
Ben Sauerwine 
Continuum Mechanics Homework 5 
 
Note:  My editor does not allow some necessary symbols.  Let: 
 
R  denote reals, xv  denote a position vector, x  denote a position and time, and 
underlined symbols denote their a class. 
 
Gurtin 16.1)  Consider a material body B  with constitutive class C . A simple 
constraint for B  is a function  
 

RLin →+:γ  
 
such that each dynamical process ( ) CTx ∈,  satisfies  
 

( ) 0=Fγ  
 
For such a material one generally lays down the following constraint axiom:  The 
stress is determined by the motion only to within a stress  that does no work in 
any motion consistent with the constraint.  [The rate at which a stress  does work 
is given by the stress power per unit volume 

N
N

 
DN ⋅  

 
(cf. page 111), where  is the stretching.] D
 
 We now make this idea precise.  Let D  be the set of all possible stretching 
tensors;  that is, D  is the set of all tensors  with the following property:  For some 

 function 
D

2C +→ LinRF :  consistent with ( ) 0=Fγ ,  is the symmetric part of  D
 

( ) ( ) 1−= tFtFL &  
 
at some fixed time t .  Let  
 

⊥=ℜ D ; 
 
that is,  
 

{ }DDallforDNSymN ∈=⋅∈=ℜ 0| . 
 
Then the constraint axiom can be stated as follows:  If ( ) CTx ∈, , then so also does 
every dynamical process of the form ( )NTx +,  with 
 



( ) ℜ∈txN ,v  
 
for all ( )tx,v  in the trajectory of x .  We call ℜ  the reaction space.   
 
An incompressible material can be defined by the simple constraint  
 

( ) 1det −= FFγ  
 
Show that this constraint satisfies the constraint axiom if and only if the 
corresponding reaction space is the set of all tensors of the form Iπ− , R∈π ;  i.e., if 
and only if the stress is determined by the motion at most to within an arbitrary 
pressure field.  Show further that the constitutive assumptions of an ideal fluid are 
consistent with the constraint axiom. 
 
First, let me determine the set of valid stretching tensors D .   
 
This set, as stated above, is the set of symmetric parts of L  corresponding to valid 
deformation gradients .   F
 
In this motion, then, my constraint ( ) 01det =−= FFγ  fixes  
 

1det =F . 
 
However, since  and FLF m=& ( ) ( ) ( )1detdet −• = SStrSS &  for a smooth tensor-valued 
function , then S
 

( ) ( ) ( ) ( )( )mLtrFFFtrFF detdetdet 1 == −• &  
 

Substituting, 
( ) ( )( ) mm LtrLtrF ===• det01  

 
Now I see that .  Based on this, then, the set of valid stretching tensors must 
have , with  and 

0=mLtr
WDL += 0=Wtr 0=Ltr , so that { }0| =∈= DtrSymDD . 

 
First, going in the if direction, I show that the reaction space of the form IN π−=  causes 
the constraint ( ) 1det −= FFγ  to satisfy the constraint axiom.  In this case, then, with 

{ }0| =∈=∈ DtrSymDDD , 
 

( ) 0
3

1
=−=−=⋅−=⋅ ∑

=

DtrDDIDN
i

ii πππ  .   

 



Thus, I see that the reaction space IN π−=  causes the constraint ( ) 1det −= FFγ  to 
satisfy the constraint axiom. 
 
Next, going in the only if direction, I suppose that a reaction space ℜ  is produced from 
the constraint ( ) 1det −= FFγ  so as to satisfy the constraint axiom.  Take an  and 
then decompose it as such: 

ℜ∈N
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Now,  
 

( ) ( ) DNDNDtrDNDDNIDN
i

ii ⋅=⋅+−=⋅+−=⋅+−=⋅ ∑
=
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1
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Suppose  has an non-zero off-diagonal element.  If this is the case, then there 
exists a traceless symmetric matrix  with zeroes everywhere but at the corresponding 
elements, and  for this .  Thus, 

SymN ∈0

D
00 ≠⋅DN D SymN ∈0  has only zero elements off-

diagonal. 
 
