be a closed subspace
of X that reduces A. Define A € ¥(M;M) by A = A|;;. Then A is compact and
self-adjoint, and ||A|| < ||A||. Note that if A € 0,(A) then [A] < [|A]].

With all of this in mind, consider the following algorithm. Let A; := A.

o Choose A; € 0,(A;) such that [A,| = [|A,]|.
o Let E; :=ker(A,I —A). If E; = X then we are done.
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o PutX, := ElL Note that X, reduces A; because E; reduces A;.

o Put A, :=Aly,, a compact self-adjoint operator on X,.

o Choose 1, € 0,(A;) such that |A,| = [|Ay[|. Then |A;] = [|Ay]] < [|A; ]l = [A4]
and A, # A,.

o Put E, :=ker(A,I —A) and notice that E; L E,. If E; ® E, = X then stop.

In general, for n > 2,
o PutX, ,:=(E; ® Ez ®---®E,)*. Note that X, ; reduces A.

o PutA,, :=Al = |X
o Choose A, €0 (An+l) i< op(A) such that |4, = ||An+1|| <A,
o PutE ;= ker()LnHI A) and notice that E, .; L (E;®---®E,). If E; ®

--® E, . ; =X then stop.
If this process terminates in finitely many steps N, then E; @ --- ® Ey = X. Note
that dim(E,) < oo for each n < N. If dim(Ey) is infinite then Ay = 0, and
otherwise dim(X) < co. Assume that dimrange(A) is infinite. By induction, we
get a sequence {A,}> | of distinct eigenvalues of A with |A;| > |A,| > --- and a
sequence of orthogonal subspaces {E,}° , defined by E,, = ker(A,I—A). Moreover,

12ni1l = Al g, 005, I-
Let a :=lim,_, |A,|. We claim that a = 0. To see why, for each n > 1, choose
x, € E, with ||x,|| = 1. Note (x,,x,,) = 6,,,. Since A is compact, {Ax, }°° has a

convergent subsequence {Ax, }7>,. Now Ax, = A, X, , S0
1Axy, = Axy I? = A0, X0, = Ao Xy P = A7 +27 > 20

Since convergent sequences have the Cauchy property, a = 0.

Put P, := P; . We will show that [|A — Z?; A;P;|l = 0 as n — oco. Indeed, let
n € N and x € X, with ||x|| = 1, be given. Then x = x; + -+ x,, + x|, where
x; €E;and x, € (E; ®---®E,)" . Since Ax; = A,X;,, it follows that

‘ (A= AP)x
j=1

Therefore ||A — Z;’il A;Pj|| = 0 as n — oo.

Now we will show that {A; | i € N} = 0,(A) \ {0}. Indeed, let u € o,(A) \ {0}
and choose x € X such that ||x|| = 1 and Ax = Ax. If u ¢ {A; | i € N} then
(Pjx,x) =0 for all j € N. But this contradicts the note above, because ux =Ax =
Z;’il AjP;x =0but x #0 and p # 0.

We have proven the following decomposition theorem.

= llAx Il = 1Al g, 008, X LIl < A4l

1.4.12 Theorem. Assume that A is a compact, self-adjoint operator on X .
() o(A)\ {0} € 0, (A).
(ii) There is A € o, (A) such that |A| = ||A]|.
(iii) o,(A) is countable and zero is the only possible accumulation point.
(iv) A has finite rank if and only if o ,(A) is a finite set.
(v) Foreach A € K\ {0}, ker(AI — A) is finite dimensional.
(vi) For all A,u € K with A # u, ker(AI —A) 1 ker(ul —A).
(vii) There is an orthonormal basis {e; | i € I} for X of eigenvectors of A. More-
over, for any such basis, Ax = Y., A;(x, e;)e;, where Ae; = A;e;.
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Spectral theory of compact normal operators

Let A be a compact, normal operator on X. Assume for this section that K = C.
(On R A need not have an eigenvalue.) Write

A= (A+A)+i(A-A")=:B+iC,

and note that B and C are compact, self-adjoint, and BC = CB. We claim further
that B and C are simultaneously diagonalizable.

1.4.13 Theorem. Assume that A compact and normal and K = C. Then o ,(A) is
non-empty, countable, and zero is the only possible accumulation point. Further,
there exists an orthonormal basis {e; | i € I} for X of eigenvectors of A, and for
any such basis Ax = .., A;(x, e;)e;, where Ae; = Aye;.

i€l

There are further spectral theories for unitary operators, bounded self-adjoint
operators, unbounded self-adjoint operators, etc., but proper treatment of these
theories would take the rest of the course.

2 Spectral Theory in Banach Spaces

2.1 The spectrum and resolvent set

Let X be a Banach space and T € £(X;X). The resolvent set of T, denoted p(T),
is the set of all A € K such that AI — T is bijective. The spectrum of T, denoted
o(T), is the complement of the resolvent set, o(T) := K\ p(T). Eigenvectors and
generalized eigenvectors are as before.

2.1.1 Proposition. Let A,,..., A, be distinct eigenvalues of T and x.,...,x, be
the associated eigenvectors. Then {x.,...,x,} is linearly independent.

2.1.2 Proposition. Assume ||T|| < 1. Then 1 € p(T) and the series ZZ’;O Tk
converges in the operator norm to (I — T)™*.

Proor: Notice that | T¥|| < ||T||* for all k €N, so Ziozo |IT¥|| is convergent. Since
X is complete, £(X;X) is complete, and ;. , T* converges in operator norm.
Let n € N be given and put S,, = ZZ:O T*. Notice that

(I-T)S,=I-T""'=8 (I-T).

Asn— oo, [T <[IT|I" — 0, and

(I—T)iTkzlz (iTk)(I—T).

k=0 k=0

2.1.3 Corollary. If A € K is such that |A| > ||T|| then A € p(T).
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For all u € p(T), let R(u; T) := (ul — T)7?, the resolvent function of T at u.
Let Ay € p(T) be given. Let A € K be such that |A — A4|||[R(Ay; T)|| < 1.

AL =T = (Al = T)+ (A — Al
= (Aol = T)T + (A = 2)(Aol = T)7H)
= (Al = T)I = (A9 — A)R(Ag; T))

[ee]
50 (Al — T)Z()LO — MFRAg; T = Ao — T
k=0

and » (A — AY'R(Ag; TI(AI = T) = Al = T
k=0

Therefore A € p(T) and R(A; T) = D0 (Ao — A)FR(Ag; T)FF.

2.1.4 Theorem. p(T) is open and o(T) is closed.

2.1.5 Corollary. When |A — A,||[R(Aq; T)|| < 1,

R(A;T) =D (Ao = AVR(Ag; TY,
k=0

The mapping A — R(A; T) is analytic on K.

2.1.6 Theorem. Let A,u € p(T) and s € £(X;X) be given.
(D) R(A;T)—R(u; T) = (u— A)R(A; T)R(u; T).
(i) IfTS = ST then SR(A; T) =R(A; T)S.
(i) R(A; T)R(u; T) =R(u; T)R(A; T).

ProOF:
(i) We employ a standard trick.

R(A;T) —R(u; T)

=R(A; T)(uI — T)R(u; T) —R(A; TY(AI — T)R(u; T)
=R(A; T)((1 — A)DR(u; T)

= (u—A)R(A; T)R(u; T)

(ii) Note that S(AI—T) = (AI—T)S since everything commutes with I. Multiply

on the right and left by R(A; T).
(iii) Follows from either of the first two parts. O

2.1.7 Theorem. IfK = C then o(T) # @.
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Proor: The mapping A — R(A; T) is analytic on p(T). Suppose that o(T) = &, so
that p(T) =C. Let D := {A € C : |A| < 2||T||}, which is non-empty and compact.
Let M :=max{||[R(A;T)||: A€ D}. For A€ C\ D,

RAT) = -T) ' =2(1-7)",

and ||%|| < % Therefore

masoi= 32 () =5 205
=0

Let x € X and x* € X* be given. Define f : C — C by f(A) := x*R(A; T)x, so
that [f(A)| < [|lx*||llx||max{M, ||T||}. But by assumption, f is entire. Since it is
bounded, by Liouville’s Theorem, f is constant. Since this holds for all x and x*,
this is a contradiction. a

S IT1l-

Note that 2.1.7 might not hold if K = R, and might not hold if T is an un-
bounded operator.

2.1.8 Theorem (Spectral Mapping). Assume that K =C. Letp : C — C be a
non-constant polynomial. Then o(p(T)) =p[o(T)].

Proor: Later. Od

The spectral radius of T, defined when o(T) # @, is defined to be
ro(T) :=max{|A| : A € o(T)}.
Note that 0 < r (T) < ||T||.

2.1.9 Theorem. IfK =C then r,(T) =1lim,_,., A/||T"|| (and this limit exists).
Proor: By 2.1.8, r (T") = (r,(T))". Further, r (T™) <||T"|l, so

ro(T) = /1 (T™) < Y/IIT7|I.

Therefore r,(T) < liminf, {/||T"||. For the other direction, consider the following.

0= 15(1) s

n=0 n=0
The function of z on the right is analytic on a disc centred at the origin. Put
a, :=||T"|. Then ||Z;";Oz"T”|| < Zn 0anl2z|". The radius of convergence r of
. . . [ 1 _ 1: R T n 1.
thlS- real power series saFlsﬁes 2 = limsup, ,/Fl,} = limsup,, / |!T"||.. N9vm = is the
radius of the smallest disc centred at the origin whose exterior lies in p(T). It
1 b n
follows that r,(T) = - =limsup, || T™. O
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2.1.10 Corollary. Assume thatX is a complex Hilbert space and A is normal. Then
Al = ro(A).

Proor: It suffices to show that ||A||> = ||A?||. Observe that

llAII* = sup{|(Ax,Ax)| : [lx|| = 1}
= sup{|(A"Ax, x)| : [|x]| = 1}
= [|A*A|| since A*A is self-adjoint

= |lA?|| since A is normal O

2.2 Spectral theory of compact operators

2.2.1 Theorem. If T is a compact operator then o,(T) is countable and 0 is the
only possible accumulation point.

ProoF: For each € > 0 put A, :={A € 0,(T) : |A| = e}. We will show that A, is a
finite set for every € > 0.

Let € > 0 be given and suppose that A, is infinite. Choose an injective sequence
{A.}02, in A, and choose a sequence {x,}°”, of corresponding eigenvectors. For
each n, put M, = span{x,,...,x,}. Notice that {M,}° , is increasing, and that
T[M,] = M,, for each n.

LetneNand x € M,. Then x = a;x; + -+ + a,x, for some a; € K.

(knl - T)X = al(An - A1)3('1 +eeet an—l(kn - An—1)xn—1 +0.

It follows that (A, I — T)[M,] = M,_,. Note finally that each M, is a closed sub-
space of X. By the Riesz Lemma (from last semester) we can choose a sequence
{yn}io, such that, foralln € N, y, € M,, |ly,|ll =1, and ||y, — x|| = % for all
x€M,_;.

Let m,n € N with m < n be given.

Ty, —=Tyn :Anyn _(Anl_ T)yn = Tym ::An(’yn - %HX)’

and x € M,_; since Ty,, € M,, € M,_; and (A, I — T)y, € M,_;. It follows
from the properties of the sequence that ||Ty, — Ty,|l = %lknl > %e. Therefore
the sequence {TYy,} ; has no convergent subsequences, which is a contradiction
since T is compact. a

2.2.2 Proposition. Assume that T is compact and let A € K\ {0} be given. Then
ker(AI — T) is finite dimensional.

Proor: By 2.2.1 there are finitely many linearly independent eigenvectors of T
associated with any eigenvalue of T. Therefore either ker(AI — T) = {0} or
ker(AI — T) is finite dimensional. O
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2.2.3 Theorem. Assume that T is compact and let A € K\ {0} be given. Then
range(AI — T) is closed. It follows that range(Al — T) = * ker(AI — T*), where T*
is the Banach space adjoint of T .

Proor: Suppose for contradiction that range(AI — T) is not closed. Choose a
sequence {x,}>°, such that y, := (AI — T)x, — y ¢ range(AI — T).

