Ben Sauerwine
Nuclear and Particle Physics Homework 10

1) Consider the decay of a particle of mass M to particles of mass m,,m,,m,.

a) Use 4-momentum conservation to show that
ms +m;+mi, =M?+m +m? +m’.

m; :(pi + pj)z
Expanding this with the definition, I have:
My + My + M =2p7 +2p; +2p3 +2p; - P, +2p; - Py +2P, - Py

Note that by 4-momentum conservation, | have:
(Py+ P+ ;) =M?=pl+pl+pl+2p,-p,+2p,-ps+2p, - Py

Using this identity, then, | have:
mZ +mZ+m& =(p, + Py +P,)° + P2+ p2+p2=M?+mZ+mZ+m?

Just as expected.

2

2 2
MZ+M; —My | ere m, =(p, + p,f and E, is the energy

2M
of particle 3 in the parent rest frame.

(o) 2 5) |

=P‘p3 (p1+p2+p3)'p3 — pl'p3+pz‘p3+m§ =2p1‘p3+2p2'p3+2m3

b) Show that E, =

E, =
M M M 2M
My —My —mJ +my —m; —m; +2m;  mj+my—-mi—-m; M?-m},+m;
2M 2M 2M
c) Evaluate (P-p,)p, - p,) intermsof M, m,,m; only.
M?—m?2 +m? m2 -m? —m?
(P-py)= L (pypy) =
2 2
M?-m’ +mZ ) m’—m?—m?
(P-pz)(pl-p2)=[ 3 3][ BEra—

d) Show that 4M *dE,dE, = dm/,dm2,



E = E =
! 2M 2 2M
2 2
dE, _ —dmy, dE, _ —dmyy
2M 2M

2M

_ 2 _ 2
4M ?dE,dE, = 4M 2( am;, ][ dmmj — dmZ,dm2,

2M

Since m;, =C —m2, —m/;, the Jacobian is one and therefore any pair of dm2,dm2,,dm/,
can be used.

2)

The amplitudes for K — 7z decay are:

AK, >tz )= \EAO + \/%Az
A(KS — 7r°7z°)= \/ng —\/%A2

AK® > z7%)= oA,

2
expressed in terms of amplitudes A, and A, for Al :% and Al :g

transitions, respectively.

. . A
Use experimental data from the PDG to estimate a value for |-2{. Useful

. I . . I
data include the K™ and Ky lifetimes, and the branching ratios B, =FI'

Please state any assumptions you make when obtaining this estimate, and
argue that they are accurate enough (within a few percent). Finally, note
that the amplitudes may have a relative phase between them! Do not assume

it is zero.

From the PDG:
K™ : http://pdg.lbl.gov/2006/listings/s010.pdf
K : http://pdg.Ibl.gov/2006/listings/s012.pdf

| find:

KS

K+

Lifetime : 0.8953.10 ®s =+

S, tot

1

Lifetime:1.2385-10%s =

+,tot



K. » z°z° Foo
)- Tk 2 ')

B(Ks - 72°2°)= —30.69% =
r FS tot
: T,
B(Ks > 77 )= MK > 2°7) _ g 0= o
I 1—‘S tot
+ + 1_‘
BK* > z7°)= DK > 72°) _ 0 996 -
+,tot
Solving,
I, ., =3.430-10"
T, .. =7729-10"
r_..=1689-10"
. - 1 2 [P
| have a relationship: M = (f [H,,[i) T =§|M| 2

However, these constant factors are the same for each situation here, so that effectively:

W 2IAf < 2af + 2an + Bain —c iz
T N N S

—|A| —C +zrzr
r

+,tot

add (1)+(2):

0_9

r,.._ T
A +|A =C2r7 pCc2mn

1—‘S,tot 1—‘S,tot
Solving,
F + - F 0_0 2 r +_0
|A0|2=C Sx'rx +C S« __C +7°r
1—‘S Jtot 1—‘S Jtot 3 1—‘+ Jtot
2 2 +7 70
|A2| 3

3 T

+,tot



subtract -
S Var s 1—‘S ,7r07r9
SR AR, =C c-
s tot S, tot

|A0|( id2 o -idh +e—i¢zei¢o):\/gcrs,m —CT o0

Ay Ao T o
A \/5 CI .. —CI o
A2 8 |A2|2F8,tot
E g rS,;z'*;f _FS,ﬂ'Oﬂ'g F‘F,tot _ g 1 FS,ﬁ*ﬁ’ _FS,HOHQ F+,tot

‘i:

L + 0 1—‘S,tot 8 2 F+ + 70 1—‘S,tot

Specifically, then,

_ E g FS’”%, _rs,;r%g F+,t0t _ g l r‘&;;*;;’ _rs,;rozrg 1—‘+,tot =202.8

4\8 r ., I 8V2 | | -

7T

A
AZ

The only assumptions | had to make here originated from the PDG’s assumptions in
calculating these lifetimes and branching ratios, which are outlined in their white papers.

This justifies ignoring the amplitude A, compared to that of A,.