Suppose  has non-zero on-diagonal elements (not all of ’s on-diagonal 
elements are the same, by virtue of the decomposition above).  If this is the case, then 
there exists a traceless  with elements such that 

SymN ∈0 0N

D 0≠∑
i

iiii DN  as evidenced by the fact 

that not all  are the same.  Thus, the on-diagonal elements of iiN SymN ∈0  must be zero. 
 
Since  is thus zero everywhere, SymN ∈0 00 =N  which indicates that   
 

IININ πππ −=+−=+−= 00 . 
 

An ideal fluid is a material body consistent with the constitutive assumptions that (a) the 
class is the set of all isochoric, Eulerian dynamical systems and (b) that the density is 
constant.  The process is Eulerian if the stress is a pressure, as in the isochoric case 
above. Thus I see that the ideal fluid’s first assumption is consistent with the constraint 
axiom.  By fixing the initial body’s density as a constant, then, the fact that the motion is 
isochoric and so preserves the volume of each part of the body in motion affords the 
density no option to change, and so this constitutive assumption is consistent with the 
same constraint axiom;  only the initial conditions must be set properly in order to ensure 
constant density under an isochoric motion. 
 
Gurtin 19.2)  Consider the ideal gas in equilibrium ( 0=v& ) under the gravitational 
body force  



3geb ρ−= , 
 
where  is the gravitational constant.  Assume that g
 

( ) == 0ππ x constant at 03 =x . 
 
Determine the pressure distribution as a function of height . 3x
 
Recall that an ideal gas is an elastic fluid defined by a constitutive equation of the form: 
 

γλρπ =  with 0>λ  and 1>γ  
 

One of the basic equations of flow is then: 
 

vbgrad &ρπ =+−  
 
However, in equilibrium  and I have 0=v&
 

0=+− bgrad π  
 
Since pressure is constant at  and the gravitational force is entirely in the  
direction, I can assume from the symmetry of this problem that the density is a function 
of  only, e.g. 

03 =x 3e

3x ( )3xρ . 
 
Then, 
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The solution to this differential equation is 

( ) ( )
1
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Note that this solution can give negative densities after a particular distance, and so the 
solution would have to be re-evaluated at this limit.  Then,  
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Solving to eliminate the initial condition,  
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So, finally:   
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Gurtin 21.1)  Prove that the response of an elastic fluid is independent of the 
observer. 
 
The constitutive class of elastic fluids is defined by having ( )IT ρπ̂−= , with ( )ρπ̂  a 
given function of density. 
 
Let C  be the constitutive class of an elastic fluid, let ( ) CTx ∈,  and let ( )** ,Tx  be related 
to (  by a change in observer.  Then, I must show that )Tx, ( )** ,Tx  has .   ( )IT ρπ̂* −=
 
Then, ( ) ( ) ( )[ ] ( ) ( )IQQQIQQtxQTtxT TTT ρπρπρπ ˆˆˆ,,** −=−=−== .   
 
Since x  and  must necessarily correspond to the same material point, then the density 
is the same in both cases and 

*x
( )ITT ρπ̂* −==  and elastic fluids are independent of the 

observer. 
 
Gurtin 22.1)  A Reiner-Rivlin fluid is defined by the constitutive assumptions of the 
Newtonian fluid with the assumption of linearity removed.  Use the First 
Representation Theorem for Isotropic Tensor Functions to show that the response 
of a Reiner-Rivlin fluid is independent of the observer if and only if the constitutive 
equation has the form  

( ) ( ) 2
10 DIDIIT DD ααπ ++−=  

with ( DI0 )α  and ( DI1 )α  scalar functions of the list ( ) ( ){ }DDI D 32 ,,0 ιι=  of principal 
invariants of D. 
 



