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Continuum Mechanics Homework 1 
 
Gurtin 1.6)  Prove that: 
 
a)   ( ) ( bSabaS ⊗=⊗ )

)

 
Consider the action of this operator on an arbitrary vector v . 
By definition of tensor product, 
( ) ( avbvba ⋅=⊗  
so that  
( ) ( ) ( )SavbavbSvbaS ⋅=⋅=⊗ . 

Again invoking the definition of tensor product,  
( ) ( )vbSaSavb ⊗→⋅ .  QED. 
 
b)  ( ) ( )bSaSba T⊗=⊗  
 
Consider again the action of this operator on an arbitrary vector v . 
By definition of tensor product, 
( ) ( avbvba ⋅=⊗ )

)

 
so that  
( ) ( aSvbSvba ⋅=⊗  
by the definition of transpose,  

vbSSvb T ⋅=⋅  
so that  
( ) ( )avbSaSvb T ⋅=⋅  
By definition of tensor product, 
( ) ( )vbSaavbS TT ⊗=⋅ .  QED. 
 
c)   ( ) SeSe
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For any set of basis vectors, . Iee

i
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Using the identity shown in part (a), I see that  
( ) ( ) ( ) SeeSeeSeSe
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Gurtin 1.14)  Let RVVV →××:ϕ  be trilinear and skew symmetric;  that is, ϕ  is 
linear in each argument and ( ) ( ) ( ) ( vwuuvwwuvwvu ,,,,,,,, )ϕϕϕϕ −=−=−=  for all 

.  Let .  Show that Vwvu ∈,, LinS ∈
( ) ( ) ( ) ( ) ( )321321321321 ,,,,,,,, eeeStrSeeeeSeeeeSe ϕϕϕϕ =++ . 

 



Using the identity , I see that then: ∑=
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However, by skew symmetry,  
 
( ) ( 322322 ,,,, eeeeee )ϕϕ −=  (interchanging the first and arguments) 

 
so that ( ) ( ) 0,,,, 322322 =−= eeeeee ϕϕ , and similarly for ( )323 ,, eeeϕ .  Then,  
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An analogous procedure can be done on the other two terms, giving:  
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Gurtin 1.15)  Let  be an orthogonal tensor, and let e  be a vector with . Q eQe =
(a)  Show that  eeQT =
 

eQe
IQQQQOrthQbecause
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(b)  Let w  be the axial vector corresponding to the skew part of .  Show that  is 
parallel to e . 

Q w

 
Decomposing  into a symmetric part Q E  and an antisymmetric part W , 
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Then,  
 

( ) ( ) ( ) 0
2
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=−=−=−= eeeQQeeQQWe TT  

 
However, since the axial vector is defined as the vector Vw∈  such that 

, so that VvWvvw ∈∀=× 0=Wv for vectors parallel to the axial vector,  
implies . 

0=We
ew ||

 
Gurtin 2.1)  Determine the spectrum, the characteristic spaces, and a spectral 
decomposition for each of the following tensors: 

mnnmB
mmIA
⊗+⊗=
⊗+= βα

 

Here, α  and β  are scalars, while  and n  are orthogonal unit vectors. m
 

( ) ( )mmImmmmIA ⊗−+⊗+=⊗+= αβαβα  
 
This implies that this tensor has two eigenvalues in its spectrum, α  and βα + .  These 
correspond to spaces and { , respectively. { }⊥e }e
 
The spectral decomposition is then:  ( ) ( ) ( )2211 ⊥⊥⊥⊥ ⊗+⊗+⊗+= mmmmmmS ααβα , 
where  and  are two unit vectors orthogonal to one another and . 1⊥m 2⊥m m
 
Now consider .   mnnmB ⊗+⊗=
 
For any vector in this space, ( ) ( )nvmmvnBv ⋅+⋅= .   
 
By inspection, I see that valid eigenvectors (characteristic spaces) and their 
corresponding eigenvalues are: 
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The spectral decomposition is then:   
 

( )ii
i

i eeS ⊗=∑λ , 



with ii e,λ  defined as above. 
 
 
 
 
Gurtin 2.3)  Let , .  Show that the spectrum of  equals the 
spectrum of .  Show further that if  is an eigenvector of , then Qe  is an 
eigenvector of  corresponding to the same eigenvalue. 

