Ben Sauerwine
Quantum Mechanics 3 Homework 2

1) Consider the general 2-particle Fock state
|2) = jd3xld3x2;((xl, %, " (% " (%, )] 0) where |0) is the vacuum state and
;((xl, x2) is a complex function. Consider a first-quantized Hamiltonian
2v72
H, :_hzz]x +U(X) and A, = [dxp " (OH,w(x), K = [dxy " ().

Show that:

a) N|2)=22)

Bose

Fermi
w((V)=6(x-9)y" (Th(x) w(x)0)=0 v (X (¥)=2y" (V" (x)
= [dxy " (%) d°%,0 %, 2(%, %, J6(x — %, ) 2" (% W (R (%,)O)
= [dxy () d2%,0 %, 2(%, %, E(x = % " (%, )29 (% WS(x — %, )20 (%, (%)) 0)
= jd3xz//+(>‘<)jd3xld3x2;((>‘(l,)‘(2)(5(7(— % (%) 2y (% (% =%, )£y (%, (%)) 0)
= [d*x,d%%, [doxy (R (%, %, (5% - % " (%, )29 (,)5(% - %, )) 0)
= [d*x,d°x, [ d*xy (x)z(%,, %, )5(x =%y * (%, )] O)

b) If H,|2)=E[2) then Hx(x,X,)=Ex(x,x,).
Bose
*
Fermi

y(Ry(y)=6(x-9) 2y (I (%) w(x)0)=0 v (&Kp(7)=2y (T (%)

X-y
H[2) = [ d*xy  (X)H jd X%, (R, % " (% v (%,) 0)

{EXPRESSION A} = [d*xy*(R)H, [ d*x,d°%, 7(%,. %,



I have simplified with the procedure from part (a). Now I would like to commute the
Hamiltonian through these delta functions so that they may collapse against the outermost
integrals. The complex part may certainly pass, but the divergence is a bit more complex.
Consider just the first Hamiltonian acting on the just the top entry in the array from
Expression A above:

= [d®xy (%)] d°x,d*x,H,8(x =%,y * (%, ) (%, %, | O)
=*jd3xw _[d %,0°x,U (X)8(% — %, v * (%, )7(%, >‘<)|
—%**jd3x;//*(>‘<)jd3xld3x2(?xfa(>‘<—xl))y*(xz);g(xl X,
First, | evaluate the simpler, * portion:
*='[d3xw*(>‘<)'[d3xld3xzul( X)(x = % " (%,) (%, %, )| 0)
= [dx,d*x,U, (< (% " (%, )2(%,, %, | 0)
—jdxde (X (% * (%, D (%) 2(%,, %, ] O)

where | have used the result of part (a) above. Next, | integrate by parts the ** portion:
**= [y ()] d*x,d*x, (v, 26— % )b (%, )2(%,.%, ) 0)

consider Jd x,d°x (V 5()‘( ))//*()‘(2);((21,22)

><L
;‘

10)

X —oo  limits

Normality — jd *x,6(% =% (%, )V, 7(%,, %,)
r= J.dSXV/+(X)Id3X1d3X25(X_ Xl)l//+(xz)§xlzl(xl’ 22)10>

= Id 3de 3X21‘/’+(7(1)'//+()—(2 )ﬁxlzl(xl' X, X O>

An analogous procedure on Expression A above using the lower column will give:



Bose
+ .
Fermi

+_[d Xy ( Id X,0°%, 7(%, %, )5 (X = %, by (%,)|0)
=ijd X, d* %, " (%, ¥ (X )(V2 +U(%,))r(%, %, }0)
:J_rij-d3xld3x21//*( xz)(V2 +U (%,) (%, %, | 0)
:Id3xld3x2w*(il)w (V2 +U(x ) (%,,%,)0)

Combining the results from the upper and lower columns, | see that:

A RN B L BN oo o
HX|2>=E|2>=J.d3xld3x2W (%, (xz)[—%viﬁu(xl)—%viz +U(x2));((x1,x2)|0>
= E.[d3X1d3X2W+(21)‘//+(22)Z(21’ Xz)|0>

The only way that this can be true is if

h’ oy o o I
A V)V ()l 5l %)

c) Show that y(x,,X,)=+x(X,,%,) (+ for bosons, - for fermions).

Bose
+
Fermi
v (X (7)== (Y (%)
[ %3, (%, %, ™ (% (%, ] 0) = £ d* 3, *, (%, %, o (%, (%, O)
Renaming the dummy indices, then, I may rename X, <> X,
= +[d¥,d*%,2(%,, % " (% (%, ) 0)

2(22721): iZ(Xl’ )—(2)
d) Generalize the results for N particles.