Note that y # 0, so without loss of generality we may assume that y,, 7# O for
all n € N. Hence x,, ¢ ker(AI — T) for all n € N. For each n € N, put

6, = inf{||x, —z|| : 2 € ker(AI — T)} > 0,

and choose z, € ker(AI — T) such that a,, := ||x, — 2,|| < 26,,.
We claim that a, — oo as n — oo. If not then {x, —2,}°°, would have a
bounded subsequence {x,, —z, }—,- But

1 1 1
Xp, = Zp, = X(()u —T)+T)(xy, —2,)= zynk + XT(Xnk — 2, )
so {x,, — 2, };; has a further subsequence that converges strongly. Let v denote
the limit of that subsequence, and note that (AI—T)v = y, which is a contradiction
since y ¢ range(AI — T).
Putw, = ai(xn —2,). Notice that ||w,|| =1 and

1
AM-Tw,=—(AI-T)x,—0
an

asn — oo. Choose a subsequence {w,, }??, such that {Tw, };? is strongly conver-
gent. We concluded that {w, }}?, is strongly convergent. Put w := limy_, w,,,
and note that (A — T)w = 0. Put u, =z, + a,w € ker(AI — T). By definition of
I

6n = ”xn - un” = ||xn —Zp— Can” = an”Wn - WH < 25n||Wn - W”:

S0 % < ||lw, — w]|| for all n. This is a contradiction. O

PrOOF (ALTERNATE): Let {y,}>°, be a convergent sequence in range(AI — T). Put
y = lim,_, ¥,. We hope to show that y € range(AI — T). Let x,, be such that
(AL = T)x, = y,. If {x,}72, were bounded then there would be a subsequence
such that {Tx,, };2, converges, and hence also that {x, };2, converges. We claim
that there is a bounded sequence {z,}°>; such that (AI — T)z, = y,. O

2.2.4 Theorem. Assume that T is compact and let A € K\ {0} be given. Then the
following hold.

(i) range(Al — T) =t ker(AI — T*); and

(ii) range(Al — T*) =ker(AI — T)*.

2.2.5 Corollary. Assume that T is compact and let A € K\ {0} be given. If A €
o(T) then either A € 0,(T) or A € o,(T*) (or both).
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In fact, it is also true that dimker(AI — T) = dimker(AI — T™), so the “both” in
the corollary always holds.
Assume that T is compact and let A € K\ {0} and n € N be given.

(A= T)' = A" + Z (Z) (=LA KTk =y — L.
k=1

compact
It follows that ker((AI — T)") is finite dimensional and range((AI — T)") is closed.

2.2.6 Lemma. Assume that T is compact and let A € K\ {0} be given. There is
a smallest non-negative integer r such that ker((AI — T)") = ker((AI — T)"*!) for
alln > r. Moreover, if r > 0 then the inclusions below are strict.

ker((AI — T)®) c ker((AI = T)Y) € --- c ker((AI — T)")

Proor: Put K,, := ker((AI — T)™). Suppose that K,, & K,,; for all n > 0. By the
Riesz Lemma there is a sequence {y,}>° ; such that y, € K,,; \K,, |ly,/l =1, and

dist(y,,K,) > % for all n > 1. Let m < n be given and consider
(AL = T)"((AI = )Y, + Typ) = (A = T)"" 'y, + T(AI = T)"y,, =0,
so (AI — T)y, + Ty, € K,. It follows that

Al

This is a contradiction because it implies {Ty,} ., has no convergent subse-
quences.

Let n > 0 be such that K, = K,,;;. We will show K,,,; = K, ,, proving the last
statement of the lemma. Let x € K, be given.

0=l —T)""2x = (Al = T)""Y(AI — T)x
= (Al —T)"(AI —T)x K,=K,1
= (Al —T)" x. O

2.2.7 Lemma. Let A € K\ {0} be given and assume that T is compact. Then there
is a smallest non-negative integer q such that range((AI — T)") = range((AI — T)?)
for all n > q. Moreover, if ¢ > 0 then the inclusions below are strict.

range((AI — T)°) D range((AI — T)') O --- D range((AI — T)9).

2.2.8 Lemma. Let A € K \ {0} be given and assume T is compact. Then the
number r from 2.2.6 is the same as q from 2.2.7.
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Proor: We will show that ¢ > r. The other inequality is easier. Let K,, = ker((AI —
T)") and R, = range((AI — T)"). Then R; = Ryy4, so (AI — T)[R,] = R,. Given
Y €R, there is x €R, such that (Al — T)x =y.

We claim that (AI — T)| r, is injective. Suppose not. Choose x; €R, \ {0} such
that (AI — T)x; = 0, x; € R, \ {0} such that (AI — T)x, = x;, etc. We get an
infinite sequence {x,}>>, such that 0 # x; = (AI — T)" 'x, and (AI — T)"x, =
(AI — T)x; =0. So x,, € K, \ K,,_1, which contradicts 2.2.6.

Next we claim that K, = K,, proving the inequality. We already know K, <
Kgy41- Suppose the other inclusion does not hold, and choose x, € Kz, \ K;. Put
Y :=(AI — T)%x € Ry, and note that y # 0. But (AI — T)y = 0, contradicting the
first claim. O

2.2.9 Theorem. Let A € K\ {0} be given and assume that T is compact. If A €
o(T) then A € o ,(T).

Proor: If A ¢ 0,(T) then ker(AI — T) = {0}, sor =0. But thenq=0,s0 AI — T
is surjective. Whence AI — T is bijective and A ¢ o(T). O

2.2.10 Theorem. Let A € K\ {0} be given and assume that T is compact. Let r
be as in 2.2.6. Then X = ker((AI — T)") @ range((AI — T").

Proor: Write K, and R, as before. Let x € X be given. Notice that R,, = R,.
Choose x; € X such that (AI — T)* x; = (AI — T)"x and put x, = (A — T)"x; €
R.. Notice that (AI — T) xq = (Al — T)"x. It follows that x — x, € K,, so x =
Xo + (x — xg).

Suppose that x = ¥y+(x—X,) is another decomposition. Put vy = xy—%, €R,..
Choose v € X such that vy = (AI — T)"v. Note that vy = (x — X,) — (x — xo) €K,
oAl —T)>v=(AI-T)v,=0.Butvek, =K,,s00=(AI—-T)v=v, O

2.2.11 Theorem. Let A € K\ {0} be given and assume that T is compact. Then
dimker(AI — T) = dimker(AI — T™).

2.2.4 together with 2.2.11 is often known as the Fredholm alternative.

ProoF (IDEA): Let {xy,...,x,} and {y],...,y,} be bases for ker(AI — T) and
ker(AI — T*), respectively. Choose a dual bases {x7,...,x}} and {y;,...,y,}in X"
and X.

If n < m define Sx = Tx + >, x;(x)y;. S is compact. It can be shown that
ker(AI — S) = {0}, so AI — S is surjective, which is a contradiction. O

3 General Linear Operators

3.1 Introduction

Let X and Y be Banach spaces. Let 2(A) € X. We say that A: 2(A) — Y is linear if
2(A) is a linear subspace of X (not necessarily closed) and A is linear map between
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these vector spaces. At this point there is no concept of norm or continuity. We
say that A is bounded if there is K € R such that ||Ax||y < K||x||x for all x € 2(A).
£(X;Y) is the set of all bounded linear function X — Y whose domain is all of
X. If A is not bounded then we say that A is unbounded. We say that A is closed
provided that Gr(A) = {(x,Ax) | x € 2(A)} is closed in X x Y. Recall the following
theorem.

3.1.1 Theorem (Closed Graph). Let X and Y be Banach spaces, 2(A) € X, and
assume that A: 9(A) — Y is linear. If A is closed and 2(A) is closed in X then A is
bounded.

3.1.2 Lemma. With the notation of the closed graph theorem, A is closed if and
only if for every x € X and y € Y and every sequence {x,}> , in 2(A) such that
X, — x and Ax,, — y we have x € 2(A) andAx = y.

3.1.3 Examples.

(i) LetX =Y =C[0,1], 2(A) = C'[0,1], and Af = f’ for all f € 9(A). Then A
is closed and unbounded. Indeed, if f, — f uniformly and f, — g uniformly
then f € C'[0,1] and f’ = g, so we concluded with 3.1.2.

(i) LetX =Y = C[0,1], 2(B) = C?[0,1], and Bf = f’ for all f € 2(B). Then
B is unbounded and not closed. Clearly B is not closed because of poor
choice of domain.

3.1.4 Lemma. Let 2(A) C X and assume thatA : 9(A) — Y is linear and bounded.
If 2(A) is closed then A is closed.

Proor: Let {x,}>°, in 2(A) be such that x, - x € X and Ax,, —» y € Y. If 2(A) is
closed then x € 2(A). Since A is bounded,

[|Ax — Ax,[ly < Kllx = x,[lx — 0 as n — oo. O

3.1.5 Lemma. Let 2(A) C X and assume that A : 9(A) — Y is linear and closed.
Then ker(A) := {x € 2(A) | Ax =0} is closed in X .

Proor: Let {x,} , in ker(A) be such that x, — x € X. Then Ax,, = 0 for each
n, so in particular Ax, — 0 in Y. Since A is closed, x € 2(A) and Ax = 0, so
x € ker(A). O

3.1.6 Lemma. Let 2(A) € X and assume that A : 9(A) — Y is linear, closed, and
injective. Then A~! : range(A) — X is closed.

ProoF: Let {y,}%, in range(A) be such that y, » y € Y and A'y, — x € X.
Then A'y, € 9(A) and AA~'y, — y, so since A is closed, x € 2(A) and Ax =y,
ie. Aty =x. O
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A is said to be closable provided there is a linear mapping A : 2(A) — Y such
that Gr(A) € Gr(A), i.e. A is a closed linear extension of A. In this case there is a
minimal closed extension of A. The minimal closed extension is called the closure
of A.

3.2 Adjoints

Let A : 9(A) — Y be linear. We want to find a linear A* : 2(A*) — X* with
9(A*) C Y* such that

(y*,Ax) = (A"y", x)
for all x € 2(A) and y* € 2(A*). For this to be reasonable, we require that 2(A)

is dense in A, for otherwise A* would not be uniquely determined by the formula.
In case that 2(A) is dense in X, define

2(AY) :={y* € A*| A1z* € X* such that (y*,Ax) = (z*, x) for all x € 2(A)},

and A*y* = g* for y* € 2(A").
Warning: Even if 2(A) is dense, it can happen that 2(A*) = {0}.

Remark. If X is a Hilbert space and A : 2(A) € X — X, the Hilbert space adjoint
A7, is defined in the way one would expect. A is said to be self-adjoint provided
A}, = A and the domains are equal.

3.2.1 Example. Choose p € [1,00) and set X =Y = {P. Then X* = Y* = {9,
where 117 + é =1. Let 2(A) := K™ and define Ax = (3 | nx,, X, X3, ...).

Note that 2(A) is dense in £P. We would like to find the adjoint. For y € 2(A")
(to be determined) we want z € £9 such that (y,Ax) = (z,x) for all x € K™, The

identity
00 00 00
n Z nx, + Zykxk =2z1x+ szxk
n=1 k=2 k=2

implies first that y; = 0. Once we have seen this, it follows that z;, = y, for all
k>2,s0 92(A")={y €{?| y; =0} and A"y = y. Note that 2(A*) is not dense in
09,

3.2.2 Example. Let K =R and take X =Y = L2[0, 1]. Define
2(A) == {f €AC[0,1] : f' € L*[0,1],£(0) = f (1) = 0},

and note that 9(A) is dense in L. Define Af = f’ for f € 2(A). What is A*?

For g € 9(A*) (to be determined) we want h € L2[0,1] such that for all f €
2(4), folf’gdx = folfhdx. If g € 2(A) then folf’gdx =— folfg’dx, integrating
by parts. Therefore the required h is —g” in this case. It follows that 2(A) € 2(A*)
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and A*g = —¢’ for all g € 9(4). Is 2(A*) = 9(A)? Not quite: the elements of
2(A*) do not need to vanish at zero and one, i.e.

9(A*) = {f €AC[0,1] : f' € L?[0,1]}.

It can be shown that A™ = A (with equal domains).

