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1) Phonons in a One Dimensional Linear Chain:  Consider  
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a) Solve the equations of motion and find the dispersion relation kω  by 
proposing that  with  the equilibrium spacing. tiikla
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Then, I have:   
 

( ) ( )

( ) ( )
( )

( ) ( )( )
( ) ( ) ⎟

⎠
⎞

⎜
⎝
⎛=−=+−−=

+−−=

=

−+−=

−=−+−−

=

−=−+−−=
∂
∂

==
∂
∂

−

−−−−+−

−

−+

−+

−+

2
sin4cos222

.2

.2

.

.

,

22222

1122

11
2

1
2

1
2

1
2

1
2

kakaee

eeeeeeee

eeqSubstitute

qqqq

qmqqmqqm

qmp

pqqmqqm
q
Hq

m
p

p
H

ikaika
k

tiikla
k

tialik
k

tialik
k

tiikla
kk

tiikla
kl

llll

illll

ii

lllll
l

l
l

l

kkkk

k

ωωωω

αααωαω

α

ω

ωω

ωω

ωωωω

ω

&&

&&

&&&

&&

 

 
b) Impose periodic boundary conditions Nll qq +=  and find the allowed values of 

k, namely the Brillouin zone. 
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However, with N sites in the periodic boundary, there should be N solutions, 
corresponding to: 
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Further, I will need this identity, the “Lattice Sum” identity: 
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*** Technical point:  Two solutions exist here;  however, because of the “wrap around”, 
whereby it is ambiguous as to which “side” of the loop from 1 to N is included, each 
must get a ½ factor:  this is absolutely critical to getting the factors correct in the 
calculation below. 
 
Now going through my Hamiltonian piece by piece I have: 
 
Further,  
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Here, I have already assumed that differently-indexed coordinates commute. 
 
Evaluating the components of this, then, I have: 
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and: 
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Now I take the Momentum term: 
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From part a, I recall:   
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 This allows me to make a final simplification: 
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and also 
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Then at long last I have:   
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d) Quantize:  Consider  to be operators and define *, kk αα k
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2) With the results of problem 1:  Consider a Fock state ,...,,

321 kkk nnn , with  
the number of phonons of momentum k.  In this state, compute: 
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Note that in order for ( ) ,...,,,...,,

321321 kkklkkk nnntqnnn  to be non-zero, there needs to be 

terms like  or , otherwise the Fock state will always be changed to a state not 
identical to the original state.  Since the creation and annihilation operators here only 
appear separately,  
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b) ( ) ,...,,,...,,

321321 kkklkkk nnntpnnn  
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Again, the creation and annihilation operators only appear separately here:  then,  
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By the same argument as in part a, however, I may throw out terms where '  and 
where the number of creation and annihilation operators is unequal: 
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Again, I may throw out terms where 'kk ≠  and where the number of creation and 
annihilation operators is unequal: 
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e) Now consider a coherent state ,...,,

321 kkk ααα  such that 
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alpha operators and simply represent eigenvalues of the annihilation operator 
on a coherent state!).  Compute parts a – d (above) for this coherent state of 
phonons. 
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Next, 

( ) [ ]
( )

[ ]

[ ]

[ ]∑

∑

∑

∑

−−

−−

−+−

−+−

+−=

+−=

+−=

+−=

k

tiikla
k

tiikla
kk

kkk
k

tiikla
k

tiikla
kkkkk

kkk
k

tiikla
k

tiikla
kkkkk

kkklkkk

k

tiikla
k

tiikla
kkl

kk

kk

kk

kk

eeee
N

mi

eeee
N

mi

eeaeeam
N

i

tp

eeaeeam
N

itp

ωω

ωω

ωω

ωω

ααω

αααααωααα

αααωααα

αααααα

ω

*

*

2

,...,,,...,,
2

,...,,
2

,...,,

,...,,,...,,
2

321321

321321

321321

h

h

h

h

 

Next, 
( )

[ ][ ]

[ ][ ]

[ ][ ]
[ ][( )]

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
=

+++=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+++
=

++=

++=

∑∑

∑∑

∑∑

∑∑

∑∑

−−

−−−−

−−−+−

−−

−+−−−

−+−−+−

k kk k

tiikla
k

tiikla
k

k

tiikla
k

tiikla
k

tilaik
k

tilaik
kkk

k kk

k
tiikla

k
tiikla

k
tilaik

k
tilaik

k

kk
tilaiktiikla

k kk

k

tilaik
k

tilaik
k

tiikla
k

tiikla
k

k kk

k

tilaik
k

tilaik
k

tiikla
k

tiikla
k

k kk

l

kk

kkkk

kkkk

kk

kkkk

kkkk

eeee
Nm

eeeeeeee
Nm

eeeeaeeaee

eeee
Nm

Commute

eeaeeeeeea
Nm

eeaeeaeeaeea
Nm

tq

ωω
αα

αααααδ
ωω

α

α
αα

δ

ωω
α

ααα
ωω

α

α
ωω

α

αα

ωω

ωωωω

ωωωω

ωω

ωωωω

ωωωω

1
2

...1...
2

...1...
2

:

...1...
2

...1...
2

......

