Ben Sauerwine
Quantum Mechanics 3 Final

1) Consider a homogeneous, weakly interacting Bose gas with Hamiltonian
A+ h
= [axy {—}y [ Jand®y (5 (W (R~ 9N ).

a) Consider V(x y = —[\/0|5 X — y) and assume a condensate with N,

particles. Obtain the operator K=H —,uN in the Bogoliubov

approximation. By a canonical Bogoliubov transformation bring it to the

form K =Y nQ(k)E; €, +K,. Show that Q(k) becomes imaginary for some
k

values of 0 <k <Kk,

0

Let y(x)=> U, (x)4, be normalized so thatjd ¥Jo(xJ,,(X)=5

n

m,n*

2m

Further, Iet(— hv ]Un(i): g(n) and N = jd?’xx/}*(i)y}(i).

Now | have:

Next, | consider:

[Ja*xd?yy () (YV (= (vl (x)
_ _¥ [aoxi* (3 (W (R (x)
_ —@ S [d5xU; (0 (XU, (X0, (XB/ 44,

ikl

For a weakly interacting gas, take essentially free particles which travel uniformly in
spatial directions: U, (X)oce™™ . Then, I see that

[V°| ZJ'd XU; (x5 (U, (XU, (x)A4; 4,4,

i, jk,l

has i+ j+k+1=0 inorder to survive, since Idxe =00, S0



[[dxd®yg (" (FV (x - 7)o (v (%) = -
So, I may combine these pieces and rewrite:

K=H-uN = [e(k)- uJa; 8, - Vo |Za,+qak A, .
k

q,k,I

In the canonical Bogoliubov approximation, | take:

A / i K A _h
a, = Noe +bo ak#O_bk¢0

Expanding to highlight zero terms versus nonzero terms a bit, then, | have:

e, -y a6

k .kl

USRI A A NI s s
_ =0 +a+ _ vt _ ol + A+
v q#an 8088~ q;aq a’,4,4, v kiqzquak_qakao
yzét 84,4, - [\/°|Zal+qa_qa 4 - [V°| > a4 A4
q q=0 1-q,120,k=q,k=0

Splitting these, then, where necessary into g =0 and q = 0 cases, | have:



(0 excited interaction): ——"4/4;4,4,
(2 excited in.teraction):—v

[V |Za 4;8,8, - Ve |Zaq a’,4,4, —MZal a; 4,4,
120

q=0 q=0

ApAg A

(3 excited in.teraction):—M >aja; a4, |V°| > ara; a4,

k=q,k=0 k=q,k=0

V2 R VA .
- 2 ALAAa - >al,d%a8
q+0,1%-q,1#0 q#0,1%—q,1#0

(4 excited interaction): [V| > 4,4, 44
1=-q,1#0,k=q,k=0

The Feynman diagrams of these show the various processes of scattering, including pair
production and creation from the condensate. Now switching over to the b language,

and considering only the interaction terms:

K, =

(0 excited interaction): [\\//|( +b*X\/_e +by XJ_e'9+bXJ_e'9+b)

(2 excited interaction): (\/_e +b X\/_e +b+ qbq
Mol e+ +<re'9+b)o Mol e 6 (e <)

k=0

=
Rl e+ B (e )T 6 (e« e 46,

N (e i e 6.

(3 excited interaction): |V°|k¢qzk¢(o\/_ e +b; bbb, M|k¢qzkf3b b, (N,e +5,
M' S [ Noe ™ +b; b - N°|I$;$t(>)|jqb+q(\/N_oem+60};|

1#-q,1#0

(4 excited interaction): - Vel > by,be b

1#-q,10,k=q,k=0



Rather than explicitly expanding these in all of their terrible glory, | note a pattern: the
only way to pick up a factor of \/N, in the above is to sacrifice the presence of a b

this way, then, | see that for each factor of /N, that appears, the order of the term is
reduced by one. Then, terms up to quadratic in 60 have coefficients NZ,N,/N,,N, and

higher order terms have coefficients /N, ,1. Then, dropping the latter-order terms, | get:

(0 excited interaction)—
—@[Nj + 2N, NpeB; + NoeBeb; + 2Ny [Nye By + 4Nb: By + Noe 27BoB, + 6N, )+ 6()]
(2 excited interaction) —

[VO|ZN e’z"gb b [VO|ZN bfq » |V°|ZN b b

q=0 q#0 k=0

A

_@z 6+6 I\/0|ZN62I€bb+ |V°|ZNbb+6’(\/_)

q=0 q=0 120
o Ml a6, e Y b e YRS
q q q--q

#0 q=0 q=0

(3 excited |n.teraction)—>

+ 0[N, )+ 601
(4 excited interaction):—
+06(1)

