Ben Sauerwine
Continuum Mechanics Homework 4

In the following exercises, the body B is bounded.

Gurtin 13.2) Other types of momenta of interest are the angular momentum a, (t)
relative to a moving point z(t) and the spin angular momentum Agpin (t):

a,(t)= J'[rZ x V]pdV

B

g (t)= I[ra x v, |pdV

B

r(xt)=x-z(t)
is the position vector from z(t), r,(x,t) is the position vector from «(t), and
v,=f, =V-a
is the velocity relative to . For convenience, let I(t)=1(B,t) and a(t)= (B, t).
Show that

Here,

a, = a‘spln ( o Z)>< I
a=ag, +(@-o)xI
The term (a —z)x| is usually referred to as the orbital angular momentum about

z; it represents the angular momentum B would have if its mass were
concentrated at the center of mass.

Recall that the linear momentum and center of mass, respectively, are given by:

I(t)=1(B,t)= [vpdv
1
a(t)-o :ﬁirpdv

First, then, | may obtain:

a,(t)= I[rZ x v ]pdV

= _[[ r—z(t))xv]pdv,

_ j[ [« —2(t))xv]pdv,

—J.[r— (t))x v]pdV, +I 2(t))x v]pdV,



(- ) O, + )l o,
(= Oy, -t ey, + () 20

e
-fle

=ag, + {J. rodVv, — a(t)] X d(t)+ (a(t)— Z(t))x |

o +falt)- )< () + (@) 20))
= ay;, +(a(t)- z(t))x|

Now, selecting z(t)= o as the origin, | may write:

a=ag, +(a@-0)xI
differentiating,

d=dy, +(@—0) x1+(@-0)xI
=dy, +axl+(a-0)xI

=dy, +1x1+(a—0)xI

= a.‘spin + (a - O)X I

Gurtin 13.3) Consider a rigid motion. Then,
% (.t)=q(t)+Q(t)y - 2)

forall y € B, and all times t.

(@) Show that:
alt)=q(t)+Q(t)a(0)-z]

and hence, noting that x,(y,t) is well-defined for all y € E,

a(t)=x,((0)t)

What is the meaning of this result?

However, since y is a continuous spatial field, | have:



I(I)xt p(x,t)dV, ICD (p.t)oy(p)av,

@) 7 gy =

t40—0= 0) Qt)z + ﬁla?) ]

Q(t)[((0)-o0

2]

Thus, | see that the motion of the center of mass of a rigid object can be treated
independently of its components, as is done so often in elementary mechanics. Further,
the same material point occupies the location «(t) for all t.

(b) Show that the angular velocity o(t) is the axial vector of Q(t)Q(t)" and that
Va =X I’a .

From part a above and the given that x,(y,t)=q(t)+ Q(tXy —z), then I have:

X (¥, t)-a(t)= Q(t)y - «(0))
QL)' [x(y.t)-(t)] = y - «(0)

But, using the fact (shown in assignment 3, problem 9.1a) that v(x,(y,t),t)= X, (y,t),
then:

V(% (¥, ) 1) = % (y,t) = &(t) + Q(t)ly - a(0)]

Substituting,

As seen in problem 3.6 from an earlier assignment, however, Q(t)Q(t)" is skew and so

. \T . . .
(Q(t)Q(t)T ) =Q(t)Q(t)" is skew as well. However, there is a one-to-one correspondence
between skew tensors and vectors, so this uniquely defines a «(t), the axial vector of

Q(t)Q(t)", such that v, = wxr, .



(c) A vector function k on R rotates with the body if

k(t) = Q(t)k(0)
for all t. Note that Q(0)=1 since x,(y,0)=y for all y. Show that k rotates

with the body if and only if
k(t) =wxk

If k(t)= w(t)xk(t), then from part (b) k(t)=Q(t)Q(t)" k(t). Further, from the condition
that Q(0)=1, I have that k(0)=Q(0)k(0). These equations form a set of ordinary
differential equations which have a unique solution. Testing k(t)=Q(t)k(0) asa
solution, I certainly have k(t)= Q(t)k(0) and so

Thus, working in the if direction, | see that k(t)=Q(t)k(0) is a valid solution to the
)=

ordinary differential equation set k(t)= wxk , k(0)=Q(0)k(0) this hypothesis then holds
in the if direction.