We can extend the above example as follows. Define
2(A) = {f €AC[0,1] : f' €AC[0,1], " € 1%[0,1],£(0) = f(1) = O},

and Af = f”. Then 2(A*) = 2(A) and A* = A. We could also replace the condi-
tions on the functions in Z(A) at the endpoints with conditions on the derivatives
at the endpoints, etc.

3.2.3 Theorem. Assume that 2(A) is dense in X. Then A* is closed.

PrOOF: Let x* €X™, y* €Y, and let {y;}" , in 2(A") be given. Assume y; — y*
and that A"y — x*. We need to show that y* € 9(A") and that A*y* = x*. For all
x € 9(A) we have

(ypAx) = (y",Ax) and (y,,Ax)=(A"y,,x) = (x",x)

as n — oo. It follows that (y*,Ax) = (x*, x) for all x € 2(A), so A*y* = x* by the
definition of the adjoint. O

3.2.4 Proposition. Assume that 9(A) is dense X, A: 9(A) — Y is linear, and Y is
reflexive. Then A is closable if and only if 2(A*) is dense in Y*.

There are many identities like ker(A*) = *range(A), etc. that can be proved
about general linear operators. The book Unbounded linear operators by S. Gold-
berg answers many of these questions.

3.2.5 Theorem. Assume %2(A) is dense in X. Then 9(A*) = Y* if and only ifA is
bounded (i.e. there is C such that ||Ax|| < C||x|| for all x € 9(A)). Moreover, if
D(A") =YY" thenA* € £(Y*;X*) and

1A%]| = sup{l|Ax| : x € 2(A), lIx|| < 1}.

ProoF: Assume that A is bounded. Let y* € Y* be given. Then y*A: 2(A) — K is
a bounded linear functional. By the Hahn-Banach theorem we can choose x* € X
that extends y*A. In particular, (y*,Ax) = (x*,x) for all x € 2(A). It follows
that A*y* = x*, and 2(A*) = Y*. Conversely, by the closed graph theorem A* €
L(Y*;X*). Put B := {x € 9(A) : ||x|| £ 1} and write |A| := sup{||Ax|| : x € B} <
oo. For any y* € Y* = 9(A"),

sup{[(y",Ax}| : x € B} = sup{[{A"y", x)| : x € B} < |IA"[|[ly"]].
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We claim that sup{||Ax|| : x € B} < co. Indeed, let J be the canonical injection of
Y into Y**. Put S = A[B]. For all y* € Y*, sup{|J(y)y*| : y € S} < o0, so by the
Principle of Uniform Boundedness, sup{|[J(¥)|| : y € S} < co. Therefore J[S] is
bounded in Y**, so it follows that S is bounded in Y. For all y* € Y,

A"y "Il < sup{[{A"y", x)| : x € X, ||x[| < 1}

= sup{|(A*y*, x)| : x € B} B dense
= sup{|[(y",Ax)| : x € B}
<y Al

so ||A*|| < |A]. Finally, for all x € 2(A),

l|Ax[| = sup{[(y",Ax)| : y" € Y7, [ly"[| < 1}
=sup{[(A"y", x)[: y" €Y7, |ly*l <1}
<A™l

so |A| < ||A*|| and hence |A| = ||A¥|]. O

3.3 Spectral theory

Let X be a Banach space over K, 2(A) € X, and A: 9(A) — X is linear.

3.3.1 Definition. The resolvent set of A, denoted p(A), is the set of A € K such
that
(i) AI —Ais injective;
(i) range(AI —A) is dense in X; and
(iii) (AI —A)™!:range(Al —A) — X is bounded.
The spectrum of A is defined to be o(A) := K\ p(A). We divide the spectrum into
three parts.
(i) The point spectrum of A, denoted o, (A), is the set of A € K such that AI — A
is not injective, i.e. for which (i) fails.
(i) The continuous spectrum of A, denoted o .(A), is the set of A € K such that
() and (ii) hold but (iii) fails, i.e. (AI —A)~! exists but is unbounded.
(iii) The residual spectrum of A, denoted o ,.(A), is the set of A € K such that (i)
holds but (ii) fails, i.e. range(AI — A) is not dense.

These pieces form a partition of the spectrum. The elements of o, (A) are called
eigenvalues and the elements of the respective kernels are called eigenvectors.

3.3.2 Example. Let X = (2 and assume that T € £(X;X) is compact. Then
0 € o(T). Zero can appear in any of the pieces.
(i) Let Ax :=(O0, %xz, %xg, %x4, ...). Then 0 € o, (A).
(i) Let Bx := (xq, %xz, %x3, ix4, ...). Then B~lx = (x;,2x,,3x3,4%4,...),
which is unbounded, so 0 € o.(B).
(iii) Let R denote the left shift operator and let C = RoB. Then C is compact and

injective but range(C) is not dense, so 0 € o ,.(A).
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3.3.3 Proposition. Assume that A is closed and let A € p(A) be given. Then
(A -A)Te2(X;X).

Proor: If A is closed then AI — A is closed. By definition of p(A), AI — A is injec-
tive. By 3.1.6, (AI —A)™! is closed. Again by the definition p(A), (AI —A)™! is
bounded. By 3.1.2, 2((AI —A)™!) is closed. Finally, again from the definition of
p(A), range(AI — A) = 9((AI —A)™1) is dense, so (AI —A)™! is defined on all of
X. O

3.3.4 Example. Let K = C and X = L2[0,1]. We would like to find closed,
densely defined A and B such that p(A) = @ and o(B) = @.

(i) Let 2(A) = {f € AC[0,1] : f’ € L?[0,1]} and Af = f’. Let A € C be
given. Note that (AI —A)f = 0 always has a solution, namely f;(x) := e**.
Therefore o ,(A) = C.

(i) Let 2(B) = {f €AC[0,1]: f’' € L?[0,1],f(0) = 0} and Bf = f’. (Note the
boundary condition.) It can be shown that 2(B) is dense in X. Let A € C
and g € X be given. We would like to find f € 2(B) such that (AI—B)f = g,
which is equivalent to finding a solution to f' — Af = g, f(0) = 0. Let

frg= —f M g(1)dt,
0

and notice that f; , is the required solution, and it is unique. Finally, it can
be shown that (AI —B)™! is compact, so p(B) =C.

3.3.5 Definition. Let A € p(A) be given. Define the resolvent function of A at A,
R(AA) € £(X;X), by R(A;A) = (A —A)~L

Notice that R(A;A) : X — 2(A). For all x € 2(A),
x = (Al —A)R(A;A)x =R(A;A)(AI —A)x,
so AR(A;A)x =R(A;A)Ax = (AR(A;A) — Dx.

3.3.6 Theorem. Assume A is closed and let A, € p(A) and A € K be given, with
A — A|lIR(Ag;A)|| < 1 be given. Then A € p(A) and

R(A;A) = iR(AO;A)"“(AO A"

n=0

Proor: The proof of 2.1.2 goes through unchanged, but one must take care re-
garding domains. O

3.3.7 Corollary. p(A) is open and o (A) is closed.

Unlike the continuous case, o (A) is not necessarily bounded.
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3.3.8 Theorem. Assume that A is closed and let A, u € p(A) be given. Then

R(A;A) — R(u;A) = (u — A)R(A; AR(u; A) = (u — A)R(u; AR(A; A).
Proor: The proof of 2.1.6 goes through unchanged. O

As in the continuous case,

R(A;A) —R(u;A
A—u

so R'(u;A) = —R(u;A)%. Again, R(-;A) is an analytic function. Unlike in the con-

tinuous case, its composition with a linear functional may fail to be bounded, cf

2.1.7.

4 Semigroups of linear operators

4.1 Introduction

Our goal is to define exponentials of linear operators. We will try to construct
e as a linear operator, where A : 9(A) — X is a general linear operator, not
necessarily bounded. Notationally, it seems we are looking for a solution to ((t) =
Au(t), u(0) = uy, and we would like to write u(t) = e“u,. It turns out that this
will hold once we make sense of the terms.

How can we construct e when A is a (finite) matrix? The most obvious way is
to write down the power series: ZZ‘;O ﬁ(tA)". This series is absolutely convergent
for every A and every t € R. In fact, this method works for A € £ (X;X), even if X
is infinite dimensional.

A second method is to consider the connexion with the explicit Euler scheme.
Consider the system of ODE [1(t) = Au(t), u(0) = u,. Partition [0, t] into n parts

and write
) (kt) n( ((k+1)t) (kt))
uf —J=7-1Hu —u| — >
n t n n
the forward difference quotient approximation. From the ODE we get
kt n (k+ 1)t kt
Au| — | =~ e
n t n n
(k+ 1)t t kt
u = (I + —A) ul —
n n n
nt t n
p(t) =u (—) ~ (I + —A) Uo-
n n
Thus u(t) = lim,,_,.(I + iA)”uO and we write e = lim,,_, . (I + ﬁA)”.

Both of these methods are doomed to failure if A is not bounded. When the ex-
plicit method fails, one would normally try the implicit method. The third method
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we consider is the connexion with the implicit Euler scheme. Partition [0, t] into n

parts and write
,((k—i—l)t) n( ((k—i—l)t) (kt))
u =—|u —ul—11
n t n n

the backward difference quotient approximation. From the ODE we get
((k+1)t) n( ((k+1)t) (kt))
U =— |y —ul—
n t n n
((k + 1t ) t 1 kt
n n n
nt t \ "
ut)=p (—) ~ (I - —A) o-
n n

Thus u(t) = lim,_,,(I— —A) o and we write et = lim,,_, (I — £A) ", This works
for some unbounded A as well. The key point will be the behavior of [|IR(A;A)"|
for large n.

An engineer might consider the Laplace transform. If f (t) = e then it can be
shown that f (1) = (Al —A)~' =R(A;A). There is an inversion formula, namely

1 y+ioco

e = e eMR(A;A)dA,

y—ioo

where 7 is chosen so that the spectrum of A lies to the left of the line over which we
are integrating. This formula can be interpreted and it works for many important
unbounded linear operators.

A fifth method works for self-adjoint matrices. Let {ek}’,;’:1 be an orthonormal

basis of X of eigenvectors of A. For any v € X, v = lejzl(v, er)e, and Av =
lej:l Ae(v, e )er. We take

N
ety = Z e (v, e )ex.
k=1

In general, if X is a Hilbert space and A : 2(A) — X is self-adjoint then

A= f AdP(Q),

—0o0

where {P(A) | A € R} is the spectral family associated with A. We know o (A) C R,
so if o(A) is bounded above then we could define

e = f e*dP().

—00

Note that the matrix A can be recovered from its exponential via the formula

A=limi(e 1.
tlo t
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4.2 Linear C,-semigroups

Let X be a Banach space over K. By a linear Cy-semigroup (or a strongly continuous
semigroup) we mean a mapping T : [0,00) — £(X;X) such that
@® TO)=1I;
@) T(t+s)=T(t)T(s)foralls,t € [0,00); and
(iii) for all x € X, lim,j, T(t)x = x.

Remark.
(i) By the second condition, T(t)T(s) = T(s)T(t) for all s, t.

(ii) We will sometimes use the notation {T(t)},>¢.

(iii) If we have some mapping T : [0, 00) — £ (X;X) satisfying conditions (i) and
(ii), (called a semigroup of bounded linear operators) then if the following
condition holds then (iii) holds.

(i) lim, o (x*, T(t)x) = (x*, x) for all x* € X* and x € X
(iv) The condition lim, o || T(t) —I|| = O implies that T(t) = Z;’io %(tA)" for all
t, for some A € ¥(X;X). This condition is too strong for practical purposes.

(v) The “C,” in the name many come from “continuous at zero” or it may refer
to the fact that these semigroups are (merely) continuous, as opposed to
differentiable, etc.

Let T be a linear Cy-semigroup. The infinitesimal generator of T is the linear
operator A : 2(A) — X defined as follows.

D(A) = {x eX | lim X(T(O)x — x) exists}
tjo t

and for all x € 2(A), Ax = lim, %(T(t)x — x). It is not immediately obvious that
2(A) # {0}. We will show that 2(A) is dense and that A is a closed linear operator.

4.2.1 Example (Translation semigroup). Let X = BUC(R) = bounded uniformly
continuous functions R — K. Define (T(t)f)(x) := f(t+x) for all t € [0, 00) and
x € R. Clearly T satisfies (i) and (ii) of the definition. Uniform continuity is
essential to get (iii). Indeed, if f is uniformly continuous then

IT(6)f = fllo = sup{lf (¢ +x) = F(x)] : x €R} — O as ¢ — 0.