3) Consider decays of a spinless particle to N spinless decay products. In
particular, let’s focus on the number of variables needed to describe the final

state.

a) In a 3-body decay, there are naively sixteen quantities which comprise the
four (1 parent, 3 daughters) 4-vectors. Explain why fourteen of these degrees
of freedom are either constrained or not relevant to the structure of the final
state, leaving the two familiar Dalitz plot variables.

(i) 4 constraints come from energy and momentum conservation.
(ii) 4 constraints come from the constraint E* = p> + m®
(iii) From frame invariance, | may select my initial conditionas E=M P =0. This

gives only 3 constraints, since one is redundant from (ii)
(iv) Orientation gives 3 constraints, as | may fix one decay to be in the z-direction and
another to be in the xz-plane.

Thus, I get 14 constraints.

b) Generalize the counting in (a) to determine how many Dalitz variables there
would be for an N -body final state.



Since none of these eliminations depends on the number of particles and the mass for the
particles is known, the number should be 3N —7: an additional 3 constraints for the
momentum of each particle.

¢) Finally, for a 2-body decay, there are zero variables describing the structure
of the final state, but the formula for general N would predict —1. What
changed that explains this apparent discrepancy?

Momentum conservation ensures that the orientation of the decay will be entirely along
the same line, and so one of orientation’s constraints becomes redundant.

4) One general expression for n-body decay which uses a general expression

4
for phase space is dI" = %MF d(Dn(P; Pysees pn), where the phase-space

termis @ (P; p,,..., (P Zp jH d)%E Here, P is the four-

momentum of the parent of mass M which decays into n particles of four-
momentum p, (butin d*p, we refer only to the three-momenta).

o p’ .
a) Show that this gives the formula dI" = %%LA—ZMMFdQ for 2-particle decay.
T

Thanks to Prof. Roy Briere for providing elegant solutions, whose procedure | follow
here.

p is the center of mass momentum.

An initial substitution gives

__
8(2z)*M

Take CM  Frame:(M,0)

d®p,d3p
M 54(P—p, — p,)—2—"2
M["6*(P ~p, ~ p,) EE,

1 2 30 o~ d3p1d3p2
=~ MPS(M-E,~E,)s(-p, - p,) a2 Pz
8(27r)2M| oM -E,-E)"-p-po) E,E,

Now the delta function ensures that p, =—p,: Then, Id p,6°(- p,— p,)=1 and:



1 2 d3p
dr=———M|*°s(M -E, -E L
8(2;;)2|v|| ol ' 2)E1E2
d’p, = p/dp,dQ
_ [Mfaa

dr =

2
d
8(27)’ M I[I)El EIOl oM -E, -E,)
12

The integral over this delta function is then given by:

2d 2d 1
pl pl 5(M N El _ Ez): pl pl
ElEz ElEZ |6(M - El B E2)|

op
1 ZE,—E,—
i ‘ M-E-E,=0 |3y £ £ o

Given the above argument, then:

M —E, —E, =M —/m? + p2 —\/m? + p?
|:8(M_E1_E2)} _P, P Mp,

apl - El EZ - ElEZ

M=E, +E,
And so on this substitution, | am left with:

1

dr = >
32z

Mo
Just as expected.

b) Show that this gives dI" = L38LM|M|2 dE,dE, for 3-particle decay.

(27)
Substitution gives
1 2 o4 \dspldgpzdgps
= M[s*(P-p,-p, -
16|\/|(27r)5| | ( PP =Py E.E,E;
1 2 s~ d°pd°p,d°p,
= M*s(M-E,—-E,-E,)5°(-p,- P, -
16M(27r)5| "6(M ~E, ~E, ~E;)6°(~ P, ~ P, — Ps) EEE,

Integrating over p, gives:



)d3pld3p2

ar=——M*s(M -E, —E, -E
16M (27[)5| | ( ! ? ’ E.E,E;
Next, take
E?=m?+p* 2EdE =2pdp
so that:
d3p1d3p2 =P pZElEZdQIdQZdEldEZ
Now | have:
1 2 pP.P
dar=—— M| 6(M-E, —-E, —E,)2=2dQ,dQ.,dE,dE
16|\/|(272')5| | ( 1 2 3) E3 1 YY)

Again, | must evaluate the integrals over dQ,dQ, = d(cosé, )d(cosé, )d¢,dg,. Taking
spatial isotropy, | may consider 8, as an offset from 6, so that:
5(M -E -E _E3)

. (N e )

:§(M —E,—E,—+/pZ+p+2p,p, cos6’+m32)

Then,

|6(M_E1_E2_E3)| _ PP,
| dcosd |M:E1+E2+E3 ES
so that

[s(M-E,-E, -E,) pllzpz dcosd, =1

3

Finally, I d(cos 6, )d¢1d¢2 =87% since the remaining parts of the integral are transparent
to these due to spatial coordinate system being preferred: Then, .

1 2
dr =——|M|*dE,dE
8M(27r)3| | dEcE