Working in the only if direction, | notice that k(t)= Q(t)k(0) is the unique solution to the

set of ordinary differential equations k(t)= @xk and k(0)= Q(0)k(0) as seen above, and
therefore these differential equations hold for any system where k rotates with the body.

(d) Use the identity

fx(dxf)=(f21-f®fK

to show that
Qgpin = Jo

where

30 =[(r2r-r, ®r, Jodv

Bt

is the inertia tensor of B, relative to the center of mass.

Using the result from problem 13.2 above, | have that:



A (t) = [[r, xv, Jodv

B,

[, % (o, oav
= Hrjl —(r, x ra)]copdV ={j[rjl —(r, xra)]pdv}a)z Jo

(e) Show that
J(t)=Q(tP(0R()’
and use this fact to prove that the matrix [J(t)] of J(t) relative to any
orthonormal basis {g, (t)} that rotates with the body is independent of t.

Note that in the definition
IM)=[(r2r-r, ®r, )oav ,

BI
r’l —r, ®r, isa continuous spatial field.

Then,

I0)=[2r-r, @r, )odv = [(F21-r, ®r, Jodv .

But, asB;he body must inherently rotate with itself, | have r_(x,(y,t),t)=Q(t)r,(y,0).
Then,

3)= (2@ -r,©®r, O)av = [(r,©)-r] O =1, @) ®r, {)dv

= [Q)rZ @)1 -, ©0)®r, (0" ()edv = Q(t){f(ff ) -r,@®r,©0)nv Q" (1)

Q0" () |

However, in the rotating orthonormal basis {g, (t)}, | have shown in part ¢ that

e(t) = Q(t)e(0)
so that:
e (t)- It (t)=e,(0)- [ QIO Q(t)E, (0)=e,(0)-[3(0)k, (0)

Thus | see that in the rotating basis, the matrix e, (t)- J(t)e; (t) collapses to
e,(0)-J(0)e;(0), which is then independent of time.



(f) Construct an orthonormal basis {g, (t)} that rotates with the body and has

Jj, 0 0
[J]=]0 J, ©
0 0 J,

In this case {g(t)} is called a principal basis and the corresponding numbers
J, are called moments of inertia. Let o,(t) denote the components of w(t)
with respect to {g, (t)}. Show that the components of 4, (t) relative to this

basis are given by
(aspin )1 =J,o + (‘]3 - Jz)wza)s

(aspin )2 =J,w, + (‘Jl - ‘]S)a)la)3
(aspin )3 =J0; + (‘]2 - ‘]l)a)la)Z

3
It is clear that such a basis must exist since | may choose a vector U{ei (0)} consisting of

eigenvectors of the symmetric tensor J(0). By part e, with e, (t) = E)(t)ei (0), then
[3(t)],..., .., is independent of time and diagonal.

With the help of part d, | have

spln =Jo = ZJU j
And from part c, | have (&, is the Levi-Civita symbol)

spm J(!) ZJU J +Jlja)J t)(a)xe Z‘]u j +J”(()J()8|k|a)k(t)e|(t)

However, in the orthonormal basis that rotates with the body described above, the basis
{e,(t)} diagonalizes [J], giving:

spln Z‘lel t)e +‘Jia)i (t)gijka)j (t)ek (t)

This is component-wise the same as the result above.

Gurtin 14.1) The moment m,(t) about a moving point z(t) is defined by

m, (t)= jrz x s(n)dA + jrz xbdV where r, is the position vector from z.
oB, B,

(a) Let f(t)= f(B,t). Show thatfor y:R —E,



m,=m, +(y—z)x f
By definition,

r, (1) = x—2(t) =[x - y(t)] + [y(t) - 2(t)]

Under this substitution, then,

m, (t)=m, (t)+ J'[y(t) 2(t)]x s(n dA+I 2(t)]x bdv

2B,

= my(t)+[y(t)—z(t)]x{'[s n)dA + J'bdv}

0B,

=m, (t)+[y(t)-z(t)]x (1)

(b) Let I(t)=1(B,t). Show that
m, =4a, +2xl|
ma = a"spin

By definition,

r,(x,t)=x—z(t)
F,(xt)=v-2(t)

Then,

a, :Urz prva.

