
Ben Sauerwine 
Continuum Mechanics Homework 4 
 
In the following exercises, the body B  is bounded. 
 
Gurtin 13.2) Other types of momenta of interest are the angular momentum ( )taz  
relative to a moving point  and the spin angular momentum : ( )tz ( )taspin
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Here, 
( ) ( )tzxtxrz −=,  

is the position vector from , ( )tz ( )txr ,α  is the position vector from ( )tα , and 
ααα && −== vrv  

is the velocity relative to α .  For convenience, let ( ) ( )tBltl ,=  and ( ) ( )tBt ,αα = .  
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The term ( ) lz ×−α  is usually referred to as the orbital angular momentum about 
;  it represents the angular momentum z B  would have if its mass were 

concentrated at the center of mass. 
 
Recall that the linear momentum and center of mass, respectively, are given by: 
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First, then, I may obtain: 
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Now, selecting  as the origin, I may write: ( ) otz =
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Gurtin 13.3)  Consider a rigid motion.  Then, 

( ) ( ) ( )( )zytQtqtyx −+=,0  
for all  and all times t .   0By∈
 

(a) Show that: 
( ) ( ) ( ) ( )[ ]zatQtqt −+= 0α  

and hence, noting that ( )tyx ,0  is well-defined for all Ey∈ , 
( ) ( )( )txt ,00 αα =  

 What is the meaning of this result? 
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However, since y  is a continuous spatial field, I have: 
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and so 
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Thus, I see that the motion of the center of mass of a rigid object can be treated 
independently of its components, as is done so often in elementary mechanics.  Further, 
the same material point occupies the location ( )tα  for all . t
 

(b) Show that the angular velocity ( )tω  is the axial vector of ( ) ( )TtQtQ&  and that  

αα ω rv ×= . 
 
From part a above and the given that ( ) ( ) ( )( )zytQtqtyx −+=,0 , then I have: 
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But, using the fact (shown in assignment 3, problem 9.1a) that ( )( ) ( tyxttyxv ,,, 00 &= ) , 
then: 
 

( )( ) ( ) ( ) ( ) ( )[ ]0,,, 00 αα −+== ytQttyxttyxv &&&  
 
Substituting, 
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As seen in problem 3.6 from an earlier assignment, however, ( ) ( )TtQtQ &  is skew and so 

 is skew as well.  However, there is a one-to-one correspondence 
between skew tensors and vectors, so this uniquely defines a 

( ) ( )( ) ( ) ( )TTT tQtQtQtQ && =
( )tω , the axial vector of  

, such that ( ) ( )TtQtQ &
αα ω rv ×= . 

 



(c) A vector function  on k R  rotates with the body if  
 

( ) ( ) ( )0ktQtk =  
for all t .  Note that ( ) IQ =0  since ( ) yyx =0,0  for all y .  Show that  rotates 
with the body if and only if 

k

( ) ktk ×= ω&  
 
If , then from part (b) ( ) ( ) ( )tkttk ×= ω& ( ) ( ) ( ) ( )tktQtQtk T&& = .  Further, from the condition 
that  , I have that ( ) IQ =0 ( ) ( ) ( )000 kQk && = .  These equations form a set of ordinary 
differential equations which have a unique solution.  Testing ( ) ( ) ( )0ktQtk =  as a 
solution, I certainly have ( ) ( ) ( )0ktQtk && =  and so  
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Thus, working in the if direction, I see that ( ) ( ) ( )0ktQtk =  is a valid solution to the 
ordinary differential equation set ( ) ktk ×= ω& , ( ) ( ) ( )000 kQk && =  this hypothesis then holds 
in the if direction. 
 