2*

*'*
'

'
'',

' '

*'
'

'
'

',
'

' '

'
'

'
'

*

' '

'
'

'
'

' '

2

''

''

'

''

''

h

h

h

h

h

 Next, 



( )

[ ]

[ ][ ]

[ ][ ]

[ ][ ]
[ ][( )]

[ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠

⎞
⎜
⎝

⎛
+−

−
=

+−+−+−
−

=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+−+−+

−−
=

+−+−
−

=

+−+−
−

=

⎥
⎦

⎤
⎢
⎣

⎡
+−=

∑∑

∑∑

∑∑

∑∑

∑∑

∑

−+−

−−−+−

−−−+−

−−

−+−−−

−+−−+−

−+−

k
k

k

tiikla
k

tiikla
kk

k

tiikla
k

tiikla
k

tilaik
k

tilaik
kkk

k
kk

k
tiikla

k
tiikla

k
tilaik

k
tilaik

k

kk
tilaiktiikla

k
kk

k

tilaik
k

tilaik
k

tiikla
k

tiikla
k

k
kk

k

tilaik
k

tilaik
k

tiikla
k

tiikla
k

k
kk

k

tiikla
k

tiikla
kk

l

kk

kkkk

kkkk

kk

kkkk

kkkk

kk

eeee
N
m

eeeeeeee
N
m

eeeeaeeaee

eeee
N
m

Commute

eeaeeeeeea
N
m

eeaeeaeeaeea
N
m

eeaeeam
N

i

tp

ωααω

αααααδωωα

α
αα

δ
ωωα

αααωωα

αωωα

αωα

αα

ωω

ωωωω

ωωωω

ωω

ωωωω

ωωωω

ωω

2

'

*''
'',

'
'

*''
'

',
'

'
'

''
'

*

'
'

''
'

'
'

2

2

2

......
2

......
2

:

......
2

......
2

...
2

...

......

''

''

'

''

''

h

h

h

h

h

h

 
3) Consider a linear chain with two types of atoms (at even and odd sites), all 

joined together with springs with the same constant κ . 
a) Obtain the equations of motion and propose that ( ) tinaike

keven
keeQq ω−= 2 , 

. ( ) ( ) tianiko
kodd

keeQq ω−+= 12
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Then using:   
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I obtain four kinds of relation:  two for each equation above, one per lattice site. 
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Proposing that , ( ) tinaike

keven
keeQq ω−= 2 ( ) ( ) tianiko

kodd
keeQq ω−+= 12 , these yield: 
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In the next step, I will eliminate the Q coefficients in order to obtain my dispersion 
relations. 
 

b) Find the dispersion relations kω  and show that there are two branches.  

Obtain the  and 0→k
a

k
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→  for both. 
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So I see that there are two branches, corresponding to the plus and minus choice.   
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Taylor expanding the term  gives:   ( 02 ≈− kkω )
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c) Analyze the behavior of the normal modes for  for both branches. 0→k
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this indicates that the motion of the two types of particles are in-phase for the 

 branch. ( 02 →− kkω )
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Since this is negative and real, it indicates that the motion of the two types of particles are 
180 degrees out of phase for the ( )02 →+ kkω  branch. 
 

4) Consider a linear chain of N atoms ( )1
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potential of the form  
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The equilibrium position of the atoms corresponds to ( )0

iq  so that 
( ) ( ) aqq ii =− +

0
1

0 . 
 

 
a) Expand the potential up to cubic terms around the equilibrium position and 

write H  up to this order.  The cubic term is an anharmonic perturbation. 
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Here I have dropped the zero-point energy and since this is a local minimum, the first-
order term also.   
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b) Write the Hamiltonian in terms of the phonon creation and annihilation 

operators of problem 1 and express the cubic perturbation term in  
and interpret the processes described by the cubic term. 
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It is then left to write 3
16

1
+− ii qqβ   in terms of these operators.   
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In the fourth step here I have used the argument from problem (1) that the delta-functions 
with same-sign entries bring a factor of one-half for each repeated factor.  Then:   
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and of course once could substitute kk
k

a
m

α
ω

=
h  for each operator here. 

 
I expect the time dependent version to vanish under the action of the absolute value 
operator, but the mechanism for this may be rather complex; so I see that the cubic 
perturbation is some combination of 3 of the phonon creation and destruction operators:  
Either 3 creators, 2 creators and 1 destructor, 2 destructors and 1 creator, or 3 destructors.   


