Ben Sauerwine
Continuum Mechanics Homework 3

(Gurtin 8.1) A motion is a simple shear if the velocity field has the form
v(x,t)=Vv,(x, Je, in some Cartesian frame. Show that for a simple shear,

div. v=0 (grad viv=0 v=V.

Note that in order for divergence to be nonzero, the i-th compoenent of v must have a

dependence on the i-th compoenent of x.
. ov, 0
div v=tr V=) —1t=—1|v(x,)]=0

S = a )

i
Allowing the tensor from the gradient to act, | have:
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Finally, since v=v'+(grad v)v and (grad vjv=0, v=V"

(Gurtin 8.3) Let D and W be, respectively, the symmetric and skew parts of
grad v. Let v beaclass C? velocity field. Show that

div v=(div v) +|D] -w[".
div v=div (v+(grad vl)=div (v)+div ((grad v)v)

First I will derive the identity from exercise 4.9 (a)

div (grad v =2'[o,v’ }\/ |=lov’ Iav ]+v o'lov’]= [aivj][ﬁivj]+vjai[aivj]
=(grad v)-(grad v)" +v-(grad (div v))

Then,

div v=div (v+(grad v)v)

=div v'+(grad v)-(grad v) +v-(grad (div v))

However, in an exercise on a previous assignment (problem Gurtin 7.4) | have shown that
(grad v)-(grad v)' =|D|" ~W|". Then,



div v=[div (v)+v-(grad (div v)]+[D - W[
div v=|div v)|+|Df —Ww[*

(Gurtin 8.4) Consider the motion of E defined by:

t
X = P.€
X, = P, +1
X3 = P3

in some Cartesian frame. Compute the spatial velocity field v and determine the
streamlines.

— v — t_
Vl_Xl_ple _Xl

v, =X, =1
V=%, =0
Recall that:

$;(1)=v, under the substitution {x,(t)—>s,(1)}.

Then,

Sl(ﬂ“) = Sl(ﬂ“)
S, (’I) =1
$,(1)=0

So that clearly the solutions to this passing through (yl, Yy, y3) are:

Sl(ﬁ“): 3/16/1
s,(A)=y, +1

S3 (/1) =Y
(Gurtin 8.5) Consider the motion x defined by:

X(p,t): Po +U(t)[p— po]
where

Ult)- za (1, ®e

with ¢, (t)>0 smooth. (Here, {g, } is an orthonormal basis.) Compute p, v, and L
and determine the streamlines.

Let the orthonormal basis {g, } be independent of time.

First, clearly x,(p,t)= po; +e; (t)p; - Po; .



Then, solving and using the fact that ¢ (t)>0, p, = i[xi — Poi |+ Py

a; (t)
“i|(t)

Next, v, = X, (p,t) = ;" (t)p; - po; | = " [X, = po, |, where I have substituted from

above and used the fact that ¢ (t) >0 and is smooth.

This makes

[L(x.)]=| © ')

Streamlines are again given by:
$,(1)=v, under the substitution {x;(t)—s,(1)}.

so that

$,(1)= @'t [Si (4)- Poi ]

Si(i): yiem’l _ai—(t) Py A

a; (t)

(Gurtin 9.1)

For this problem, I use the vector symbol to distinguish between specific points in
three-space and the reference maps. The latter will have no vector symbol. Further,
define V  to mean “the gradient with respect to vector p ™.

It is often convenient to label material points by their positions at a given time 7.
Suppose that a material point p occupies the place y at r and X at an arbitrary

time t.



Roughly speaking, we want X as a function of y. Thus, since p = p(y,7) we have
X =x(p(¥,7)t).

We call the function x_ : B, xR — E defined by x_(y,t)=x(p(y,7),t) the motion
relative to time 7 ; x,(y,t) is the place occupied at time t by the material point that
occupies point y attime 7. Let F,(y,t)=V,x,(7,t), where V  is the gradient with
respect to y holding t fixed. Also, let F. = R U_ denote the right polar
decomposition of F,, and define C. = (U, ).

a) Show that V(X,t):gx,(y,t) provided % = x_(y,t).