Working in the only if direction, I notice that ( ) ( ) ( )0ktQtk =  is the unique solution to the 
set of ordinary differential equations ( ) ktk ×= ω&  and ( ) ( ) ( )000 kQk && =  as seen above, and 
therefore these differential equations hold for any system where  rotates with the body. k
 

(d) Use the identity 
( ) ( )dffIffdf ⊗−=×× 2  

 to show that 
ωJaspin =  

 where  
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 is the inertia tensor of  relative to the center of mass. tB
 
Using the result from problem 13.2 above, I have that: 
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(e) Show that 

( ) ( ) ( ) ( )TtQJtQtJ 0=  
and use this fact to prove that the matrix ( )[ ]tJ  of ( )tJ  relative to any 
orthonormal basis  that rotates with the body is independent of . ( ){ tei } t

 
Note that in the definition 
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ααα rrIr ⊗−2  is a continuous spatial field.   
 
Then, 
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But, as the body must inherently rotate with itself, I have ( )( ) ( ) ( 0,,,0 yrtQttyxr αα = ) . 
 
Then,  
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However, in the rotating orthonormal basis ( ){ }tei , I have shown in part c that 

 ( ) ( ) ( )0etQte =
 
so that: 
 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( )[ ] ( )000000 jij

TT
iji eJeetQtQJtQtQetetJte ⋅=⋅=⋅  

 
Thus I see that in the rotating basis, the matrix ( ) ( ) ( )tetJte ji ⋅  collapses to 

, which is then independent of time. ( ) ( ) ( )000 ji eJe ⋅



 
(f) Construct an orthonormal basis ( ){ }tei  that rotates with the body and has  
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In this case  is called a principal basis and the corresponding numbers 
 are called moments of inertia.  Let 

( ){ tei }
iJ ( )tiω  denote the components of ( )tω  

with respect to .  Show that the components of ( ){ tei } ( )taspin&  relative to this 
basis are given by 
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It is clear that such a basis must exist since I may choose a vector  consisting of 

eigenvectors of the symmetric tensor 
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( )0J .  By part e, with ( ) ( ) ( )0ii etQte = , then 
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 is independent of time and diagonal. 

 
With the help of part d, I have  
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And from part c, I have ( iklε  is the Levi-Civita symbol) 
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However, in the orthonormal basis that rotates with the body described above, the basis 

 diagonalizes , giving: ( ){ tei } [ ]J
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This is component-wise the same as the result above. 
 
Gurtin 14.1)  The moment  about a moving point ( )tmz ( )tz  is defined by 

 where  is the position vector from . ( ) ( ) ∫∫ ×+×=
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(a) Let .  Show that for ,  ( ) ( )tBftf ,= ERy →:
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(b) Let .  Show that ( ) ( )tBltl ,=
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By definition, 
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Then,  
 

( ) zz mltza =×+ && . 
 
However, if ( ) ( )ttz α= , then  
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In the final step I have used the result of problem 13.2 above. 
 
Gurtin 14.4)  Consider a rigid motion with angular velocity ω .  Let  denote a 
principal basis of inertia and let  denote the corresponding moments of inertia 
(relative to 

( ){ tei }
iJ

α ).  Further, let ( )tiω  and ( )tmi  denote the components of ( )tω  and 
 relative to .  Derive Euler’s equations,  ( )tmα ( ){ tei }
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These equations supplemented by  
( )α&&Bmf =  

constitute the basic equations of rigid body mechanics.  When  and  are known 
they provide a system of nonlinear ordinary differential equations for 

f m
ω  and α . 

 
This is a relatively straightforward proof, using things I have already proven. 
 
From the result of 14.1b above, I have that spinam &=α . 
 
From the result of 13.3f above, I have that ( ) ( ) ( ) ( ) ( ) ( )∑ +=
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Gurtin 14.5)  Let T  be the stress at a particular place and time.  Suppose that the 
corresponding surface force on a given plane  is perpendicular to , while the 
surface force on any plane perpendicular to  vanishes.  Show that T  is a pure 
tension. 
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Let  be the surface normal to S , and  and  comprise the rest of an orthonormal 
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Then, since the surface force on  is perpendicular to , then S S ( ) 111 eTees σ== . 



 
Selecting the planes perpendicular to  in the directions of  and , then 
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Now, the equations  

00 3211 === TeTeeTe σ  
constrain that 11 eeT ⊗=σ , which is by definition a pure tension. 
 