The infinitesimal generator is

Gkt SN

Af =1i
f =1l
i.e. differentiation. Note that the solution to the PDE u,(x, t) = u,(x, t), u(x,0) =

o is u(x, t) = po(x + ) = (T (o) (x).

4.2.2 Lemma. Let T be a linear Cy-semigroup. Then there are M,w € R such
that ||T(t)]| < Me®* forallt € [0, 00).
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Proor: We claim first that there is 7 > 0 such that sup{||T(¢)|| : t € [0,7n]}
is finite. Indeed, suppose there is no such n. Choose {t,}>°, such that t, | O
and {||T(¢t,)|,n € N} is unbounded. However, for all x € X, since T(t,)x — x,
{T(t,)x};2, is a convergent sequence, so sup{||T(t,)x|| : n € N} is finite for each
x € X. By the Principle of Uniform Boundedness, sup{||T(t,)|| : n € N} is finite, a
contradiction.

Choose 11 > 0 as claimed above. Set M := sup{||T(¢t)|| : t € [0,1]} > 1. Let
t € [0,00) be given. Choose n > 0 and a € [0,7) such that t = nm + a. Then
T(t)=T(nn+ a) =(T(n))"T(a) by the semigroup property. Whence

ITON < IT@IITI" < MM".

Put w = %logM >0, so that wt > nlogM, and ||T(¢t)|| < Me®". O

4.2.3 Definition. Let T be a linear Cy-semigroup. We say that T is
(i) uniformly bounded if there is M € R such that ||T(¢)|| < M for all t > 0.
(ii) contractive if ||T(¢t)|| <1 for all t > 0.
(iii) quasi-contractive provided there is w € R such that ||T(t)]| < e®* for all
t=>0.

Contractive semigroups are much easier to study than general linear C,-semigroups.
If T is a linear C,-semigroup satisfying || T(t)|| < Me®* then S(¢t) :=e *'T(t)isa
uniformly bounded linear C,-semigroup. Note that the infinitesimal generator of
S is related to that of T as follows.

S(t)x—x . e “T(t)x—x
=lim

im
tl0 t tl0 t
e @t—1 . T(t)x —x
=lim —T(t)x + lim ——
tl0 t tl0
=—wx+Ax=A—-wl)x
Further, there is an equivalent norm ||| - ||| on X such that S is contractive with
respect to ||| - |||. In fact, we may take |||x||| := sup{||S(t)x|| : t € [0,0)}. Indeed,

forall x € X,
11S(E)x || = sup{lIS(t +s)x|| : s € [0,00)} < [[|x]]].

Warning: This norm ||| - ||| need not preserve all “nice” geometric properties of
|| - |I, such as the parallelogram law. See the book by Goldstein for an example.

4.2.4 Lemma. Let T be a linear Cy-semigroup and let x € X be given. Then the
mapping t — T(t)x is continuous on [0, 00).

Proo¥: For continuity from the right, let t > 0 be given and notice that

T(t+h)x—T(t)x=(T(h)—I)(T(t)x) > 0ash— 0.
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For continuity from the left, let t > 0 and h € (0, t) be given. Choose M > 1 and
w > 0 such that ||T(s)|| < Me* for all s € [0, 00).

IT(t —h)x — T(t)x|| = |T(t —h)I — T(h))x||
< |IT(t =WIINTh)x — x|
< Me“™M||T(W)x —x|| > 0ash— 0. O

4.2.5 Lemma. Let T be a linear Cy-semigroup with infinitesimal generator A, and
let x € X be given.
(i) Forallt >0, limy_, % ftt+h T(s)xds = T(t)x (where the limit is one sided if
t=0).
(i) Forallt >0, fot T(s)xds € 9(A) andAfOt T(s)xds =T(t)x — x.

Proor: (i) This follows from 4.2.4 and basic calculus.
(ii) If t = 0 there is nothing to prove. Let t > 0 be given. For h > 0,

T(h)—1
h

J T(s)xds = lf (T(s+h)—T(s))xds
0 hJo

1 (" 1
=—| T(s+h)xds—— | T(s)xds
h ), h )y

t+h

= %J; T(u)xdu+ % f T(u)xdu

t

1(" 1 ("
— HL T(s)xds — EJ; T(s)xds

1 t+h 1 h
=- T(u)xdu — —J T(s)xds
i e,

- T(t)x—xash—0
by part (a). The conclusions follows. O
4.2.6 Lemma. Let T be a linear C,-semigroup with infinitesimal generator A, and
let x € 9(A) be given. Put u(t) = T(t)x for all t > 0. Then u(t) € 2(A) for all
t > 0, u is differentiable on [0, 0), and for each t > 0,
o(t) = T(t)Ax = AT (t)x = Au(t).
ProoF: Let t > 0 be given. For h > 0,

T(t+h)x —T(t)x _ (T(h) —I) T(t)x = () (T(h) -1

h h A )x_’T(t)Ax
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as h | 0. In particular, T(t)x € 2(A) and AT(t)x = T(t)Ax. Furthermore,
D u(t)x = T(t)Ax. Let t > 0 be given. For h € (0, 1),

T(t—h)x —T(t)x
h

x — T(h)x
h

=T(t—h)( )—>—T(t)Axash—>0.

so D~ u(t)x = T(t)Ax. Since the left and right derivatives both exist and are
equal, u is differentiable and (t) = Au(t). O

4.2.7 Lemma. Let T be a linear Cy-semigroup with infinitesimal generator A, and
let x € 9(A) be given. Then for all s, t € [0,00),

t t

AT (u)xdu = J T(u)Axdu.

N

T(t)x —T(s)x = J

N

Proor: This follows from 4.2.6 and the Fundamental Theorem of Calculus. O

4.2.8 Theorem. Let T be a linear Cy-semigroup with infinitesimal generator A.
Then 2(A) is dense in X and A is closed.

PrOOF: Let x € X be given. By 4.2.5, x = limy,, % f; T(s)xds, and f: T(s)xds €
9(A) for all h > 0, so 2(A) is dense in X.

Let {x,}>°, be a sequence in 2(A) converging to x € X and suppose that
Ax, — y € X as n — 0o. We must show that x € 2(A) and that Ax = y. For h > 0,
by 4.2.7,

h

T(h)x, —x, = J T(s)Ax,ds.

0

Let n — oo, noting that we may move the limit under the integral sign for the
same reason we may do so in basic calculus, to see

h

T(h)x —x= f T(s)yds,
0

so by 4.2.5,
PO L S
I B, o=y
It follows that x € 9(A) and Ax = y. O

4.2.9 Lemma. Let S,T be linear C,-semigroups having the same infinitesimal
generator A. Then S(t) = T(t) forallt > 0.
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Proor: Let x € 9(A) and t > 0 be given. Define the function u : [0,t] — X by
u(s) = T(t —s)S(s)x for all x € [0, t]. We will show that u is constant as follows.
We claim that u is differentiable on [0, t] and

u(s) =T(t —s)AS(s)x — T(t —s)AS(s)x =0

for all s € [0, t]. This will imply that u is constant on [0, t], so

T(t)x = u(0) = u(1) = S(o)x.

Since 2(A) is dense in X, it will follow that T(t) = S(t) on X for all t > 0. To
prove the claim apply 4.2.6.

pls +h) — uls)
h

= %(T(t —s—h)S(s+h)x — T(t —s)S(s)x)

= %T(t —s—h)(S(s+h)—S(s))x+ %(T(t —s—h)—=T(t—s))S(s)x

=T(t—s—h)(w)x+ (T(t_s_hz_T(t_S)
— T(t =5)AS(s)x — T(t —$)AS(s)x =0 as h — 0.

) S(s)x

The mean value theorem holds as in basic calculus, so u is constant. O

4.3 Infinitesimal Generators

Given a closed densely defined A, how do we tell if A generates a linear Cj,-
semigroup? Let a € R and n € N and put f(t) = t" !e? for all t > 0. Recall
that the Laplace transform of f is

(n—1)
A—a)y

fy=
Let Abe an N x N matrix and put F(t) = e,

EF(D =J e MetAdt =J etA=20q¢
0 0

=A-2A)"eW A = _(A— AP =R(1;A)

0
Recall that e* = lim,,_, (I — ﬁA)’” = limnﬂm(ﬂ)"R(i ;A)". To apply this to un-

bounded operators, the behavior of R(A;A)" for large n will be key. We conjecture
that

1 o0
R(A;A)" = e M letAd s,
(n—1" J,
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4.3.1 Lemma. Let M,w € R and A € K with RA > w be given. Let T be a linear
C,-semigroup such that ||T(t)|| < Me®* for all t > 0, and let A be the infinitesimal
generator of T. Then A € p(A) and, for all x € X,

o0

R(A;A)x = f e MT(t)xdt.

0

Proor: Put I;(A)x = fooo e MT(t)xdt for all x € X. We need to show that A
p(A) and R(A;A) =1;(A). Let x € 9(A) be given.

I (MAx = J e MT(t)Axdt
0

* —At d
= e M —(T(t)x)dt 4.2.6
o dt
=—x+ Af e MT(t)xdt integration-by-parts
0
=AL(AM)x —x

Let x € X be given. We will show that I;(A)x € 2(A) and
AL (A)x = AL (A)x — x.
Let h > 0 be given and compute the difference quotient.

T(h)—1I
(=

) L(A)x

1 J Y
=—| e M(T(t+h)x—T(t)x)dt
h 0

o0

1(* 1
= f e MT(t +h)xdt — EJ e MT(t)xdt
0

0

h
1(* —A(s—h) 1% —At

= - e TV (s)xds — — e MT(t)xdt
h )y hJo

1

h

* 1% 1
=— e MM T(Oxdt — — e MT(Oxdt — = | e M WT(t)xdt
hJo hJo hJo

00 o=A(t=h) _ o—At 1 ("
= ————T(Oxdt —eM— | e MEPT()xde
0 h h 0

— AL;(A)—x ash— 0.

This proves the result. O
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4.3.2 Lemma. Let M,w € R and A € K with RA > w be given. Let T be a linear
C,-semigroup such that ||T(t)|| < Me®* for all t > 0, and let A be the infinitesimal
generator of T. Then A € p(A) and, for alln €N and all x € X,

R(A;A)'x =

—At  n—1
(n—l)!JO e M T(t)xdt.

Proor: We already know that p(A) 2 {u € K: Ry > w}. We also know that
@ — R(u;A) is analytic. We have seen that

R(u;A) = D (A — w)"ROGAY™! = 3 (=1)'R(AN™ (= A)"
n=0 n=0

for |u — A| sufficiently small. Let R®(A;A) denote the k™ derivative of R(u;A)
evaluated at yu = A. From the power series, for all n € N,

RD(2; A) B neora . A

By 4.3.1, R(A;A)x = fooo e MT(t)xdt for all x € X. From this,

RD(A:A)x = (—1)”‘1f e M IT(t)xdt.
0

This proves the result. O

4.3.3 Theorem (Hille-Yosida, 1948). Let M,w € R be given. Suppose that A :
9(A) — X is a linear operator with 9(A) C X. Then A is the infinitesimal generator
of a linear Cy-semigroup T satisfying ||T(t)|| < Me®" for all t > 0 if and only if
the following hold.

(1) Ais closed and 9(A) is dense in X ; and
@) p(A) 2 {AeR: A > w} and |[R(A;A) < (Ai\/’w)n forall A € R with A > w
and alln € N.

The inequality ||[R(A; A)"|| < a iww)n might be tough to verify in practise. Notice

that ||R(A;A)|| < % implies that [|R(A;A)"]| < %, so if M = 1, i.e. if the

semigroup is quasi-contractive, then it is enough to verify the inequality for n = 1
only.




