Ben Sauerwine
Quantum Mechanics 3 Homework 4

1) Phonons in a One Dimensional Linear Chain: Consider
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a) Solve the equations of motion and find the dispersion relation o, by

proposing that g, = &, e™?e ™" with a the equilibrium spacing.

Hamilton’s equations of motion are given by H =, Gl =-p,.
op, aq,

Then, | have:
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b) Impose periodic boundary conditions g, =q,,, and find the allowed values of
k, namely the Brillouin zone.
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However, with N sites in the periodic boundary, there should be N solutions,
corresponding to:
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c) Write q, =

%%Zake‘k'aei”’kt +a, e M and write the Hamiltonian in
k

terms of o, .
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Further, I will need this identity, the “Lattice Sum” identity:
iiei(q—k)la _ 1 g=k

N = 0 g=k

iie‘(q*k)'a _f1 g=-k:2 solutions!
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*** Technical point: Two solutions exist here; however, because of the “wrap around”,
whereby it is ambiguous as to which “side” of the loop from 1 to N is included, each
must get a ¥ factor: this is absolutely critical to getting the factors correct in the
calculation below.

Now going through my Hamiltonian piece by piece | have:

Further,
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Here, | have already assumed that differently-indexed coordinates commute.

Evaluating the components of this, then, I have:

N ) 1 ) ) . - 2
qu = — Zakelklae_lfwt +ak e—lklaelcq(t
2N (4

1=1
o, aklei(kJrk')lae—i(warwk‘)t
+akakl*ei(k—k')lae—i((z)kw)kv)t
7 2N % | +a,. Otkei(k_k‘)"”le_i(”“_”“')t

+a, akl*e—i(k+k')laei(@( +oe )t



0,.,,9, = 2]’-\1 (Za elk (1+1)a e—m)k +a, e—lk(l+1)a ot ][Za elk|ae—lwk +a, e—lklaelwk j

k

_ 2]|-\l (Z akeik(|+1)ae—iwkt +ak*e—ik(l+1)aeiwkt j[zakeiklae—iwkt +ak*eiklaeiwktj
k

aa,. elkael(k+k) e—i(wk+wk‘)t

ika i(k—k')la

1 +a.a, e"e g i(@ack

—ika e—i(k—k')la (@ oyt

2N T +a, a,e e

n ak*akl*e—ikae—i(kw')laei(wk+(uk‘)t

_ 1 « * o w) i « .
Z[ aa, +a a ke i(oxro- )t +E(ak a, +a, a, )9 tagiloco it Lo 0, +a, a,

Then:

N N

Z(qm —q )2 = zq|+1z +q = 2Q|+1Q|
1=1 1=1

*

1 1 * * * H * *
=Z Z(aka +a kak)e H(a+o., ) +§(ak a, +a, a, )e'(‘“”“”k)t +too, to, o
k

1 i i 1 * * * *\ _; f * *
E(aka_k +a_ o Jeteeioro +E(ak a, +a, a, )9 tagiocodt Lo a” +a, o

|
~[M

%(akak +a_ )(1_ eikak_i(%+W7k)t +%(ak*ak* + afk*ak*xl— eikaki(wk+wk)t:|

Il
~[M]

Now | take the Momentum term:
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From part a, | recall:
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Further, I identify: o, = a,

This allows me to make a final simplification:



1 N ’ 1 1 * *
2.2_112’; __E% {_E(a @ +a e 2(ak Ay + A Ay )wkz_a’kz(akak +ta, ak)}

m * * 2
ZZZ(akak +a, a’k)ajk

k

and also
N N

—msz(q|+1 -q,) =Zq|+f +0,° - 2q,,,9,
1=1

zlma) 2[ (akak +a, akX1 e'ka ;(ak*ak+akak*Xl—e""‘a)}=%m2(akak*+ak*ak)a>k2

2 7

Then at long last | have:
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d) Quantize: Consider «,,«, to be operators and define a, = 1/%%. Write

H in terms of a,” and a, by imposing bosonic commutation relations.
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2) With the results of problem 1: Consider a Fock state ‘nki Ny Ny > with n,
the number of phonons of momentum k. In this state, compute:

a) <nk1,nk2,nks,...‘q,(tjnkl,nkz,nks,...>



q|(t) e|klae ot +C’ék+e—iklaeiwkt

ZTT
\/_\/_Zk“\/mia)k[ak piklag-ing +ak+e‘”"aeiwkt]