(i) N|N)=N|N)



Greatly simplifying the procedure from part (b), | start with:

—h’V?
H, =——>+U(y)

H,IN) =] d3yw+(v)Hyw(v)jz(LNJx] Nl 4% (%, )O)

i=1

_ J‘d 3yv/+(y)HyJ.;([Qxi jli’\l_l[d3xkz’\il:53(y— Xj Xi)jlk

HV/+(Xk)|O>

N
=1k#]

| determined in part (b) that the kinetic parts of the Hamiltonian ultimately interact with
the delta function, bringing only respective Hamiltonians for each particle. 1 also saw in
part (b) that in order to maintain normal ordering, j — 1 commutations must occur so that |
bring an additional + factor, maintaining the desired overall sign.

ﬁ|N>:j{Hil(gxiﬂli[dzxﬂ,+(zi)|o>
and so the {ZHJ{(LNJZ ﬂ = EZ(QYQ] is the only way for the given H|N)=E|N) to

i=1

be satisfied.
N N

(iii) ;{U X j =ty Swap[U X'ij (+ for bosons, - for fermions).
i=1l i=l

Examine the results from part (c) to understand this explanation:



After a single swap, if | were to re-index as in part (c), | need to commute several of the
creation operators lined up against the ket. Consider the two creation operators, in
particular, that got swapped: there is some number n of operators between them, where n
may be zero. | need to move each of these operators to the other’s position. Then, each
of the two operators will pass by each of the n operators between them once, for a

(i)z” =1 factor (+ for bosons, - for fermions). Finally, they will have to pass through
one another at some point: This brings one more (J_r) factor. Then, overall, a single (J_r)
N N
is brought from a single swap and Z(U X, J =tz swap(U X' J
i=1

i=1
e) Consider U =0 (free particles) and show that the two particle wave function

Is ObtaInEd as <O|W()d(l)y/()‘(2xlp1 ’1pz> Where ‘lFﬁ ’lpz > = a:;la;z|0> )

_ Bosons
= Fermions

(0

a,./0)
ol

v (% (%, )a,a
<0lw )H)S 0)
(O (x s ( p,)=a;w (%, )Ry [0)
(ofls*(p® !

[( )5(p( p.)+5°(p® - p.*(p® - p, )] 0)

Fourier- transforming these back into real space | have integrals like:

[d*pe “15(p—p,) = = [d*pe “15(p—p,)=e’

%P

which reproduces the desired wave functions, within a normalization factor.
2) Consider 3 free particles.

a) Construct directly the Bosonic wave function for three particles with
momenta p,, p,, P, (namely, construct the permanent).

For all three parts, define ¢ (x)=¢"" a;.

1 TR0 0 (5 430, s 5 0 (5 45 s 3 3,
b= TG | 0 % )+ 15 W (%) + 3 a8 3>¢3<xl)}'0>

b) Construct the Fermionic wave function from the Slater determinant.

i

\1



1 ¢1()?1) ¢1()?2) ¢1()—(3) 1 ¢1(21)¢2(Xz) ( 3)_ (Xz )¢2(X1)¢3( 3)
%@(21) ¢2(72) ¢2()—(3 =_6 _¢1(71 ¢2(7( )¢ (7( ) ( )¢2( ) (7(2) | >
5(%) (%) 4(x%,) — 6,(% ), (%, ), (%) + (%, )5, (%3 ) (%,)

X
c) Obtain it from O|z//(7<1)y/(7<2)y/(*3)(1p1,1p2,1p3> where ‘1p1,1p2,1 > a;a;ar|0).

Much as in 1e, | have:
- Fermions

(Oly (%, )1//(7( )a a’a; |0>
= (Ol (% (%, b
= (Ol (% b [
commuting in
= (Ol (% by (%,

Xy »l0)

( ) asw, (%), 0)

p-— space

( pl)a a3ia;1[53( pz)a +apz[53(
b

-, )[l0)
b2 (p® — p, )% (p% - p,)-5°(p - p, J5* (P - p, )5 (p

53(p<3)- @ _p,)
= (0 + ("™ = p.(p” - P J5*(p® - )= 5°(p® = P J5* (P - P J5*(p® ~ 1) | 0)
RS TSN I R S

This clearly gives the Momentum-space wave functions (within a phase factor and
normalization). Upon normalization and Fourier transformation back into real space,
then, I will have exactly the functions obtained from the Slater determinant.