Infinitesimal Generators 33

Hille-Yoside: proof of necessity

We have already seen that (i) holds, by 4.2.8, and that p(A) contains {A €R: A >
w}, by 4.3.1. By 4.3.2,

R(A;A)'x =

e M T (t)xdt
(n—1) L

IR A6 < 5,

M 00
IHXHJ e—lttn—lewtdt
(n—1) 0

M (n—1) M
= llxll = x|
(n—1)! (A —w) (A —w)
(The evaluation of the integral can be found in any book explaining the Laplace
transform.) This concludes the proof of necessity.

o0
J e M| T (x| dt
0

=

Hille-Yosida: proof of sufficiency

Should we try using the inverse Laplace transform? If we could write

27l

1 y+ioco
T(t)= —f eMR(A;A)dA
y—ioco
then T would have higher order regularity in general. This method would work
for so called “analytic” semigroups, but not for general C,-semigroups.

How about the limit obtained from considering the implicit scheme? In general
T(t) = lim, (I — ﬁA)’”, and this method can be used, but we will not use it
here. What we will do is approximate A with bounded operators {A,},.,, and put
T,(t) =Y. L (tA,)". Then in theory T,(t) — T(t) as A — 0.

n=0 n!

4.3.4 Lemma. Let A : 9(A) — X be a linear operator with 9(A) € X. As-
sume that (i) and (ii) of the Hille-Yosida theorem hold. Then, for all x € X,
lim;_, ., AR(A;A)x = x.

ProoF: Let x € 2(A) be given. For any A > w,
(Al —AR(AA)x =x
AR(A;A)x — x =AR(A;A)x

= R(4;A)Ax
IAR(A; A)x — x|| = |IR(A; A)Ax|]

<

Ax
x|

—0asA—

Since 2(A) is dense in X, the result follows. O
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The Yosida approximation A, of A, for A > w, is defined by
A, x = AAR(A;A)x = (A2R(A;A) — ADx.

By 4.3.4, Ayx — Ax as A — oo for all x € 2(A). We claim the following re-
sults, given as a homework exercises. Let B € ¥(X;X) be given and define
e =" L(¢tB)" forall t €R.

n=0 p!
() {e'®},5, is a linear C,-semigroup with infinitesimal generator B.

(ii) lim, o lle®® — 1] =0

(i) Forall A €K, !B~ = ¢~te!B,
It can be shown that if T is a linear C,-semigroup with the property that limy,, || T (h)—
I]| = 0 then T(t) = e'B for some B € £(X;X).

Assume that conditions (i) and (ii) of the Hille-Yoside theorem hold. Put A; =

A2R(A;A) — AI and notice that for any A > w,

o] AZ”t”R(A'A)”
ot — g2t Z >

e~ n!
0 lZntn
tA; < M —At b s
lle:]| < Me ;—(l_w)nm y (i)
AZ
=Me_7“exp(}L t) A>w
-—w
iy Aw .
= M exp ol

It follows that ||e®4*|| < Me®'! for any fixed w; > w, for all A sufficiently large
with respect to w.

Put T;(t) = e for all t > 0 and A > w. Notice that A;A, = A A; and
AT, (t)=T,(t)A, for all A,u > w. Let x € Z(A) be given.

t

d
T, (t)x — T,(t)x = J E(Tu(t —5)T;(s)x)ds
0

= J T,(t —5)A;Ty(s)x — T,(t —s)A,Ty(s)xds
0

t
= J (T,(t =s)Ty(s))(Arx —A,x)ds
0
1T (0)x — T, (x|l < M*e t||A;x — A, x|

Therefore {T,(t)x};-,, has the Cauchy property, uniformly in t on bounded inter-
vals. 2(A) is dense in X and we have a bound on || T, (¢t)|| (in A), so for all x € X,
lim,_, ., T, (t)x exists.

For all t > 0 and x € X, put T(t)x = lim,_,, T,(t)x. Note that ||T(t)| <
Me®t, T(t)T(s) = T(t +s) for all s,t > 0, and T(0) = I, since these relations
hold for each T,. Continuity follows since the convergence is uniform for t in
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bounded intervals. Let B be the infinitesimal generator of T. We must show that
B = A. First we will show that B extends A, and then we will use a resolvent
argument to show that 2(A) = 2(B). Let x € 2(A) be given.

1T, (£)Ayx — T(£)Ax|| < || TH(£)(Ax — Ax)|| + [I(To(¢) — T())Ax||
< Me®*[|A;x — Ax|| + [I(T5(t) — T (t))Ax]|
—0asA— o0

Since the convergence is uniform in t on bounded intervals,

T(t)x —x = lim T, (t)x — x
A—00

t t
=A1im f T,(s)A; xdx =J T(s)Axdx.
—~*Jo 0

Checking the definition of B, for any h > 0,

Th)x—x 1 "
——— =—| T(s)Axds > Ax ash|DO.
h h |,

Therefore x € 9(B) and Bx = Ax. B is closed since it is the infinitesimal generator
of a linear C,-semigroup, and A is closed by assumption. Since ||T(t)|| < Me®:* for
any w; > w, by 4.3.1 p(B) 2 (w, ), so it follows that p(B) N p(A) # &. Choose
A€ p(A)Np(B). By 3.3.3, since A and B are closed, (AI —A)[2(A)] = X and (Al —
B)[2(B)] = X. Further, since B extends A, (AI —B)[2(A)] = (Al —A)[2(A)] =X.
To conclude the proof of the Hille-Yoside theorem, note that 2(A) = R(A; B)[X] =
2(B).

Remark. Let A: 92(A) — X be a linear operator with 2(A) C X. The following are
equivalent.
(i) Ais closed;
(i) (Al —A): 2(A) — X is a bijection for some A € p(A);
(iii) (AI —A): 2(A) — X is a bijection for all A € p(A).

4.3.5 Corollary. Assume that A : 9(A) — X is linear with 2(A) C X, and that
9(A) is dense and A is closed. Then A generates a contractive linear C,-semigroup
if and only if p(A) 2 (0,00) and ||R(A;A)|| < % for all A > 0.

4.4 Contractive semigroups

Let T : [0,00) — £ (X;X) be a contractive semigroup. For all t,h € [0, c0),
IT(t+RI =ITETOI<ITMINTEOI < ITCI,

so t — ||T(t)|| is a decreasing function. Assume for now that X is Hilbert space.
Let x € 9(A) be given and put u(t) = ||T(t)x]||*> = (T(t)x, T(t)x). For all t > 0,
since u is decreasing,

0> pu(t) =(T(t)x, T(t)Ax) + (T(t)Ax, T(t)x) = 2R(AT(t)x, x).
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In particular, for t =0, R(Ax, x) < 0 for all x € 2(A).

We will prove that if X is a Hilbert space and A : 2(A) — X is a linear operator
then A generates a generates a contractive semigroup if and only if both of the
following hold.

(1) R(Ax,x) <0 for all x € 2(A); and
(ii) there exists A, > 0 such that A,] — A is surjective.

4.4.1 Definition. Let X be a Banach space over K with norm || - ||. By a semi-inner
product on X, we mean a mapping [,-] : X x X — K such that
@ [x+y,2]=[x,2]+[y,2] foral x,y,z €X;
(i) [ax,y]l=a[x,y] forall x,y €X and a €K;
(i) [x,x]=||x]||? for all x € X; and
@) [[x, yJI < llx|lllyll for all x,y € X.

Remark. The term “semi-inner product” is frequently used in a more general sense
that is not linked to a pre-existing norm.

We must ask, do semi-inner products exist, and can there be more than one
associated with any given norm? The answer to both is yes in general. However,
if X* is strictly convex then there cannot be more than one. We will see that if
M [Ax, x] < 0 with respect to one semi-inner product then it holds with respect to
any semi-inner product.

4.4.2 Proposition. There is at least one semi-inner product on a Banach space.

Proor: Let X be a Banach space. For every x € X put
F(x) = {x" €X* | (x*,x) = |lx|I? = |Ix*1?}.

By the Hahn-Banach theorem % (x) is non-empty for every x € X. For every
x € X, choose F(x) € #(x). Define [-,-] : X x X - Kby [x,y] = (F(y), x) for all
x,y €X. O

If X* is strictly convex then there is exactly one semi-inner product, essentially
because the set & (x) contains a single element.

4.4.3 Definition. Assume that A : 2(A) — X is linear with 2(A) € X. We say
that A is dissipative provided that there is a semi-inner product on X such that
R[Ax,x] <0 for all x € 2(A).

The notion of dissipativity depends on the particular norm used. Given a par-
ticular norm, it turns out that dissipativity will not depend on the semi-inner prod-
uct used.

Aside: Consider u..(x,t) = Au(x, t) — a(x)u(x, t) with ul;q = 0, where a
is non-negative, smooth, with compact support, and f q@>0. Then solutions u
tend to zero with t. Crazy!
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4.4.4 Lemma. Assume that A : 2(A) — X is linear with 2(A) C X. Then A is
dissipative if and only if ||(AI — A)x|| > Al|x|| for all x € 2(A) and A > 0.

Proor: Assume that A is dissipative. Choose a semi-inner product such that R [Ax, x] <
0 for all x € 2(A). Then for all x € 9(A) and A > 0, we have

RL(A— A1, x] = Allxl® — R [Ax, x] = Allx]|.
Combining that with the fact that
RIAL —A)x, x] < [[(AI —A)x, x]| < [[(AT — A)x|l||x]]

yields the result. Assume now that ||[(AI —A)x|| > A||x]| for all x € 2(A) and A > 0.
As before, put
F(x):={x" e X" | (x*,x) = |lx|I* = [Ix*|I}.

We identify three cases: x =0, x € 2(A) \ {0}, and x ¢ 2(A).
Let x € 2(A) \ {0} be given. Notice that ||(nI — A)x|| = n||x|| for all n € N.

Choose y; € Z(nx —Ax) and put 2, = ”yl*”y:: for all n € N.

nflx[| < [nx — Ax|| by assumption
= — (¥, nx —Ax) since y' € F (nx — Ax)
lyill
= (z;,nx — Ax) (this is a real number)

=nR(z, x) — R(z;,Ax)
Since ||z, || = 1 by construction,
rllxll < (2, x) — Rz, Ax) < nllx]| - R(z, Ax)

Therefore R (z;;,Ax) < 0 and similarly R(z, x) > [|x|| - %lIAxll. Assume with great

loss of generality that X is reflexive or separable. Choose a subsequence {z,’:k}iozl
of {z7}>°, and 2" € X* such that z:k — z* as k — co. (In general we would
use nets.) Then ||z*|] < 1, R(z*,Ax) < 0, and R(z*,x) > ||x]||. It follows that

(z*,x) = ||x||. Define a semi-inner product as before, but with

0 x=0
F(x) =1 z"[x|l x € 2(A)\ {0}
anything in #(x) xeX\ 2(A)

4.4.5 Lemma. Assume that A : 9(A) — X is linear with 2(A) € X and that A is
dissipative. Let A, € (0,00) be given and assume that A,I — A is surjective. Then
A is closed, p(A) 2 (0,00), and ||R(A;A)|| < % for all A > 0.
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Proor: Notice that, by 4.4.4, ||(AI — A)x|| > Al|x|| for all x € 2(A) and A > 0.
Whence immediately ||R(A;A)|| < %, provided the resolvent exists. The key points
are to show that A is closed and that AI — A is surjective for all A > 0.

Notice that Ayl — A is bijective since it is surjective and bounded below, and
further, ||(A,I —A) x| < %lell. So (Aol —A)™! € £(X;X), hence it is closed, so
A s closed by 3.1.6. ’

To show that p(A) 2 (0, 00) it suffices to show that (AI —A)™! is surjective for
all A > 0. Put A ={A €(0,00) : A € p(A)}, which is open (in the relative topology
of (0,00)) and non-empty. We will show A is closed and conclude A = (0, 00). Let
{4,152 | be a sequence in A converging to A* € (0,00). We will show that A* € A
by showing that A*I — A is surjective. Let y € X be given. Produce x € X such
that (A*I —A)x = y as follows. For every n € N put x,, = R(1,;A)y. Note that
sup{% :neN} < oo.