Gurtin 14.9)  Suppose that at time t  the surface traction vanishes on the boundary 

.  Show that at any  the stress vector on any plane perpendicular to tB∂ tBx ∂∈ tB∂  is 
tangent to the boundary.   
 
On the boundary with surface normal , then, n 0=Tn .  Then consider some unit vector k  
tangent to the boundary and thus orthogonal to : n
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But, since T  is symmetric, TTT =  and 
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Thus, since the vector k  was arbitrary and orthogonal to , I see that no plane 
perpendicular to the boundary has any component of stress in the direction of the 
boundary . 
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Gurtin 15.1)  Consider a statical situation in which a (bounded) body occupies the 
region  for all time.  Let  and  with T  smooth satisfy 0B VBb →0: SymBT →0:

0=+ bTdiv  
Define the mean stress T  through 
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surface traction Tn  and the body force  as follows: b
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as expected. 
 

(b) Assume that  and that 0=b 0B∂  consists of two closed surfaces  and  
with  enclosing  (Fig. 10).  Assume further that  and  are acted on 
by uniform pressures 
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with 0π  and 1π  constants.  Show that T  is a pressure of amount: 

01

0011

vv
vv

−
−ππ

 

where  and  are, respectively, the volumes enclosed by  and . 0v 1v 0S 1S
 
Here, let subscripts on the normal  indicate the surface the normal is taken with respect 
to. 
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With , I have from part (a): 0=b
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From assignment #2, problem 5.1a, I saw that: 
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However, looking at the picture above, I see that ( ) 010 vvBvol −= , so that  
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Gurtin 15.3)  Derive the following formula for a control volume R . 
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This is an analog of the theorem of power expended for a material part: 
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The extra term merely accounts for the kinetic energy of matter entering and leaving the 
control volume. 
 
Since T  is symmetric due to momentum balance, then since  is symmetric,  D

DTvgradT ⋅=⋅   
 
Next, I will use the theorem of conservation of mass for a control volume to write: 
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Using the definition of total body force vbb &ρ−=* , then, I may write  
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So that: 
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Then, under the substitutions ( )nsTn =  and *bTdiv −= .  Thus, I have: 
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Substituting, then, I have: 



( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ∫∫∫∫∫

∫∫∫∫∫

∫∫∫∫∫

∫∫∫

⋅+⋅+=⋅+⋅

⋅+⋅+⋅−=⋅

⋅+⋅+⋅−=⋅

⋅+⋅−=⋅

∂∂

∂∂

∂∂

∂

RRRRR

RRRRR

RRRRR

RRR

DdVTdAnvvdVv
dt
dvbvdAns

DdVTdAnvvvbdVv
dt
dvdAns

dVvgradTdAnvvvbdVv
dt
dvdAns

dVvgradTvdVbvdAns

ρρ

ρρ

ρρ

22

22

22

22

22

22

*

 

 
Let a motion χ  of B ,  and 0w ω  in V , Rt∈  and  be given, and define as in class: 
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where  is the unique solution of the initial value problem: ( ) +∈OrthQ ττ ωa

 
( ) ( )ττ ωω WQQ =&  for all R∈τ  and ( ) ItQ =ω  

 
Here, W  is the skew tensor whose axial vector is the given vector ω , so that 

aWa ×= ω  for all a  in V .  Verify the following relations: 
 

( ) ( )tptp ,, χχω =  for all Bp∈  
 
and, for all ( )tBx ,χ∈ , 
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Starting with  

( ) ( ) ( ) ( )( )opQwtop −+−+= τχτττχ ωω ,, 0 ,  
 
I evaluate at t=τ : 
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However,  by definition, so that: ( ) ItQ =ω
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Since ( ) ( tptp ,, )χχω = , then, these functions must refer to the same material point and it 
must be the case for all  that the density Bp∈ ( ) ( )txtx ,, ρρω = . 
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Further, 
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