3) Consider a set of N uncoupled classical harmonic oscillators with
L
— Z_| +_a)i2Q2
= 2 2
a) Find the classical equations of motion and show that a general solution is

Q =ﬁ(atie_i‘”t +a, e""t)

Why the complex conjugate?

oH . oH

8_Pi=Qi a_Qi:_P

Now verifying this general solution, | have:



0Q; '
% (e )-
0’Q =—=|ae™ + e )=-P
V2
2
. : ot
S P== —'ae +a ‘e
o |
2
: 1 it 1 * iwt ; —iwt | *_iwmt
P = ——ae + —a e |=—=|-lge" " +ig,e"
i \/E(_ia)i i ia)i i ] ﬁ( 1 )
Further,
oH :
I
Pi :Qi
a)i H ot 1 - —iwt - * it
——|a.e +I0£ e —\-loae " +loo. e
\/5( [ ) \/E( i~ (had] )

as expected. Thus, | have used Hamilton’s equations of motion to verify the validity of
this particular general solution. The complex conjugation ensures a real result for
position.

b) Use this solution to show that H =" /] (e +aar}).

" =iNzlP; +%w'2Qi2 ii“%(%(_ia‘em tia, emt)] + 1@ (T(aie +a e"‘")]
o (( e +ia e ) (ae +a, e"‘”)z)

Il
Mz re

oy

2
w_.

4
2 N a)Z
(Zaiai* +2a, ): 27‘(&@: +a, q )
i=1

Note. ThIS does not agree with the suggested solution.

. )
—ae M vaa +aa, —a ez""tJroci e vaa +oa +a ez""”)

¢) Quantize by imposing canonical commutation relations
[R,ijz—ihéﬁ P, JJ [Q,,Q |=0. What are the commutation relations

for o, a;? Redefine the alphas so that «;,a; = 6; and write down the

guantum Hamiltonian in terms of o™, « .



[Pi,Q,-J= _ihéij

|:\7)|§ (_ e +ia e ), \/15 (O(J-e_iw’t + Ot;eiwjt )} = —ino;

[0} - “iw * _iw; - * o —ilw; -
?'([—Iaie ' 't,aie'w't]+[laie' ‘e 'w't]):—lhé‘ij

iCO _i * (W * i —iw: -
7‘(— [aie "‘"t,aje'w‘t]+[aie"‘"t,aje 'a"t]):—lhé'ij

Clearly, [ai : a’;] o 5

1o,

> (— [aie’i“’“,a:ei“"t]+ [a:ei""t,aiei""t])zi%(— [ai,ai*]Jr [ai*,ai]): i, [ai*,ai]: —in

[O‘i*’aj]:_g@j

1
re—define: o, > |—a',a, > |—a
), ,

for [a'i ,a'j*]=5ij
The Quantum Hamiltonian is then

2
H= Z%(ai*ai + aiai*): Z%(CXT a' +a', a'?): Z%(Za'f a'i+1): Zha)i (a': a'ﬁ%)
I have used the one I derived, rather than the one suggested from part (b). This gives the
expected result.

4) The Heisenberg equations of motion in second quantization for operators are
ih% = —[I:| : é(x,t)] with é(i(,t) an operator in the Heisenberg picture for

H(x)= J'd3x://+(>‘<)H (x)y(x). Obtain the equations of motion for y(%),*(X)
using the commutation relations for field operators.

Thanks to CH for showing me the folly of my ways on this problem.

In the Heisenberg picture, let H be time-independent. Further, let
~ Tht A e

O(x,t)=e" O,(x)e

First, note that:

[I—],e’;ﬁt} =0 because [I:I, ﬁ]= 0

i~
’ -

- A a(x1)|= i [H.0,(x)k "



Now, let 6, (%)= w(X):

_ j d3x'1//* (X)H (X');V(X')y/(x)—w(i)jd3X'u/*(7<')H (%) (%)
= [d*y (W (ROH (X (%) - (%)] d*xp (%)H (R ()
= [d* [ (%= )+ (R (R)H (R (x) - p(X)[ d*xy (X)H (XY ()

Analogously,
e

5) Consider the density operator 5(X)=v " (x)y(X), using the commutation
relations show that

Ao (1 () (5,)0) = 2029 -1 (6”5, (5,0

Bose
Fermi
A (%™ (%, )" (%) 0)
:';V+(}7)§”(B7)‘//+ Xl)W+(Xz)---W+(—N]0>
=y (PN (7= %) 2w (W (D) (%) (%, )0)
=y (PN (=% (%) 2w (R )5° (T - %, )2 (R (9 (% )™ (%, )O)
after ://(y)|0>—>0:

253 y-% H £) 1y (%,)0)

After the integration (not shown here), of course, *(y) > w*(x,). It doesn’t make a
difference, however, if | make that identification now:



=3y (%) [T v ()o)

=1, j=i
Now consider that in order to obtain normal ordering, the y/*(xi) will pass through i —1

commutations, each bringing a factor of + appropriate to the statistics for this particular
particle. Then, I will have:

35 (- %)L T @) (7, )0)= 38 -% b () (%, s (3, )JO)

just as expected.