Il = x|l = [[(R(An;4) = R(A,; )y |l
= [Am = A llIR(A,5 AR(A,; A)y |l

[l
AnPm

—0asn,m— o0

< |Am _)Lnl

Write x,, — x. Finally, {x,}>°, € 2(A), x, — x, and Ax,, — A"x — y. Since A is
closed (A'I —A)x =y. O

4.4.6 Theorem (Lumer-Phillips, 1961). Assume A : 9(A) — X is linear with
9(A) dense in X.
(i) IfA is dissipative and there is Ao > 0 such that A,I — A is surjective then A
generates a contractive linear Cy-semigroup.
(ii) IfA generates a contractive linear C,-semigroup then AI — A is surjective for
all A > 0 and R[Ax,x] < 0 for all x € 9(A) and every semi-inner product
on X (in particular, A is dissipative).

Proor: The first part follows from 4.4.5 and the Hille-Yoside theorem, since ||[R(A;A)|| <
% implies |[R(A;A)"]| < %

In the second part, the surjectivity conclusion follows from the Hille-Yosida
theorem. Let [:,-] be a semi-inner product on X. We need to show that R [Ax, x] <

0 for all x € 2(A). For all h > 0 and x € 2(A),
R[T(h)x —x,x] = R[T(h)x,x] — ||lx||?
< TRl = 1x]* < Jlxl* = x| < 0
Dividing by h and letting h | 0 we get R[Ax,x] <O0. O
4.4.7 Corollary. AssumeB : 9(B) — X is linear with 2(B) dense inX. Let w, Ay €
R with Ay > w be given. If A,I — B is surjective and there exists a semi-inner

product on X such that R%[Bx,x] < w||x||? for all x € 2(B), then B generates a
linear Cy-semigroup T such that ||T(t)|| < e®.
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ProoF: Put A= B — wlI and apply the Lumer-Phillips theorem to A. O

4.4.8 Lemma. Assume X that is reflexive and that A : 92(A) — X is linear with
9(A) € X. Let Ay > 0 be given and assume that A is dissipative and that Ayl —A is
surjective. Then 9(A) is dense in X .

This lemma shows that if X is reflexive then we do not need to assume that
2(A) is dense in the Lumer-Phillips theorem. This is less helpful than it seems
because in many applications it is trivial to check that the domain is dense.

Remark. Let M be a linear manifold in a Banach space X (not necessarily re-
flexive). Then M is dense in X if and only if for all y € X there is a sequence
{x,}0>, © M such that x, — y as n — oco. Indeed, one direction is trivial. For the
other, if y is not in the closure of M then dist(M, y) > 0. By Hahn-Banach there
is y* € X* such that y*(x) =0 for all x € M and y*(y) # 0.

ProoF: Let y € X be given. It suffices to prove that there is {x,}”, 2(A) such
that x, — y asn — oo. Put x, = (I — %A)’ly =nR(n;A)y € 2(A) for all n € N.
Then

1
]l < nlRGu Ayl < n—llyll = 1lx1l-

Choose a subsequence {x, };-, and x € X such that x,, — z as k — co. We are
done if we show y = z. But

xn
Al =) =x, -y —2—
(32) =x—y=2-y

and x, — O (in fact, x,, — 0). Gr(A) is closed and convex, so it is weakly closed.
Since (0,2 —y) € Gr(A), z =y. O

4.4.9 Theorem (Lumer-Phillips for Hilbert spaces).

Let X be a Hilbert space and assume that B : 9(B) — X is linear with 2(B) C X.
Let w € R and Ay > w be given. Assume that R(Bx, x) < w||x||? for all x € 2(B)
and that AyI — B is surjective. Then B generates a linear C,-semigroup T such that
[|T(t)|] <e® forallt > 0.

4.4.10 Example. Let
9(A) :={u € AC[0,1] : v’ € AC[0,1],u” € L*[0,1],u(0) = u(1) = 0},

and Au := u”. We have seen that A is closed and A is densely defined (in fact it is
self-adjoint). For any u € 2(A),

1 1
(Au,u) = J uudx = —J (u')?dx <0
0 0
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If we can solve the ODE u —u” = f, u(0) = u(1) = 0 for any f € L%(0,1), then
A generates a contraction semigroup T by the Lumer-Phillips theorem. Thus the
solutions to the heat equation

u, —u,, =0 on (0,1)
u(t,0)=u(t,1)=0 forallt>0
u(0,x) = g(x) for all x €(0,1)

can be written u(x, t) = (T(t)g)(x).

5 Fourier Transforms

5.1 Multi-index notation

Before introducing the Fourier transform we review the concept of multi-indices,
and restate some well-known theorems in this notation. Let n € N be given. By
a multi-index of length n we mean a list a = (ay,...,®,) such that each a; is a
non-negative integer. The set of all multi-indices of length n is denoted by M,,.
The notation of multi-indices was introduced by Whitney (reported by L. Tartar
via personal communication with L. Schwartz). Write

o lal =3, a;
o al:=a;! - a,!; and
o a<fifandonlyif a; < B; foralli=1,...,n.

For a < 3, write
a) B!
(/3) T (B-a)tlal’

For f : R"™ — K of class C*, write

olelf
Df(x):= m(x)-
xl oo aXn
We have the Binomial Theorem,
a
(x+y)*=" ( )xﬁy“—ﬁ
B<a ﬂ
and Taylor’s Theorem
1
Flg+x)= D —D"f(xo)x".
aeM, a
Finally, we introduce one piece of non-standard notation,
aYl

P, (x) :=x%=x{"--x"

The standard notation is to simply write x“, but it will be convenient to have a
name for this oft-used function.
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5.2 Fourier transforms

5.2.1 Definition. The Fourier transform of f € L*(R%;K) is f : R" — C defined
by

e f exp(—ix - &)f (x)dx.
-

There are several closely related, but slightly different, definitions of f appear-
ing in the literature. Sometimes the normalizing constant is changed or left out,
and sometimes the basis functions are modified by changing the sign or inserting
a factor of 2m. Be very careful about any formulae related to Fourier series that
you pull from an unfamiliar book.

5.2.2 Lemma. For f € L'(R"), f is continuous and lim|5|_)oof(§) =0.

ProoF: Suppose that &,, — & in R™. For all m > 1, [e"™n f(x)| = |f(x)| for all
x € R™. Therefore, by the Lebesgue dominated convergence theorem, f(&,,) —
f(&). Since this holds for arbitrary convergent sequences, f is continuous.

The second assertion is the Riemann-Lebesgue lemma and its proof can be found
in any text on Fourier transforms. O

Remark. Not every continuous function that vanishes at infinity is the Fourier
transform of some L! function. Indeed, " : L}(R") — C,(R") is an injective linear
mapping that is continuous, because |f(&)| < ||f || for all £ € R". But it can be
shown that these spaces are not isomorphic, so the Fourier transform cannot be
surjective. We will see that, for 1 < p < 2 with £ + 1 = 1, the Fourier transform

can be defined on L? and maps into L9, but is surjective if and only if p = q = 2.

Suppose that f is really nice, by which we mean that it has sufficient differ-
entiability and boundedness properties that all of the following computations are
valid.

(Daf)(g) = (27‘5)”/2 JR“ Dge*ix'gf(x)dx
= | e
= Gy . ix)%e fo)dx
= (—1)P.f (&)

(Daf)A(g) = (27‘C)n/2 J]Rn e—ix-EDaf(X)dx

1 s o\a,—ixe
(zn)n/z(_l)alfkn(_lg) e Ef(x)dx

=i"P,(E)f (&)
Therefore, D*f = (—i)*(P,f) and (D*f ) =il*p,f.
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5.2.3 Definition (Schwartz space).

F(RM) := {p € C®(RM) | sup |xPD*p(x)| < oo for all multi-indices a and f}
xX€R

This is also known as the collection of rapidly decreasing functions.

5.2.4 Lemma. Let ¢ € &(R") be given and let a be a multi-index. Then ¢ €
F(R"), D*@ = (—1)I%P,p, and D*p = i'*P, .

Proor: The computations above are valid for elements of &(R™). a

5.2.5 Lemma. Let ¢, € ¥ (R") and x € R" be given. Then

f eix-€¢(€)¢(g)dg = J p(x +y)1[)(}’)dy
R" B

Proor: The following is valid for elements of <.

ix-& ~ 1 ix-& —iz
fRne”%(é)w(i)d€=WLn J e N()dade

1 .
:Wf f e Y (E)p(2)dEdz

= f Pz — x)p(z)dz = J Pplx+y)dz O
R" R"

5.2.6 Theorem (Fourier inversion). Let ¢ € (R") be given. Then

1
p(x)= a2 JRH exp(ix - £)@(E)dE.

ProoF: Let vy € #(R") be given. Define v, : R" — K by ¢.(2) := ¢ (&2).

—-n

— 1 .
P (&)= —f e X E(ex)dx =
]Rn

(2m)/2 f ] e (z)dz

m)n? |,
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Thus, by 5.2.5,

J eix~€¢(€)¢(€€)d§=J e Ep(x + y . (y)dy
R" R"

g—n
(2m)n/2

= ﬁj f @(x +y)e = ap(z)dzdy

=" Jw o(x+y)N (%) dy

= J 0(x + e2)(z)dz

JJ‘P(X-i-y)eiz'yw(Z)dzdy

J e EG(ENP(0)E = f p(p(z)dz letting ¢ | 0.
RR R"

Whence, for every ¢ € & (R"),

1,U(O)J eix'gtﬁ(é)dé:w(X)J P(2)dz.
R" R"

To prove the theorem we choose a convenient 1 € &(R"). Namely, we pick the
normal density function, y(x) = exp(—%lxlz), so that

P(0) = (Zn)"/zf P (2)dz. €))
R’l
The result follows. |
Remark. As a consequence of the proof, equation (1) holds for all ¢ € &(R").

Given ¢ € (R"), define ¢ € & (R") by ¢(x) := ¢(—x). Notice that ¢ = ¢,
and also

y 1 . 1 . -
VO =Gom J et (e = oy J ¢ P(2)dz = B(&).
R" R"

It is a corollary of (5.2.6) that " : #(R") — &(R") is bijective. Namely, $ =0
implies ¢ = 0, so it is injective, and ¢ = @, so it is surjective.

5.2.7 Lemma. Let ¢,y € S (R") be given. Then

J gmf)dx:f pypdx.
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ProoOF: By (5.2.5), |, e C@(EWP(E)E = f Lo(c+yp(y)dy. Putx=0. O

5.2.8 Theorem (Parseval’s relation). Let ¢, € (R") be given. Then

J c,m/}dx:f c,b@/jdx
R" R"

i.e. the Fourier transform is an isometry with respect to the L?-norm.

Proor: We claim that ¢ = 11:;, o) f ppdx = f W,de = f (,bg[z)dx.

= 1 . . g
Y€)= WJW e" ™ Ep(x)dx = JRH e h(x)dx = (&)

(2m)n/2
Taking the Fourier transform of both sides proves the claim. O
5.2.9 Example. Given f € (R"), find u € #(R") such that —Au+u = f, where

A is the Laplacian operator. Put P(§) = 1+ |&|?. Apply the Fourier transform to
the equation to get

~Au+a=f
(L+[EPag) = £(&)
ie. Pi=f

Now, i € &(R") if and only if f/P € &(R"). But P is never zero so we can
divide by it with no problem. Therefore there is a unique u € &(R") solving the
equation, namely u = (f /P)™. The equation —Au = f cannot be solved in this
manner because the resulting polynomial is zero at £ = 0.

5.3 Tempered distributions

Topologize & (R") as follows. For every N € NU {0}, define

Hellly = D, 1P.DP ol

lal,|BI<N
Define the metric p : Z(R") x & (R") — [0,00) by

e S lle vl plll2™
2311l — Il

It can be shown that (&(R"), p) is complete and p is translation invariant.

5.3.1 Definition. A continuous linear mapping u : #(R") — K is called a tem-
pered distribution. We write {u, ¢) for u(¢) with ¢ € Z(R"), and let &’(R")
denote the set of all tempered distributions.
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Remark.
(i) Notice that ¢, — 2 in &(R") if and only if PgD*¢p; — PgD%) uniformly
on R" for all multi-indices a and f3.
(ii) The equation —u”+u = 0 has solution u(x) = c;e*+c,e ™ forany c;,c, € R.
But ¢;e* + c,e™* € /(R") if and only if ¢; = ¢, = 0.

