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11. Viral Budding, or:  How a colloidal particle is wrapped by a fluid membrane 
A spherical colloid of radius  approaches a fluid membrane.  Let us assume 
that the surface of this colloid is such that it would like to adhere to the 
membrane.  Specifically, let there be a binding energy per area 

0r

ω , which 
means that an adhesion patch of area A  lowers the total energy of the system 
by AEad ω−= .  What we now would like to find out is under which 
conditions the membrane would indeed begin to wrap around the colloid. 
 

 
 

1. Show that  
(i) The dimensionless parameter ξ  in the figure is given by 

αξ cos1−= . 
 
Using simple geometry, the vertical distance from the center of the particle to the lowest 
point of the dimple is .  The vertical distance from the center of the particle to the depth 
where the particle is not in contact with the membrane is 

0r
αcos0r .  Then, the difference 

between these is 000 cos rrr ξα ≡−  so that αξ cos1−= . 
 

(ii) The area of adhesion between colloid and membrane is 
. ξπ 2

02 rA =
 
Integrating over the bowl-shaped surface where the colloid particle is in direct contact 
with the membrane: 
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(iii) This area is bigger than its horizontal projection by 
 22
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Projecting the cup-shaped area up onto a plane perpendicular to the z-axis, I have  
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Then, 
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2. At the bound patch we have bending energy (we neglect the Gaussian 

term), adhesion energy (proportional to A ).  Show that the total energy 
of the bound region, , is given by  boundE
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I recall that , where 22 cEbending κ=
0

1
r

c =  is the curvature of the sphere. 
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Then, 
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3. Let us at first completely ignore the energy  of the non-adhering 

membrane.  How does the form of the function 
freeE

( )ξboundE  between 
0=ξ (no wrapping) and 2=ξ  (full wrapping) depend on the values of 

the system parameters?  Under which condition does the particle wrap 
partially?  Under which condition does it wrap completely?  In a diagram 
with axes ω~  and σ~  show the regions indicating “no wrapping”, “partial 
wrapping”, and “full wrapping”. 
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Finding the local minimum of binding energy, 

( ) ξσω
ξπκ

~2~241
+−=

∂
∂ boundE

 

 
Then, 
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This corresponds to the minimum energy,  
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Plotting binding with ω~  on the x-axis and σ~  on the y-axis, 
 

 
Binding does not occur when 2~ <ω , and the colloid is completely enveloped when 

2~2
4~2
≥

−
σ

ω .  Above, the darkest region is unbound and the lightest region is completely 

bound. 
 

12. Viral budding, continued…  
We now want to find the shape and energy of the non-adhering membrane 
from problem 11, i.e. the function ( )rh  and its energy .  As you have freeE



shown in problem 10, this function satisfies the differential equation 

( ) 02 =−ΔΔ − hλ , with 
σ
κλ = .  This equation is solved by the eigenfunctions 

of the Laplacian to eigenvalues of 0  and .  For the given planar 

axisymmetric situations these are (i) a constant, (ii) 
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1. For ∞→r  the membrane should approach a horizontal plane.  Also, 

we must satisfy the contact boundary conditions ( ) αα cossin 00 rrh −=  
and ( ) αα tansin' 0 =rh .  Using ( ) ( )xKxK 10 ' −= , show that this gives 
the equilibrium shape 
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First, I would like to show that this satisfies the shape equation ( ) 02 =−ΔΔ − hλ .  Recall 
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Thus I see that the above expression satisfies the shape equation.  Next, verifying: 
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Finally, verifying: 
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2. The energy  of the non-adhering membrane is given by the 

surface integral of 

freeE

( ) ( )22

2
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1 hh ∇+Δ σκ  over all points with a distance 

bigger than αsin0r  from the origin.  The equilibrium energy of the 
free membrane is of course obtained by using the solution to part (1) 
above when doing this integral.  For this, please remember that 
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First, 
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Next, using the polar gradient operator, r
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, I have: 
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Then, 
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Next, I must integrate: 
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Just as claimed. 
 

3. The total penetration follows from 
( )

0=
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EEd freebound .  Using the 

equation from part 1 above and the small-ξ -approximation in part 2 
above, show that for small ξ  this condition – which cannot easily be 
solved for ξ  - can be written as: 
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Explain that, if nothing else, this shows at least that 
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penetration varies inversely with tension). 
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Solving 
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In the very small ξ  limit, the ΞΞ ln  term dominates so that  
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This disagrees by a factor of two from the claimed result, but at any rate still gives the 
expected proportionality.  
 
Since the left-hand side of the above result is a property of the membrane independent of 
ξ  and σ~ , this means that the right-hand side must also be constant.  Since the right-hand 

side  is a function only of the dimensionless parameter ΞΞ ln
C
ξσ~

=Ξ  and C  is a 

dimensionless constant, this implies that 
σ
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∝  in order to hold Ξ  and therefore both 

sides of the equation constant under a change in the tension parameterσ~ . 
 
 