Note that in order for (n, ,n, ,n, ,..|q, (t]n, N, Ny ...} to be non-zero, there needs to be

terms like a, a, or a,a, , otherwise the Fock state will always be changed to a state not

identical to the original state. Since the creation and annihilation operators here only
appear separately,
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Again, the creation and annihilation operators only appear separately here: then,
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By the same argument as in part a, however, | may throw out terms where k = k' and
where the number of creation and annihilation operators is unequal:



(0 0 )1 )

h
< e o
k
h 1 N
:<nkl,nk2,nk3,... MZQ—[H 2a, ak]nkl,nkz,nks,...>
k k

Note:a, a, =N,

[akak +a, ak] Ny oMy, My o >
k

:<nkl,nk2,nk3,...‘ﬁ;wik[ljt2nk]nk1,nkz,nk3,...>
h 1+2n

B 2Nmzk: @, k
d) <nk1 ‘pl ] ,nk,nks,...>

Zza)kwk [ ak |k|a -yt +&k+e—iklae|(okt I_ &kleik'lae—m}k-t +0"{kl+e—ik'lael@(vt]

., @ . r » . G i ikl i
Zz k =7k’ [ akelklae it +ak+e |k|ae|wkt]:_akle|klae ot +ak.+e |k|ae|a;kt]

v

Again, | may throw out terms where k = k' and where the number of creation and
annihilation operators is unequal:
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e) Now consider a coherent state ‘akl VO Oy > such that

ak_‘ak QO > = ak_‘ak N > (Beware! These are distinct from the
i 1 2 3 i 1 2 3

alpha operators and simply represent eigenvalues of the annihilation operator
on a coherent state!). Compute parts a — d (above) for this coherent state of
phonons.

Note that similarly, (e , o, .ty nfa,” = (et ety
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Next,
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3) Consider a linear chain with two types of atoms (at even and odd sites), all
joined together with springs with the same constant « .

a) Obtain the equations of motion and propose that q,,, = Qk gikanag-ioyt
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Then using:
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I obtain four kinds of relation: two for each equation above, one per lattice site.
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Proposing that q,,,, = Q\e®™e ! q ,, = Qe lgiat these yield:
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In the next step, | will eliminate the Q coefficients in order to obtain my dispersion
relations.

b) Find the dispersion relations @, and show that there are two branches.

Obtain the k — 0 and k —>21 for both.
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So | see that there are two branches, corresponding to the plus and minus choice.
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Taylor expanding the term 7. (k ~0) gives:
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And the region between a),f(k —>2—7;J and a)kﬂ(k —>2—7;j iIs identified as the band gap.

c) Analyze the behavior of the normal modes for k — 0 for both branches.
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this indicates that the motion of the two types of particles are in-phase for the
w? (k — 0) branch.

For the @, branch,
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Since this is negative and real, it indicates that the motion of the two types of particles are
180 degrees out of phase for the @, (k — 0) branch.
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4) Consider a linear chain of N atoms H = ZZp_rln +V (g, —a,,.]) with V(x) a
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potential of the form
6,
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The equilibrium position of the atoms corresponds to q® so that

o -6l =a.

a) Expand the potential up to cubic terms around the equilibrium position and
write H up to this order. The cubic term is an anharmonic perturbation.
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V =V — - — - i —
2 3
—>%ZX\§ X_a(x ~af +%gx\g X_a(x —a)’ +...

Here | have dropped the zero-point energy and since this is a local minimum, the first-
order term also.
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b) Write the Hamiltonian in terms of the phonon creation and annihilation
operators of problem 1 and express the cubic perturbation termin a, ,a,
and interpret the processes described by the cubic term.
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Once again, letq, = +a, e . I have already seen that under
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It is then left to write %,6f|qi ~ 0., in terms of these operators.
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In the fourth step here | have used the argument from problem (1) that the delta-functions

with same-sign entries bring a factor of one-half for each repeated factor. Then:
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and of course once could substitute a, = «, for each operator here.

| expect the time dependent version to vanish under the action of the absolute value
operator, but the mechanism for this may be rather complex; so | see that the cubic
perturbation is some combination of 3 of the phonon creation and destruction operators:
Either 3 creators, 2 creators and 1 destructor, 2 destructors and 1 creator, or 3 destructors.