Many linear operations that are defined on & can be extended to %’ in a
natural way, by thinking of the elements of &’ as “integrating” elements of #. Let
ue S (R") be given

o Define u € ' (R") by (@, p) = {u, p) for all p € L(R™).

o Define i € & (R”) by (U, ) = (u, Y) for all ¢ € L (R").

o Define P,u € &'(R™) by (P, cp) (u, P,p) for all ¢ € Z(R™).

o Define D%y € &'(R") by (D @) = (=1)(u, D%p) for all p € L (RM).

5.3.2 Example. For ¢ € #(R") define L, € &'(R") by (L, ) : f L pYdx. Let
p € [1,00) and u € LP(R") be given. Deﬁne L, e ' (R") by

(Ly, @) :=J u(x)p(x)dx.
-

For u € LP(R"), we generally identify u and L,,. Notice that if (L, ) = 0 for all
p € (R") then u=0a.e, so L :LP — &'(R") is an injection.

Let u € L'(R") be given. Then

1
(L @) = —(M)H,ZJ (J e-xfnp(g)dg)u(x)dx= Loy ).

Therefore the definition of Fourier transform for tempered distributions agrees
with the definition given for L' functions at the beginning of the chapter. It can
be checked that u € L2(R") if and only if g € L?(R") for L,e Z'(RM).

5.3.3 Theorem. Let u € &’(R") and a multi-index a be given. Then
O o

Proor: Exercise. O

5.3.4 Example (Delta function). Define §, € .&'(R™) by §,(¢) = ¢(0).
- 1
(B0, 9) = (50, #) = 90 = J p(x)dx

This final expression looks like “(27)™" 2L.,,” but the constant function 1 is not
an element of &(R"). It is, however, an element of &’(R"), and we write 6, =
(2m)™"/21. Notice

(80, 0) = (50, %) = $(0) = 9(0) = (50, ),
so by 5.3.3, 1 = (21)"/25, = (21)"/25,.
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5.4 Convolution

5.4.1 Definition. Given ¢, € &(R"), define the convolution of ¢ and ¢ to be
p 1 : R" = K, where

w*w(X)=J

R

ox =y (y)dy = J e Y(x —y)dy.

R?

Note that ¢ * 1 € &(R") and convolution is associative. For any multi-index
a, D@ x) = (D%p) x1 = ¢ * (D*P), so the convloution is as smooth as its
smoothest argument.

5.4.2 Lemma. Let ¢,y € ¥ (R") be given. Then
() @* =2m)"*¢y); and
) o =(2m)2p x1).

Proor: By the inversion theorem we only need to get down to the nitty-gritty for
one of the parts.

W(§)=(2n1)n/zj ei"f(f w(y)w(x—y)dy)dx

—1 i(x—y)-& ,—iy-&
~ 2ny e eV Ep(yW(x — y)dydx

=#J f €€ e Y€ o (y Wp(z)dzdx
@2 |, ).
— 2r) 2 (E)(E)

For part (ii),

o = (2m) V2 x = (2 V(G x ) = (27m) V2 x4 O

To define the convolution on distributions, it will be convenient to introduce
the translation operator. Given h € R" and ¢ € & (R"), define 7,0 € F(R")
by (t,p)(x) := @(x — h) for all x € R". Beware that some sources define the
translation operator with a “+”. Now,

n

(Lo P) = f Ta(x)p(x)dx = f ulx —h)p(x)dx

= f pu(x)p(x +h)dx = f p(x)T_pp(x)dx = (L, T_pp),
R R
so for u € &’(R") we should define 7,u € &'(R") by (Tpu, ¢) = (U, T_x ) for all
p € F(R"). For and ¢,y € L (R"),

(w*w)(x)=J

R"

e (x—y)dy = J

R"

e(YP(y —x)dy = J e(NT Py

R



Sobolev spaces 47

Therefore, for u € &/(R") and ¢ € &(R"), we should define u * ¢ : R" — K by
(u* p)(x) = (u, 7,@) for all x € R". It can be shown that u * ¢ € C*(R"), but
there is no reason to expect that it is rapidly decreasing. It does however have at
most polynomial growth, so it lives in &’.

5.4.3 Lemma. Let u € &'(R"), ¢,y € ¥(R"), and a multi-index a be given.
@D (wx@)xp =px(p*yh);
(i) D*(ux*p)=ux(D*p)= (D) *p;
(iii) (u*p) = (2n)"*p; and
Gv) Y= (21) 2% ).

Proor: We prove (iii) and leave the rest as exercises. Let ¢ € &(R") be given.

(), o) =(u*x, @) by definition of ~
={u*1p, Toé) trivially
=((u*1)*¢)(0) by definition of *
= (u* (¢ * $))(0) by part (i)
= (u*(y *¢))(0) it can be “checked”
= (U, * @) as above
= (, (2m)"2 5.4.2
= 2m)"*(, )
= 2m)"* (P, o) O

5.4.4 Example. The fundamental solution of a PDE is defined to be the solution
with &, on the right hand side, i.e. the solution to Lu = &, if there is a solution.

5.5 Sobolev spaces
Let p € [1,00] and a non-negative integer m be given. Define
W™P(R") := {u € &'(R") : D*u € LP(R"), |a| < m},

where WOP(R") = L?, and the norm

1
= | Gaien ID%l)" 1= p <00
m’p 2\OtISm ID*ull p=o00

For 1 < p < oo, (W™, || - ||, ,) is uniformly convex and reflexive. Neither is true
forp=1orp=oc0.

The case p = 2 is special. Note that u € W™2(R") if and only if Qp2ll €
L?(R™), where Q, = (1 + |x|?)*. Indeed, the Fourier transform is a bijection from
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L% to L2 and D% = il“!p_a for all multi-indices a. An equivalent inner product on
W™2(R"M) is given by

(W, V) i=f Qn(&)a(E)v(E)dE.
-
For s € R, define H*(R") := {u € ' (R") : Q;ol € L?(R™)}, with inner product

(+,)s- Notice that H™(R") = W™2(R") for non-negative integers m.

5.5.1 Theorem (Sobolev Embedding, special case).

Let C, denote the collection of all continuous functions f : R" — K such that
sup|f(x)| — 0 as |x| — oo, equipped with the norm || - ||,,. Then for all real
s>n/2, H(R") < C,(R").

ProOF: Let u € H*(R"), so that Q;,i1 € L%(R™). Write &t = (Qs21)/ Q52
v 2 (Qs/Za) ~
u=u-= —_—
Qs/2

so it suffices to show that 1/Q/, € L?, for then & € L*(R"), which implies that
i € C, by 5.2.2. Changing to polar coordinates,

(&) o= o=, e
x = x= r"ldr < oo
w \ Qs/2 g (L4 x| o (L4r2y

if and only if s > n/2. O

5.5.2 Example (Heat equation). The heat equation is u,(x,t) = Au(x,t), for
x € R" and t > 0, with initial condition u(x,0) = uy(x) for x € R". Our ba-
sic space is X = L2(R"). Formally, we want an operator A : 9(A) — X such that
Av = Av for all v € 9(A). If I — A is surjective and A is dissipative then A generates
a contractive linear Cy-semigroup (X is reflexive so we do not need to worry about
the domain being dense to apply the Lumer-Phillips theorem.)

Given f € X = L%(R"), we have to find u € 9(A) such that u — Au = f. Put
P(£) = 1+ |£|> = Q;. Then, taking the Fourier transform, Pii = f, so it = f /P.
Therefore there is such a u and it lives in H2(R"). We take 2(A) = H3(R"), and
I — A is a bijection between 2(A) and L2(R").

Looking to the inner product as the obvious semi-inner product, we need to
know that (Av,v) < 0 for all v € 2(A). We could integrate by parts

(Av,v) = f Au(x)u(x)dx = —J u?(x)dx <0,
R

R

or we could also use Parseval’s relation,

(Av, ) = J AuddE = —J |&|Patdx < 0.
R" R"
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Thus, by the Lumer-Phillips theorem, A generates a contractive linear C,-semigroup,
and for all u, € 2(A), the mapping t — T(t)u, is differentiable on [0, 00) and
L(T(D)ug) = AT (O)up.

The results here are not optimal. In fact, given u, € L(R"), it can be shown
T(tu, € ﬂ:ozl 9(A") for all t > 0 and t — T(t) is analytic on [0, 00) in the
uniform operator topology. To get these results one would have to develop the
theory of analytic contractive semigroups.

5.5.3 Example (Wave equation). The wave equation is u,.(x,t) = Au(x,t), for
x € R" and t > 0, with initial conditions u(x,0) = uy(x) and u,(x,0) = vy(x)
for x € R". Walter Litmann 1967 showed that if n > 2 then the wave operator
generates a Cy-semigroup in L? if and only if p = 2, so the following results are
optimal.

For now we take K = R. Formally multiply the equation by u, and integrate

over R" to get
J u u, dx =f (Auw)u,dx
n RH

df()zd vad 1d |Vul?d
— u,)dx = — u-vu,dx = ——— ul“dx
dt Jen R 2dt Jgn

N~

0= 2L (24 vuprd
_2dt Rnut u X.

This is referred to as conservation of energy. We have, for all t > 0,

€

lf (W2 + [Vul*)(x, t)dx = lf ((V(x))? + [ Vg (x)|?)dx =: —.
2 ), 2 )., 2

Note that |, %(u(x))zdx is conspicuously missing. When n is odd, it can be

shown that |, su?dx — 2&, and [, 3|Vu(x)*dx — Je, as t — oo. This is
referred to as equipartition of energy.

Let X = HY(R") x L2(R™). We write the wave equation as the system
Uy =uy
Uy = Au,.
Formally, we define the operator A : 2(A) — X by A(p1, ) = (p,, Ap,) (the
parentheses represent ordered pairs, not inner products). Then the system may

be written (it1,1,) = A(u;,u,). We would like to see that A generates a linear
Cy-semigroup. Equip X with the inner product

((p1,92), (Y1,7P2)) = J P1Y1+ Vo1 - VP + @opodx.
-
Based on the formal computation, we would expect the term first term in the
inner product to “cause issues” in what follows. The domain of A must be 2(A) =
H%(R™) x H'(R") since we need A to map into X.
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We must show that A is dissipative. Take (4, p,) € 2(A) and consider
(A1, 02), (91, 92)) = ((02, A1), (1, ¥2))

= f 021+ Vs Vi + (Apy)pdx = j aprdx
Rn

R

by parts or by Parseval’s relation. (Note that if the domain were bounded then we
would have Poincaré’s inequality and be done.) Finally,

1 2 2 1 2
Yaprdx < 5| et pydx < EII(% w)II%,
]:Rﬂ R'l

so A is quasi-dissipative with w = % (this is not optimal). Now we must show
there is Ay > % such that Ayl — A is surjective. We may as well take A; = 1 and
consider the system (¢, ¢5) — A(p1, ©2) = (f1, f2), i.e.

V1 —pa=f
Yy —Apy = fo.

Solving, we need ¢; — Ay, = f, + f;, and we've already seen that there is ex-
actly one ¢, € H2(R") that satisfies this equation. Therefore A generates a quasi-
contractive linear Cy-semigroup {T(t)},>o.

From the homework, for all m € N, 2(A™) is invariant under T(t) for all t > 0.
Therefore if u, € H™"(R") and v, € H™(R") then the solution (u(-,t),u,(:,t))
lives in H™1(R") x H™(R") for all t > 0.

6 Non-linear Operators

6.1 Monotone operators

6.1.1 Definition. Let X be a real Banach space and X* be its dual space. We say
that a (not-necessarily linear) mapping F : X — X is
(i) a monotone mapping provided (F(u) — F(v),u—v) >0 forallu,v €X;
(i) a strictly monotone mapping provided (F(u)—F(v),u—v) >0 forallu,v € X
with u # v;
(iii) a bounded mapping provided F[B] is bounded in X* for all bounded subsets
B of X;
(iv) hemi-continuous provided the mapping A — (F(u + Av),w) is continuous as
a function from R to R for all u,v,w € X;
(v) coercive provided (F(u),u)/||u]| — oo as ||u|| — oo.

This definition of coercivity is a slight generalization of the definition of coer-
civity from the Lax-Milgram theorem.
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6.1.2 Lemma. Let m € N be given and assume that P : R™ — R™ is continuous
and satisfies £ - P(E) > 0 for all £ € R™ with |E| = p. Then there is n € RM with
In| < p such that P(n) = 0.