The First Representation Theorem for Isotropic Tensor Functions says that any function 
SymAG →:  with SymA ⊂  is isotropic if and only if there exists scalar functions 

( ) RAI →:,, 210 ϕϕϕ  such that ( ) ( ) ( ) ( ) 2
210 AIAIIIAG AAA ϕϕϕ ++=  for all AA⊂ . 

 
First, I need to find the transformation rule for .  Writing, as in Gurtin: D

( )txfx ,* =  
 
with the identification Qfgrad = , one can then use: 

( ) ( ) ( ) ( )[ otpxtQtqtpx −+= ,,* ] for a material point .   p
 
Now the derivative of this gives  

( ) ( ) ( ) ( ) ( ) ( )[ ]otpxtQtpxtQtqtpx −++= ,,,* &&&  
 
and taking ( )txpp ,**= : 
( ) ( ) ( ) ( ) ( )( )oxtQtxvtQtqtxv −++= && ,,** . 

 
Taking the gradient, then, we get: 
( )
( ) ( ) [ ] ( ) ( ) ( ) ( ) ( )TtQtQtxLtQtQvgradtQtxL

vgradtxL
&+==

=

,,

,
***

 

 
But as shown in problem set 1, problem 3.6, ( ) ( )TtQtQ&  is skew so that the change of 
observer becomes: 

( ) ( ) ( ) ( ) ( )TT tQtxDtQLLtxD ,
2
1, **** =+= . 

 
The only constitutive assumptions of a Reiner-Rivlin fluid are that 

 and that ( ) ( ) 2
10 DIDIIT DD ααπ ++−= 1det =F  with initial condition that has 

constant density 0ρ .  In this way, the motion is isochoric. 
 

Note that with ( )TLLD +=
2
1  and LFF =&  so that LFF =−1& ,  is a function of an  

satisfying  for a motion, so that the form of the stress tensor T  does not give a 
constraint on .  This indicates that the First Representation Theorem only establishes a 
bijection between independence of observer and the form of the stress tensor and has no 
implication for the isochoric nature of  required for the other constitutive assumption 
of a Reiner-Rivlin fluid.   

D F

1det =F
F

F

 
Now, since ,  and the principal invariants  are given I have: SymD ⊂ SymT ⊂ DI

( ) ( ) ( ) ( ) ( ) ( ) 2
10

** ,, DIDIITtQtxDtQtxD DD
T ααπ ++−=⇔=   

by the First Representation Theorem for Isotropic Tensor Functions. 
 



Gurtin 24.1)  Consider the flow of a Reiner-Rivlin fluid between two flat plates.  
Show that the linear velocity profile remains a solution of the underlying equations 
with 0π  constant.  Show further that, in contrast to the linear theory, the normal 
stresses are no longer equal. 
 
A Reiner-Rivlin fluid is then incompressible, e.g. 0=vdiv , as well as has constitutive 
equation ( ) ( ) 2

10 DIDIIT DD ααπ ++−= . 
 
Now I use the equation of motion 

( )[ ] bTdivvvgradv +=+'0ρ . 
 
I make a side note that: 
 

( )
[ ] [ ] [ ] [ ] [ DgradDDDdivDDDDDDDdiv

vvdivgradvvgradvgraddivDdiv
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First, I must find  
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Now I consider the linear velocity profile solution, and show that it remains a solution to 
these equations.  This solution is: 
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 with a sample picture 

 
 
Boundary conditions are a function of plate velocity.  Thus, I see that in a linear profile, 

const
x
v

=
∂
∂

2
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Simplifying  under this solution, then, I get: Tdiv
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Further, the principal invariants which are a function of ,  and  
become constant.  Thus, 

Dtr 2Dtr Ddet
( ) constI Di →α  

 

[ ] ( )( ) ( ) [ ] ( )( ) ( )[ ] ( ) [ ]
π
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However, taking 0π  constant, this simplifies to  

0=Tdiv  
 
and the equation of motion becomes, in the absence of body forces, 

1x
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So that the linear velocity profile indeed remains a solution. 
 
