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1) Weakly interacting Bose gas in the Bogoliubov approximation:   
 

( ) ∑ ∑∑ +
−

+
+

+ +=
q kp

pkqkqpq
k

kk aaaaV
V

aakH
,

ˆˆˆˆ
2
1ˆˆˆ ε  

Consider ∑ +=−=
k

kk aaNNHK ˆˆˆ;ˆˆˆ μ . 

Define:  00000
ˆˆ,ˆˆ ≠≠ =+= kk

i babeNa θ  

a) Separate the terms of order 000
2
0 ,, NNNN  in the interaction term, show 

that these are quadratic in , and show that terms of order +bb ˆ,ˆ 0N  and 1 

are cubic and quartic in .  Neglect the terms of +bb ˆ,ˆ ( ) ( )1,0 θθ N  (Bogoliubov 

approximation) and write down K̂  keeping these terms only (up to quadratic 
order in . +bb ˆ,ˆ

 
The first term is broken up into two cases:  0,0 ≠= kk . 
 
Further, I take in this case ( ) 00 =ε  
 
The second term is broken up into nine terms corresponding to each permutation of: 
{ }0,;0,0; ≠−≠≠=−= pqpqpqp  and{ }0,;0,0; ≠≠≠== kqkqkqk .  Several of these 
terms corresponding to the first options in the lists above will require further 
consideration where  might generate more zero-indexed terms.  Let me show these 
nine permutations first: 
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Splitting these, then, where necessary into 0=q  and 0≠q  cases, I have:   
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The Feynman diagrams of these show the various processes of scattering, including pair 
production and creation from the condensate.  Now switching over to the b  language, 
and considering only the interaction terms: 
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Rather than explicitly expanding these in all of their terrible glory, I note a pattern:  the 
only way to pick up a factor of 0N  in the above is to sacrifice the presence of a .  In 

this way, then, I see that for each factor of 
0b̂

0N  that appears, the order of the term is 

reduced by one.  Then, terms up to quadratic in  have coefficients 0b̂ 000
2
0 ,, NNNN  and 

higher order terms have coefficients 1,0N .  Then, dropping the latter-order terms, I get: 
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Then,  
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b) Show that in this Bogoliubov approximation that  where  is 

quadratic and linear in  and  is purely classical and independent of 

. Establish a relation 

clQ KKK ˆˆˆ += QK̂
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+bb ˆ,ˆ ( )0Nμμ =  by minimization of : clK̂ 0
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This is the Gross-Ginzburg-Pitaevskii equation.  Show that imposing this 
condition leads to the cancellation of the terms linear in in . +bb ˆ,ˆ QK̂
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Classically, then,  
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Under this substitution, then:  
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The terms related to ( )0ε  and μ  now correspond to a zero-point energy and can be 

dropped, leaving only terms quadratic in : +bb ˆ,ˆ
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c) Diagonalize the resulting quadratic form for  by a Bogoliubov 

transformation:   
QK̂
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Let kφ ,  and qV ( )kε  be even functions of . k
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Now I have, after commuting and eliminating terms as well as re-indexing where 
necessary that 
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This requires that   
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Clearly satisfies the relation . 1sinhcosh 22 =− xx
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Also,  
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Note that the answer correctly vanishes when  vanishes. 0N
 
 

2)  
a) Invert the Bogoliubov transformation in item c in problem 1 and show 

that θφφ i
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Certainly, [ ] ijji bb δ=+ ˆ,ˆ . 
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Using this result in the next element, I have: 
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And now I notice a pattern.  Namely, the -commutator will have value: N
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Now I see that these entries correspond to the Taylor expansion of  
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in the case of the coefficients multiplying kb~  and  
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1
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in the case of the terms multiplying +

kb~ ,  
and so overall I have that  
 
( ) ( ) kkkkkk cbbUbU ˆsinh~cosh~~ 1 =−= +

−
− φφφφ   

 
just as expected. 
 

b) Show that the ground state of K̂  in the Bogoliubov approximation is 
( ) 0~φUGS =  where 0~  is the vacuum of the operators 00~~:~

=kk bb  

for all k .  Argue that GS  is a linear superposition of states with a 

pair of momenta kk
vv

−,  respectively.  This is a squeezed quantum 
state.  These states are ubiquitous in quantum optics and quantum 
controlled nanoscale systems. 