ProoF: Suppose there is no such 7. Define ¥ (&) = —pP(&)/|P(&)|, so that ¥ is
continuous and maps B,,, the closed ball of radius p, to itself. By Brouwer’s Fixed
Point theorem ¥ has a fixed point £, € B,,. Then || = [¥(&,)| = p and

0<&y-P(&) = —pIP(&)l <O. O

6.1.3 Theorem. Let X be a separable, reflexive Banach space and assume that
F : X — X* is monotone, bounded, hemi-continuous, and coercive. Then F is
surjective.

Proor: Let f € X* be given. We must find u € X such that F(u) = f. Assume
that X is finite dimensional. Since X is separable, we may choose a linearly inde-
pendent sequence {v,,}>°_; such that the linear span of {v,,}_, is dense in X. For
meN put V,, :=span{vy,...,v,}.

Fix m € N. We look for u,, € V,, such that (F(u,,),v;) = (f,v;) for all i =
1,...,m. Write u,, = Z;n:l &;v; and solve for the required & € R™. Define a
mapping P : R™ — R™ by P;(§) = (F(u,,) — f,v;). P is continuous because F is
hemi-continuous. Then

£ P(E) =D EP(E) = (F(un) ~ f,un)

i=1
= (F(um): um) - <f’ um)

> llupl (M - ||f||x*)-

Il

Choose p > 0 (independent of m) such that & - P(§) > O for all £ € R™ with
|E| = p. This can be done because F is coercive. By the lemma, P has a zero in
B,, and this zero is the & giving the desired u,,.

Generate a sequence {u,,}>>_; in this way with ||u,,|| < p for all m € N. Then
{F(u,,)};>_; is bounded because F is bounded. Bounded sequences have weakly
convergence subsequences because X is reflexive. Without loss of generality we
may assume that {u,,}>>_, is weakly convergent in X and {F(u,,)},_; is weak*
(weakly) convergent in X*. Let u be the weak limit of {u,,}7_; in X and let ¢ be
the weak limit of {F(u,,)}>>_; in X*. We will show that ¢ = f and F(u) = ¢.

(F(u,,),v) = (f,v) forallveV, so (p,v)=(f,v) forall v e U:zl V,,. This

P>
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set is dense, so ¢ = f. By monotonicity, for all m e N and v € X,
0 < <F(V) - F(um):v - um)
=(F(v),v) = (F(v), up) — (F(un), v) + (F(up), up)
= <F(V), V) - (F(V), um) - (F(um)) V) + (f} um)
= (F(v),v) = (F(v),u) = {f,v) + (f,u)
00 < (F(v)—f,v—u).
Let w € X be given and put v = u+ Aw in the inequality. For all A > 0, (F(u +

Aw) — f,w) >0, so letting A | 0 we see that (F(u) — f,w) > 0 by hemi-continuity,
and this holds for all w € X. Therefore F(u) = f. O

6.2 Differentiability
6.2.1 Definition. Let X and Y be Banach spaces. F : X — Y is said to be Fréchet
differentiable at x, € X provided there is L € £(X;Y) such that

. F(xqg+h)—F(xy)—Lh
lim =
hex il
[Ikl[L0

0.

We write F'(x,) := VF(x,) := DF(x,) := L. We say that F Fréchet differentiable if
it is Fréchet differentiable at each x, € X.

Remark. Fréchet differentiability implies continuity in norm.

6.2.2 Proposition. Let Z be a third Banach space and let F : X — Y and G :
Y — Z and x, € X be given. Assume that F is Fréchet differentiable at x, and G
is Fréchet differentiable at F(x,). Then G o F is Fréchet differentiable at x, and
(GoF) (x0) = G'(F(xo))F (o).

Proor: Using “little-o” notation,
F(xo+h) =F(xo) + F'(xo)h + o([|hl])
G(F (xo +h)) = G(F (xo) + F'(xo)h + o(|[Al))
= G(F(x0)) + G'(F(xo))(F’(xo)h + o([Ihl})) + o(||All)
= G(F(x0)) + G'(F(x))F'(x0)h + o([Ihl]))

which proves the result. O

6.2.3 Definition. Let F : X — Y and x,,v € X be given. We say that F has a
Gdteaux variation in the direction v provided the following limit exists.

F(xo+tv)—F(x)
t

6F(xo;v) = 115%

We say that F is Gdteaux differentiable at x, provided it has a Gateaux variation in
each direction v € X.
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Remark. &6F(x,;v)need not be linear in v, i.e. it need not be the case that 6 F(xy;v) =
L(xy)v for some L € £(X;Y). Linearity in v might be part of the definition in
some books.

6.2.4 Example. Gateaux differentiability does not imply continuity, even in finite
dimensions. Let S = {x € R* | 2x? > x, > x?} and consider the characteristic
function of S. 14(0,0) = 0, and given any line through the origin there is a
neighbourhood of the origin such that, in that neighbourhood, that line does not
intersect S. Therefore 15 is Gateaux differentiable at (0, 0) in every direction with
derivative 0, but 15 is not continuous at (0, 0).

6.2.5 Proposition. IfF is Fréchet differentiable at x, then F is Gateaux differen-
tiable at x, and 5F (xq;v) = F'(x,)v forallv € X.

6.2.6 Theorem. LetF : X — Y and x, € X be given. Assume that there is an open
set U containing x such that
(i) F is Gateaux differentiable at each x € U;
(ii) for all x € U there is L(x) € ¥(X;Y) such that 6F(x;v) = L(x)v for all
v eX; and
(iii) x — L(x) is continuous from U to £ (X;Y).
Then F is Fréchet differentiable at x, and F'(xq)h = 6F (xq;h) for allh € X.

Proor: Choose & > 0 such that Bs(x,) € U and let h € B5(0) be given. Define
Y : [0,1] = X by ¢(t) = F(xo + th), so that 1/(0) = F(x,) and (1) = F(x, + h).
We need to show that 1(1) — ¢ (0) — L(xg)h is o(||k|]). By (i) and (ii), ¥’'(t) =
O6F(xy + th;h) = L(x, + th)h, which is continuous by (iii). Therefore, by the
fundamental theorem of calculus,

1
F(xo+h) = F(xo) = L(xo)h = J (¢'(¢) = L(xp)h)d ¢
0

1
1P (xo + ) = F(xg) - Lxohll < U Lo+ th) = Lelde ) )
0
This goes to zero as ||h|| — 0 since x — L(x) is continuous. O

6.2.7 Theorem (Inverse function theorem).

Assume that F : X — Y is Fréchet differentiable on X and that x — F’'(x) is
continuous. Let x, € X be given and assume that F'(x,) is bijective. Then there
areU € X andV C Y, both open, such thatx, € U, F(x,) €V, andFl}/] is bijective.
In fact, the inverse is continuously Fréchet differentiable.

Remark. Moreover, there is 1) > 0 such that, for all y € B, (F(x,)), the sequence
{xn}52, generated by x,, ., := X, + [F'(x0)]"*(y — F(x,)) converges to the unique
solution of y = F(x) in U.



54 Functional Analysis II

Proor: Without loss of generality we may assume x, = 0 and F(x;) = 0. Let
y €Y be given. We will find conditions on y that will allow us to solve the
equation F(x) = y. Note that F(x) = F’(0)x + R(x), where

R(x) = F(x) — F'(0)x = o(||x]D).
Hence, if x solves F(x) = y then

F'(0)x =y —R(x)
x = (F'(0)"'(y — (F(x) — F'(0)x)).

Define T, (x) := (F'(0)"Y(y — (F(x) — F’(0)x)). We will show that if ||y|| is suffi-
ciently small then T, maps a closed ball into itself and T, is a strict contraction. Let
M :=||(F’(0))7}|. Since ||F(x)— F’(0)x|| decreases super-linearly in ||x||, there is

£ > 0 such that |[|F(x) — F/(0)x|| < ﬁ when ||x]|| < . Assume that ||y|| < ==, so

2M°
that
1T, Ol < Mllyll +M|IF(x) - F'(0)x|| < &

Therefore there is ¢ > 0 such that T, : B.(0) — B,(0). Further, T, is Fréchet
differentiable and T}’,(x) = —(F/(0))"Y(F’(x)— F’(0)). This goes to zero as ||x]|| —
0 since we have assumed that x — F’(x) is continuous. Further restrict € so that
||T;(x)|| < % for all x € B,(0). Notice that

1

T,(x)—T,(2) = f T;(z +t(x —2))(x —2)dt

0

1
1
1T, () - T, @)l = (J 1T (5 + tCx —z))ndt) o — 211 < Sl .
0

Therefore T), is a strict contraction. By the contractive mapping theorem T, has a
fixed point, which by construction solves F(x) = y. O

6.3 Convexity

6.3.1 Definition. A function f : X — R U {+oo} is said to be a proper function
if there is x, € X such that f(x,) < co. If f is convex and proper then the
subdifferential or subgradient of f at x, € X is defined to be

Of (xo):={x*€X™| f(x) > f(xq)+ x*(x — x;) for all x € X}.
6.3.2 Example. Take X =R and f(x) = |x|. Then

{—1} x <0
af(x)=4[-1,1] x=0
{1} x> 0.
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Remark.
(1) It can happen that 0 f (x,) = @. Example?

(ii) If f is convex and proper then f attains a minimum at x, if and only if
0€df(xp).

From here on assume that K = R.

6.3.3 Theorem. Assume that f : X — R is continuous and convex and let x, € X
be given. Then 0 f (x,) # @.

Proor: Use the Hahn-Banach theorem. Put E := {(x,A) | x € X, f(x) < A}, i.e.
the epigraph of f. Notice that E is nonempty, open, and convex. Separate E from
{(x0, f (x0))} by applying a strong form of the separating hyperplane theorem.
Choose (x*,a) € X* xR and 8 € R such that
@ |lx*|| + lal >0, i.e. (x*, a) # (0,0);

(i) x*(x)+ aA > B whenever A > f(x); and

(i) x*(xo) +af(xy) < B.
It cannot be the case that a = 0 because then we would have x*(x) > 8 for all
x € X, which would imply that x* = 0 as well, contradicting (i). Further, a > 0

because otherwise we could take A — oo and contradict (ii). Put y* = 1x*
Then f(x) > £ ¢ 7Y (x) for all x € X by (ii) and so f(x,) = ﬁ + y*(x,) by (111)
Subtracting, f(x) > fxg)+y*(x —xg), s0 y* € 3f (xp). O

6.3.4 Theorem. Assume that f : X — R is convex and continuous, and let x, € X
be given. The following are equivalent.
(i) 9f(x,) is a singleton.
(i) f is Giteaux differentiable at x, and there is L(x,) € X* such that 6 f (xy;v) =
L(xq)v forallv e X.

Proor: Assume (ii) holds. Let v € X be given and put Y (t) = f(xy+ tv). Then 1)
is continuous, convex, and differentiable at 0, with

Y'(0) = 6 (x5 v) = L(x)v-
Since v is convex,

P(1) = 4(0)+'(0)1
so f(xg+v) = f(x9) + L(xo)v

Therefore L(x,) € 8 f(x,). Let 2" € 9 f(x,) be given and y € X.

flxo+1ty) = fxo) +2"(ty) = f(xo) + tz"(¥)
and f(xo +ty) = f(xo) + tL(xo)y +o(t)
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Combining these,

tL(xo)y +o(t) = tz"(y)
o(t) {z Z(y) ift>0

L _
o)y + = 1<) ift <0

Letting t — 0 we conclude that L(xy)y = 2z*(y). O

6.3.5 Proposition. Assume that f : X — R is Fréchet differentiable, and notice
that f': X — X*. The following are equivalent.
(i) f is convex.
() fW=fW)+{f'(v),u—v) forallu,v €X.
(i) (f'(w) — f'(v),u—v) >0 forallu,v €X, i.e. f’ is monotone.

ProoF: Assume that f is convex. Let u,v € X be given. Then for all t € (0,1],

fltu+(1=0v) < tf (W) +(1 - Of ()
fO+tw=v) < fO0)+ (@)~ f ()
FOHE=D=FO)

t

so, taking t | 0, (f'(v),u—v) < f(u) — f(v). The rest of the implications are left
as exercises. a
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