Now with ( ) ( ) 2

10 DIDIIT DD ααπ ++−= , I see that  
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Thus, I see that the normal stresses along the diagonal are no longer equal. 
 

Gurtin 25.2)  Show that the response functions 
*
T  and T  are invariant under ~ G . 

 
Consider OrthG ⊂ .  A set LinA⊂  is invariant under G  if AQAQT ∈  whenever AA∈  
and GQ∈ .   Further, for the symmetry group with GQ∈ , ( ) ( pFTpFQT ,ˆ,ˆ = )

)

. 
 
( )FT̂  is also, according to Gurtin, assumed independent of the observer so that 

 is also a member of the constitutive class of the material.   (QFTQTQT ˆ=
 
Choosing GQ∈ , then GQT ∈  also. 
 
First, I need  
( ) ( ) ( ) ( ) TT FUUTFURUTRRUTFT 11 ˆˆˆˆ −−===  

 
Next, I can show that T  is invariant under ˆ G  simply by writing  
( ) ( ) TTT QFQTQQFQT ˆˆ =  

 



But, by definition of the symmetry group, ( ) ( )pFTpFQT ,ˆ,ˆ =  for members of the group 
so that   
( ) ( ) ( ) TTTT QFTQQFQTQQFQT ˆˆˆ == . 

 
I will use this fact to show the remaining identities:  As I have shown above, I may take 

( ) ( ) 11
* ˆ −−= UUTUUT  

 
Now I may write, for SymUOrthQ ∈∈ , : 
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Next, I will show that  T  is invariant under ~ G .  Certainly, I may write: 

2UC =  so that  
 
( ) ( ) ( )( )22 ~~~ TTT QUQTQQUTQCQT ==  

 

Using the identity ( ) ⎟⎟
⎠

⎞
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1
ˆ~ CTCT , wich is easily shown from the definition 
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I get the desired identity: 
( ) ( )( ) ( ) ( ) ( ) TTTTT QCTQQUTQQUQTQUQTQCQT ~ˆˆ~~ 2

====  
 
Gurtin 27.2)  Show that: 

( ) ( )QFSFQS ˆˆ =  
for every Q  in the symmetry group G  and every .  Show further that  
and 

+∈ LinF Ŝ
S  are invariant under G . 

 
We have defined: 
( ) ( ) ( ) TFFTFFS −= ˆdetˆ  

 
so that since by definition for every  in the symmetry group Q G  we have 

, I may write: ( ) ( pFTpFQT ,ˆ,ˆ = )
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Now, using the fact that ( ) ( ) TT QFTQQFQT ˆˆ =  as shown above in problem 25.2, 
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Then, combining the identities ( ) ( ) TT QFSFQS ˆˆ =  and ( ) ( )FSQQFS ˆˆ =  as shown above, I 
have  for all  and all ( ) ( ) TT QFSQQFQS ˆˆ = +∈ LinF GQ∈ , so that  is invariant under Ŝ
G . 
 
Next, with ( ) ( )CTCCS det=  by definition, I will first show that ( )CT  is invariant 
under G  via the procedure that Gurtin used: 

 
With  
( ) ( ) ( ) ( ) ( 1111111 ˆˆˆˆ −−−−−−−− ==== UUTURURUTRRURURUTRUFFTFCT TTTT ) ,  

 
I can use the fact that: 
( ) TTT QCQQQUQUQ == 22  
 
To write: 
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Now, since I have that ( )CT  is invariant under G , I can write: 



( ) ( )
( )( )( ) ( )
( ) ( )
( ) T

T

TT

TTT

QCSQ

QCTCQ

QCTQQCQ

QCQTQCQQCQS

=

=

=

=

det

detdetdet

det

 

 
so I see that ( )CS  is invariant under G . 
 
Gurtin 27.2)  Show that the constitutive equation ( )CSFS =  is independent of 
observer. 
 
Under a change of observer,  and .  Then, with QFF =* QSS =*

( )
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 I may then write: 
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so I see that the constitutive class is the same under change of observer. 