_jr prdV+J' t))x vpdV
—J.r xVpdV — j 2(t)x vpdV

B,

_J.r xVpdV — z J.VpdV

= Irz prdV}—Z'(t)xl

= _[rz x s(n)dA + jrz xde}— 2(t)x1
B B,

= I:nZ - Z(t)xl



Then,

a, +2(t)xI=m

7

However, if z(t) = a(t), then

m, :aa+d(t)x|=aa+$lx|=aa =4

In the final step | have used the result of problem 13.2 above.

spin

Gurtin 14.4) Consider a rigid motion with angular velocity . Let {g,(t)} denote a
principal basis of inertia and let J, denote the corresponding moments of inertia
(relative to o). Further, let o,(t) and m,(t) denote the components of «(t) and
m, (t) relative to {g, (t)}. Derive Euler’s equations,

m, =J,o, + (Jz - Jz)wzws

m, =J,, +(J1 - Ja)wlws

m; = J;0; +(J2 - ‘]1)0)1(02
These equations supplemented by

f =m(B)a

constitute the basic equations of rigid body mechanics. When f and m are known
they provide a system of nonlinear ordinary differential equations for @ and « .

This is a relatively straightforward proof, using things | have already proven.

From the result of 14.1b above, | have that m_ = a

spin "

From the result of 13.3f above, | have that &y, (t)=">" J,@,(t)e, (t)+ 3,0, ()& @, (t)e, (2).

Then, m, =&, = Zi:‘]id)i (the,(t)+ 3 (t)gijka)j (the (t).

Gurtin 14.5) Let T be the stress at a particular place and time. Suppose that the
corresponding surface force on a given plane S is perpendicular to S, while the
surface force on any plane perpendicular to S vanishes. Show that T is a pure
tension.

Let e, be the surface normal toS, and e, and e, comprise the rest of an orthonormal
basis {g, }.

Then, since the surface force on S is perpendicular to S , then s(e,)=Te, = og, .



Selecting the planes perpendicular to S in the directions of e, and e,, then
s(e,)=s(e,)=Te, =Te, =0.

Now, the equations
Te,=0e, Te,=0 Te, =0
constrain that T = oe, ® e, which is by definition a pure tension.

Gurtin 14.9) Suppose that at time t the surface traction vanishes on the boundary
0B,. Show that at any x € 0B, the stress vector on any plane perpendicular to 0B, is

tangent to the boundary.

On the boundary with surface normal n, then, Tn=0. Then consider some unit vector k
tangent to the boundary and thus orthogonal to n:

Tn=0
Tn-k=0
n-T'k=0

But, since T is symmetric, T =T ' and
n-Tk=0

Thus, since the vector k was arbitrary and orthogonal to n, | see that no plane
perpendicular to the boundary has any component of stress in the direction of the
boundary n.

Gurtin 15.1) Consider a statical situation in which a (bounded) body occupies the
region B, for all time. Let b: B, -V and T : B, - Sym with T smooth satisfy

div T+b=0
Define the mean stress T through
vol (B, )T = [TV
Bo

(a) (Signorini’s Theorem) Show that T is completely determined by the
surface traction Tn and the body force b as follows:

vol(B, )T = I(Tn ®r)dA + j(b ®r)dv

4B,

From problem 5.1b, from assignment #2, | have:
[(sn)@vda=[div S)®v+sw' v
R

R

Let:



vor, S—»>T, R—->B,

Then:
[(rn)@rda= [[div T)@r+Tvr' v
By B,

[(m)®rdA= [[-b@r+Tlv

By

[(M)@rdA+ [b@rdv = [TdV =vol (B, )T

0B, By By
as expected.

(b) Assume that b =0 and that 0B, consists of two closed surfaces S, and S,
with S, enclosing S, (Fig. 10). Assume further that S, and S, are acted on
by uniform pressures 7, and =, so that

s(n)=-z,n on S,
s(n)=-z,n on S,

with 7z, and 7z, constants. Show that T is a pressure of amount:
7TV — oV
V; =V
where v, and v, are, respectively, the volumes enclosed by S, and S, .

Here, let subscripts on the normal n indicate the surface the normal is taken with respect
to.

With b =0, I have from part (a):



vol (B, )T = [(Tn, ®r)dA+ [(Tn, ©r A

noting the surface normal orientations,

=7, I(nso ®r)dA- ”1'[(n51 ® A

S, S,
From assignment #2, problem 5.1a, | saw that:

jv@anA=IVvdV (n normal to R),orequivalently jn ®vdA:vaTdV.
R R R R

Then, letting v — r in the equations above,

vol(B, )T =7, j((— n)®r)dA- ﬂlj'(n Q®r)dA

So S

=7 AV + 7,1 [dV
Vo A
= _(770\/0 + 771V1)|
However, looking at the picture above, | see that vol(B,) =V, —V,, so that

_F _ 7Z'1Vl - 7Z'0V0
Vi =V

Gurtin 15.3) Derive the following formula for a control volume R.