Note that:
x(p.t)=x, (x(p,7)t)

y =x(p,7)

Then, what this is saying that the velocity at some absolute time should be the same
irrespective of one’s definition of ‘zero’ of time.

Then:
vx.t)= S x(p )= 2 x (X(p. o)) =2 1, (7.1)

b) Use the relation x(,t)=x_(,t)o (-, z) to show that F_(y,t)F(p,z)=F(p,t),
where y = x(rJ,r) and then appeal to the uniqueness of the polar
decomposition to prove that F,(y,z)=U_(y,7)=R.(y,7)=1.

Recall that F =Vx. Then,
F(p.t)=V,x(p,t) =V, x, (x(p.7)t)

using the chain rule, then,

Vox (x(p,7) )=V, x (7,)V ,x(p,7) = F.(¥,t)F (p, )
so that F(p,t)=F.(y,t)F(p,z).

Setting t = 7, | readily obtain F(p,z)=F_(y,z)F(p,z). This obviously constrains that
then F_(y,z)=1. Since the polar decomposition is unique, then, the obvious constraint



isthen that if F =RU =1, then a solutionis R=U = 1. Since the polar decomposition
is unique, then, F.(y,7)=U_(y,7)=R_(y,7)=1.

c) Show that C(p,t)=F(p,z)" C.(y,t)F(p,z).

This is very straightforward to show using the fact that C = F'F and the identity from
part (b).

By definition, L, = FF . Further,L =D +W is the unique decomposition of L into its
symmetric part, D and its antisymmetric part W .

Now,

L(p,t)=F(p,t)F(p,t)" =—[F.(7.t)F(p,7)[F.(v.t)F (p. o)

LR (9.0 (70)"

so that evaluatingat y=x and t =7,

L(5.¢)= 2R (5 (5.0)”

t=r

Next,
[ép} :[ERU} :[ER}WR[EU}
ot |, ot e ot ot —

However, in part (b) | determined that F.(y,z)=U,(y,z)=R.(y,z)=1. Then,



[ablaell ) meL

In this case, U is a Hermitian positive-definite matrix in the reals, and so is symmetric.
In order for U to remain symmetric at all times, then, the derivative of U must itself be
symmetric.

Further, in this case R a rotation tensor with determinant 1. In order for R to retain this
property at all times, then, its derivative must be skew.

Now, since the decomposition L =D +W is unique and

L(V’f)zgﬁ(y%_, {%Uf(y'tH%R’(y’t)L

[ﬁ R} € skew [EU} € symmetric
at t=r 6t t=r

Then it must be the case that

D(y,r)=§uf(y,t*

t=r

W(v,r)=§R,(v,t)1=

n+2

e) Show that pus Ff(y,t)( —grad a"(y,z) where a™ is the spatial

t=r

description of the material time derivative of x of order n+2.
Here, a represents acceleration, e.g. grad a™(y,z)=grad x™?(y,z).

Then,
n+2 n+2 an+2
orad 0 ¥(50)=rad | S0n9.0)| = Llorad (g0 - S FG),

(Gurtin 9.4) Let x bea C* motion. The tensors A (y,7)= p C.(y,z) where

n=(L2,...) are called the Rivlin-Ericksen tensors.
a) Showthat A =2D.

Recall that C =U 2. Then,



A {ﬁc} =Pu2} = {QU}U +UPU} :
at t=r at t=r at at t=r
However, from problem 9.1 above, I recall that
Fu} =D and [U]_ =1
8t t=r

So that:
A = [ﬁu}u +U{£U} =2D.
ot ot .

b) Show that C™ = FTA F, where C™ is the nth material time derivative of
C.

Using the result from 9.1c above, | have:

C(p.t)=S-C(p.t)= S F(p.o) C.(5.0F (p.7)

_ F<p,T>T[§t”n c,(y,o}(n,r): F(p.) A (.OF(p.7)

c) Verifythat A, =A +AL+L"A..

