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1) Consider the general 2-particle Fock state 
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b) If 22ˆ EH x =  then ( ) ( )2121 ,, xxExxH χχ = . 
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I have simplified with the procedure from part (a).  Now I would like to commute the 
Hamiltonian through these delta functions so that they may collapse against the outermost 
integrals.  The complex part may certainly pass, but the divergence is a bit more complex.  
Consider just the first Hamiltonian acting on the just the top entry in the array from 
Expression A above: 
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First, I evaluate the simpler, * portion: 
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where I have used the result of part (a) above.  Next, I integrate by parts the ** portion: 
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An analogous procedure on Expression A above using the lower column will give:   
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Combining the results from the upper and lower columns, I see that:  
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The only way that this can be true is if  
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c) Show that ( ) ( )1221 ,, xxxx vvvv χχ ±=  (+ for bosons, - for fermions). 
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d) Generalize the results for N particles. 

 
(i) NNNN =ˆ  
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(ii)  If NENH y =ˆ , ( ) ( )ii

i
x xxxExxxH

i

vvvvvv ,...,,,...,, 2121 χχ =∑  

 
Greatly simplifying the procedure from part (b), I start with:   
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I determined in part (b) that the kinetic parts of the Hamiltonian ultimately interact with 
the delta function, bringing only respective Hamiltonians for each particle.  I also saw in 
part (b) that in order to maintain normal ordering, j – 1 commutations must occur so that I 
bring an additional  factor, maintaining the desired overall sign. ±
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Examine the results from part (c) to understand this explanation: 



 
After a single swap, if I were to re-index as in part (c), I need to commute several of the 
creation operators lined up against the ket.  Consider the two creation operators, in 
particular, that got swapped:  there is some number n of operators between them, where n 
may be zero.  I need to move each of these operators to the other’s position.  Then, each 
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e) Consider  (free particles) and show that the two particle wave function 

is obtained as 
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Fourier-transforming these back into real space, I have integrals like: 
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which reproduces the desired wave functions, within a normalization factor. 
 

2) Consider 3 free particles. 
 

a) Construct directly the Bosonic wave function for three particles with 
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b) Construct the Fermionic wave function from the Slater determinant. 
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c) Obtain it from ( ) ( ) ( )
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Much as in 1e, I have: 
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This clearly gives the Momentum-space wave functions (within a phase factor and 
normalization).  Upon normalization and Fourier transformation back into real space, 
then, I will have exactly the functions obtained from the Slater determinant. 
 

3) Consider a set of N uncoupled classical harmonic oscillators with 
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Now verifying this general solution, I have: 
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Further,  
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as expected. Thus, I have used Hamilton’s equations of motion to verify the validity of 
this particular general solution.  The complex conjugation ensures a real result for 
position.   

 
b) Use this solution to show that ( )∑ +=
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Note:  This does not agree with the suggested solution.   
 

c) Quantize by imposing canonical commutation relations 
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for ?  Redefine the alphas so that ji αα ,+
ijji δαα =,  and write down the 

quantum Hamiltonian in terms of .   αα ,+
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The Quantum Hamiltonian is then  
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I have used the one I derived, rather than the one suggested from part (b).  This gives the 
expected result. 
 

4) The Heisenberg equations of motion in second quantization for operators are 
( ) ( )[ ]txH
dt

txdi ,ˆ,ˆ,ˆ v
v

h θθ
−=  with ( )tx,ˆ vθ  an operator in the Heisenberg picture for 

( ) ( ) ( ) ( )xxHxxdxH vvvv ψψ∫ += 3ˆ .  Obtain the equations of motion for ( ) ( )xx vv +ψψ ,  
using the commutation relations for field operators. 

 
Thanks to CH for showing me the folly of my ways on this problem. 
 
In the Heisenberg picture, let H be time-independent.  Further, let  
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Now, let ( ) ( )xxS
vv ψθ = : 
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Analogously,  
( ) ( ) ( ) tHitHi
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5) Consider the density operator ( ) ( ) ( )xxx vvv ψψρ +=ˆ , using the commutation 

relations show that 
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After the integration (not shown here), of course, ( ) ( )ixy vv ++ →ψψ .  It doesn’t make a 
difference, however, if I make that identification now: 
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Now consider that in order to obtain normal ordering, the ( )ixv+ψ  will pass through i – 1 
commutations, each bringing a factor of ±  appropriate to the statistics for this particular 
particle.  Then, I will have: 
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just as expected. 