Is(n)-vdA+£b-vdV =£T-de +%£§pdv +dj;pv72(v~n)dA

R
1 T
Note that D = E(grad v+grad v )

This is an analog of the theorem of power expended for a material part:

_[s(n)-vdA+£b~vdV = iT .DdV +%£§pdv

R

The extra term merely accounts for the kinetic energy of matter entering and leaving the
control volume.

Since T is symmetric due to momentum balance, then since D is symmetric,
T-grad v=T-D

Next, | will use the theorem of conservation of mass for a control volume to write:



d v?
a2
d v? vi[d
[z v Lo
d v? V2
Lla o Lot

Using the definition of total body force b. =b— pv, then, | may write
d v?
—[Z- pdV
a2
2

:J'V.\'/pdV—Iv?p(v-n)dA
R oR
2

=_jb*.v+jb-v—jv?p(v-n)dA
R R

R

So that:
d ¢v? V2
b, -v=——|—pdV + [b-v— | — p(v-n)dA
T T A
However,
ITn'vdA
R
:jTTv-ndA

R
= jdiv(TTv)dV
R

=[[v-(div T)+T-(grad v)jdv

Then, under the substitutions Tn =s(n) and div T =—b,. Thus, | have:
[s(n)-vdA=—[b. -vdv + [T -(grad v)dv
R R

R

Substituting, then, I have:



Is(n)-vdA = —J'b* vdV + J'T -(grad v)dv
R R

R

js(n)-vdA:ijﬁpdV—Ib-v+jﬁp(v-n)dA+.[T-(grad v)dv
dtR 2 R R 2 R

R

d ¢v? v?
Is(n)~vdA=a 7pdv —£b~v+6j;7p(v'n)dA+£T -DdV

R R

js(n)-vdA+jb-v=%j§pdv + jgp(v-n)dA+jT .DdV
R R R R

R

Let a motion y of B, w, and @ inV, t e R and be given, and define as in class:

w(x) =W, +@x r(x)=w, + @x(x-0)
Zo(p.7)=0+(z =ty +Q, () x(p.7)-0)

where 7 - Q_(z) e Orth* is the unique solution of the initial value problem:
Q,(r)=WQ,(r) forall reR and Q,(t)=I

Here, W is the skew tensor whose axial vector is the given vector @, so that
Wa=wxa forall a inV . Verify the following relations:

7.(p,t)= z(p,t) forall peB

and, for all x e y(B,t),

Starting with
2o(pr)=0+ (=t +Q, (r)x(p.7)-0),

| evaluate at 7 =t:
Zo(pt)=0+(t=thw, +Q, (tNx(p.t)-0)
=0+Q, (tNx(p.t)-0)

However, Q,(t)=1 by definition, so that:
Z,(p.t)=0+1(x(p.t)-0)
=z2(p.t)



Since z,(p,t)= z(p,t), then, these functions must refer to the same material point and it
must be the case for all p e B that the density p, (x,t)= p(x,t).

v(x,t)=7,(p.t) =7, (p. 7).
=[o+(z—t)w, +Q, (c)x(p.7)-0)] -
~[we +Q, () (p.7) - 0)+Q, ().
=w, +Q, [tNz(p,t)-0)+Q, (t)z(p.t)
=w, +WQ, (tNz(p,t)-0)+ z(p.t)

=w, +ox(z(p,t)-0)+v(xt)

= w(x)+v(x,t)

Further,

[o +

t)=[7,(p.7)].,
r—tW, +Q, (r)x(p.7)—0)]" =
2, (7)2(p.7)-0)+Q, (£)#(p.2)] -
2(p.7)0)+Q,(0)#(p.2)+Q, (@) H(p.7)+Q, (1)#(p.7)]
2(p.7)-0)+ 2Wi(p,7)+Q, (0)i(p. 7).,
ox(z(p.7)-0))+20x #(p,7)+Q,(z)#(p.7)]
( ><( (p.t)-o0 ))+2wxz(pt;+Q ,7(p.t)

bt

(a)x ())+Za)xv(p,t)+\'/( ,

—~

T

/—\AA'F
X =0
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