 
From part 1c, .  Dropping the zero-point term, I have then  ( ) 0ˆˆˆ KkccK
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Now using the result from 2a, I have: 
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Thus I see that GS  is the ground state of the Bogoliubov approximation, since 

00~~
=kb . 

Consider now the action of ( )
( )∑

= >
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~~~~

k
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eU
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φ  on the vacuum 0~ .  Note that from 

this form, I see that particles are only created in a pair +
−

+
kk bb ~~  and are only destroyed in a 

pair kkbb −
~~ .  This observation alone is sufficient to ensure that all states that exist can only 

have equal contributions from particles of momentum kk
vv

−, . 
 

3) Mean-Field Theory, Coherent States, and the Gross-Pitaevski Equation:  
Consider the pair potential ( ) ( )yxVyxV vvvv −=− 3

0δ  and introduce the coherent 
states of the Bosonic operator ( )xvψ  such that ( ) ( ) ( ) ( )xxxx vvvv ψψψψ =ˆ .  

Include a one-body "trap" potential in the Hamiltonian Ĥ :  
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a) Minimize the energy ( ) ψψψ KE ˆ=  where ψ  is the coherent 
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the constraint that ( ) Nxdx =∫ 32vψ . 
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Then: 
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And so I have that 
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But the Hamiltonian is valid over any arbitrary sub-volume and so locally 
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b) Define new operators ( ) ( ) ( )xxx vvv ηψψ ˆˆ +→  where ( )xvψ  is the solution 

to the Gross-Pitaevskii equation and write K̂   up to quadratic order 
in ( ) (xx )vv +ηη ˆ,ˆ .  Show that terms linear in ( ) ( )xx vv +ηη ˆ,ˆ  are cancelled by 
( )xvψ  being a solution to the G-P equation. 

 
Again, take:  

NHK ˆˆˆ μ−=  
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Note that in the final line of the result, indeed the G-P equation must eliminate the ( )xv+η̂  
term.  However, in the second term no such cancellation occurs unless the operator ( )xvη̂  
itself obeys the G-P equation as well! 
 

c) Introduce the Bogoliubov transformation: 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )xxvxxux
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Show that ( ) ( )[ ] ( )yxyx vvvv −=+ 3ˆ,ˆ δϕϕ  if ( ) ( ) 122 =− xvxu vv . 
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Now recognizing that the variables in the second term are dummy variables in any 
integration over the same space, 
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And so I see based on this expression that ( ) ( )[ ] ( )yxyx vvvv −=+ 3ˆ,ˆ δϕϕ  if ( ) ( ) 122 =− xvxu vv . 
 

d) Write K̂  up to quadratic order in  found in (b) in terms of .  
What is the equation that  must obey so that the terms of the 

form  are cancelled?  These are the Bogoliubov-DeGennes 
equations! 
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Now note that, inverting the prescribed transformation, I get: 
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This inversion can be quickly verified by substitution into the forms for  given in 
the problem statement. 

+ϕϕ ˆ,ˆ

 
 
Now considering only terms containing the powers  from +ηη ˆ,ˆ K̂ , I have:  
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Now cosidering the  portion,  2ˆ +ϕ
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By the same argument as in part (a), then, the Hamiltonian is valid across all space and so 
the the integral must vanish at all sub-regions, so that in order to make this vanish I need: 
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Where again ( )xvψ  is the solution to the original G-P equation, and solutions ( )xv+ϕ̂  are 
found from the unperturbed Hamiltonian.  A second constraint is then found using the  
portion of , which leads to a coupled pair of differential equations in .  Notice 
that the operator portions can be dropped from this equation after the differential operator 
acts. 
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