SymD∈ OrthQ∈ D
TQDQ e D

TQDQ
 
Define . Qee ='
 
Then, since  and IQQQQOrthQ TT ==∈ eDe λ= , 
 

''' eeQQQeQDeQeQDQeQDQ TTT λλλ ===== , indicating that the new eigenvectors 
 have the same eigenvalues and thus the same spectrum as the eigenvectors  of 

.  The same argument in reverse shows that the spectra are in fact the same. 
Qee =' e

D
 
Gurtin 2.6)  Let  and RUF = VRF =  denote the right and left polar decompositions 
of . +∈ LinF
(a)  Show that U  and V  have the same spectrum ( )321 ,, ωωω . 
 
Since  and , then .  From problem 2.3, I have already 
shown that this relation implies that U  and V  have the same spectrum since . 

RUF = VRF = VRRFRU TT ==
OrthR∈

 
(b)  Show that  and F R  admit the representations  
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where  and  are respectively the eigenvectors of U  and V  corresponding to ie if iω . 
 
Again writing , I first demonstrate that VRRFRU TT == ∑ ⊗=

i
ii efR : 

Now since  and  are orthonormal bases, then I may let ie if ( ) ii eRf = . 
 
Next, note that ( ) ∑∑∑ ⊗=⊗=⊗=
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Now I demonstrate that ( )∑ ⊗=

i
iii efF ω .   

Since , .  I have justified this 

operation in problem 1.6. 
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Gurtin 3.1)  Compute  for each of the following functions . ( )ADG LinLinG →:
 
a)   ( ) ( )AAtrAG =
( ) ( ) ( )( ) ( ) ( ) ( ) ( )
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b)   with ( ) ABAAG = B  a given tensor. 
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c)   ( ) AAAG T=
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d)   with  a given vector. ( ) ( )AAuuAG ⋅= u
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Gurtin 3.2)  Let  be defined on the set of all invertible tensors by .  
Assuming that G  is differentiable, show that 

G ( ) 1−= AAG
( )[ ] 11 −−−= HAAHAG . 
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Gurtin 3.6)  Let  be differentiable.  Show that OrthRQ →: ( ) ( )TtQtQ &  is skew at each 

. Rt∈
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Additional Problem #1: 
 
Let  be defined by Ε→Ε:f ( ) ( )( ) 1

2
20 eexxxxf ⋅−+=  for all Ε∈x , where Vee ∈21,  

and  are given and satisfy Ε∈0x 011 212211 =⋅=⋅=⋅ eeeeee .  Find  in 
each of the following ways: 

( )xDf

 
(a) Using the definition of derivative. 

 
( ) ( ) ( ) ( )( ) ( )( )
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(b) By computing the Jacobian matrix of a coordinate version  of  in a 

Cartesian coordinate system in which  is the origin and  are members 
of the orthonormal basis used to define the system. 

f̂ f

0x 21 ,ee
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Here,  are defined to be scalar functions corresponding to components of a 
vector parameter.   

zyx vvv ,,

 
Further,  are defined to be scalar functions corresponding to components of a 
Cartesian coordinate parameter.   

zyx xxx ,,
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Additional Problem #2: 
 
Let  be given. +∈OrthQ

(a) Show that for every Vvv ∈21,  with 21 vv ≠ , ( )IQvQvvQv ≠== ,, 2211  implies 
that  are linearly dependent. 21,vv

 
Suppose that the statement above is false. I will show that then it is impossible that 

.   IQ =
 
If , then this operation preserves lengths and inner products, so that if I define 
an orthonormal basis  corresponding to linearly independent : 
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However, since , then it must be the case that 2211 , fefe == 2121 ffee ×±=×  since 

 preserves lengths and inner products.  The matrix for the transformation is 
then  
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Since , then  which forces the lower-right entry to be 1, so that then 
 and this theorem is proven by contradiction. 

+∈OrthQ 1det =Q
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(b) Show that Q  has the number 1 in its spectrum. 

 

( ) ( ) ( ) ( ) ( ) ( ) ( )
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And so Q  has 1 in its spectrum. 