Taking the result from 9.4b,

CM=FTAF

Because F =LF,

CM) —FTAF+FTAF+FTAF=F UUAF+F AF+FTALF
But, C"™V=FTA ,F

Then,

FTALF=FTU"AF+FTAF+FTALF

FTALF=FT[U'A +A +ALJF

An=LA+A+AL

(Gurtin 11.2)
Use the notation:



w=curl v, v=(det F),, L=grad v

Establish the identity (w)" = Lw+v(curl V). Note that when v is the gradient of a
potential this reduces to (w)" =w.

Start with the identity
V:v'+%grad (v?)+(curl v)xv

and
v=(det F) =(det F)r(FF*)=(det F)tr L)

Then, using the fact that curl is linear and that the curl of a gradient is zero,
(curl v)=(curl v')+%(curl (grad  (v2)))+curl ((curl v)xv)

(curl v)=(curl v)+curl ((curl v)xv)

IEIext, usi)ng curl (wxv)=(grad wl—(grad v)w+(div v)w—(div w)v,

curl v

=[(curl v)+(grad (curl v)N]-(grad v)curl v)+(div (curl v)v—(div v)curl v)
(curl v)=[curl v]' —Lw+(tr L)w

e.g.
Lw=(r L)w

Now I return to the identity

v=(det F) =(det F)r(FF*)=(det F)tr L)
and also use

w=(curl v) =curl v

So that now:

—_

W) = W+ A

det F)tr L)w+v(curl V)
v[tr  L)w]+v(curl V)
=w+v(curl V)

Naturally, if v is the gradient of a potential, the curl of the gradient is zero and this
reduces to (w)" =w.



2
(Gurtin 11.5) Let v be the gradient of a potential ¢. Show that v = grad((p'+v?J
so that the acceleration is also the gradient of a potential.

v=grad ¢
v=v+(grad vlv=(grad ¢)+(grad vl

However, recall the well-known identity:

grad (a-b)=(grad a)o+(grad b)a+ax(curl b)+bx(curl a)

and therefore,

grad (v-v)=grad (v?)=(grad vlv+(grad vl+vx(curl v)+vx(curl v).

Since the curl of a gradient is zero and v is the gradient of a potential ¢, however, the
previous equation simplifies to:

%grad vZ=(grad v).

Now I see, using my result above that:
v2 &
v=(grad ¢)+(grad v)v=(grad go‘)+(grad 7j - grad((p'+7]_

Calculate I(P,0), a(P,0), and «(P,0) with respect to a part P about the origin o at

time t =0, e.g., the linear momentum, angular momentum, and center of mass
respectively for the following shearing motion y :

2(pt)=p+ e, ®e,[p-0]

forevery peE and t € Reals. Here, y e Reals, e,,e, perpendicular unit vectors in
V ,and o € E are given, and the part P is specified by the condition:

P,=x(P0)={xeE|0<(x-0)-e <1i=123}

with e, == e, xe,. Finally, the density field p(-0) is taken to be a constant with value
d >0. Because y(p,0)=p forall peP,, the integrals in the definitions of 1(P,0),
a(P,0), and a(P,0) are taken over P,, the variable of integration x becomes p, and
the position vector r(x)=x—0 can be written r(p)= p-o.



P, is, at time zero, the unit cube into the positive quadrant from the origin.

Taking care of the easiest part first, then,

111
m(P,0)= [ pdV = [ [ [ ddrdr,dr, = d
R 000
1 1 111 1
a(P,0)-o0= mirpdv = rn(|31())!)'£.([(r1ce1 +1,e, +r,e, )ddr,dr,dr, = E(e1 +e,+e,)

For the other parts, I first need to determine the velocity corresponding to
2(p,t)= p+ste, ®e,[p—o].

v(p.t)= 5 £(p.t)= 70, ©e,[p o] = [P0l ¢, ).

Next, the linear velocity with respect to the origin is:
111 111
n
I(P,0)= [vpdV = r-e, Je,ddr.dr,dr, = yde r,drdr,dr, =—e
( ) |3[pd !_!_!‘7( Z)el 14Ul ?dl_c[J;_!‘z 158 =575

Finally, the angular velocity of the part about the origin is:

a(P.0)= [ (r v}tV = [ [[rx (1 e, J, i,

000

=

r,(r x e, )dr,dr,dr,

r,(-r,e, +r,e,)dr,dr,dr,
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