The next step is to eliminate the terms linear in b,b*. This is done through the

T - . . " . K
elimination of K through the Gross-Ginzburg-Pitaevskii equation Ky =0. Letme

0

first write my expression for K:

K = [£(0)- 1]y +Nge B, +[Noeb; +B;5, )+ 3 [e(k)- ], b,

k=0

—M[NOZ + 2N, /N, e7b; + Noe??br by +2N /N e b, + 4Ngbeb, + Noe*Z‘QBOBO]

Mol sz 5 +e2i‘926§6_*q+e‘2‘926q6_q}

q=0 q=0 q=0
The classical portion, with K =K + K, is

A

Ry =~z < o(0)- N,



Collecting terms linear in b,b*, then, I have:

K (linear) = \/N e { y—2N0¥}60+\/N_0e‘{g(0)—y—2N0¥}6§
— Noe ™ [2(0)b, +N,e”[£(0)]b;
And so taking £(0)=0 gives vanishing of the terms linear in b,b".

Now | have:

R [Vol

K =[e(0)- u]N, NZ +Z upb,

Ml 4565 +emzs;5+q+e—zwzaqaq}
q

q

The next step is to select a transformation that eliminates the b*b* and bb terms. I take
this transformation to be of the form:

bie = ¢, coshg, + ¢, sinhg, , where @, is an even function of k .
Further, | assume that [c ¢ ] Onm-

n*¥m

Under this ansatz, | have:



R =[(0)- N, - Vel

+> [e(k)- 1]€, coshg, +¢", sinhg, )& coshg, +¢ , sinhg, )
k

\Y

Mol

0

4y (ék cosh ¢, + ¢, sinh g, )(6; cosh ¢, +¢_, sinh ¢k)
k

k

+ (ék cosh g, +¢€", sinh g, Xéfk cosh ¢, +¢, sinhg, )
+> (& coshg, +¢ , sinhg, J&*, coshg, +&, sinhg, )

k _

Or simplifying,
R =[0)- N, - el

+ Z[s(k)—/,z](ékék+ cosh? ¢, +¢* & cosh g, sinh g, +6,E , cosh, sinh g, +E*E , sinh? ¢, )

4y (6k6; cosh? ¢, +C*, €, cosh ¢, sinh g, +¢,C_, coshg, sinhg, +C7, €, sinh? ¢k)
k
+ Z(GKG_k cosh? g, +C*,C_, coshg, sinh g, + €, coshg, sinhg, +C7, ¢ sinh? ¢k)

k
+ Z(ék*éjk cosh? g, +¢C, €, coshg, sinhg, +¢E_ C*, coshg, sinhg, +C_,C, sinh? ¢k)
L k

Breaking the terms up into the desirable and undesirable ones, | have:

A~

"
~M

n
~M

n
M

Now with the understanding that the ¢*¢* and ¢€ terms must vanish in order for my

\Y
R =l0)-uln, -l

\

[6(k)— 1] coshg, sinhg, _VO N, (4 coshg, sinhg, +sinh? g, +cosh? ¢,
V

[6(k)— 1] coshg, sinhg, _VO N, (4coshg, sinhg, +sinh? g, +cosh® g,

= "I elk)- u]cosh® ¢, +2h\//0 N, coshg, sinhg,
k

transformation to be successful, | expect to see two conditions:

) A

\Y
[e(k)— 1][cosh? g, +sinh? g, )_VO N, (4sinh? ¢, +4cosh? ¢, +4cosh, sinhg, )}E;ék

)}
}

—ka

Cc




[6(k)— 2]coshg, sinhg, —%\//0 N, (4coshg, sinhd, +sinh’ g, +cosh? ¢, )=0
cosh’ ¢, —sinh’ ¢, =1

Armed with these, | may now solve:
1[ . \4 : _
> &(k)— u]sinh2g, -V N, (2sinh2g, +cosh2g, )=0

V.
[; [g(k)—,u]—ZVO NOJsinh2¢k —%\//" N, cosh2¢, =0

Now certainly:

) \Y
sinh2g¢, oc _VO N,

cosh2g, oc;[g(k)—,u]—Zh\//o N,

Sincecosh? ¢, —sinh’® ¢, =1, | determine that

Mo

1
f[g(k)—y]—Z N,
cosh2¢, = 2 v
1 Vol 2 Vol 2
\/{2 [g(k)—#]—zv Noj _[_V NJ
2y,
sinh2¢, = v

[t 7]

So that at last | have:



K =[£(0)- uN, —Y/O NZ +Z|:[5(k)—ﬂ]005h2¢k —\\//O N, (4cosh2g, +2sinh2g, )}Egék

k

—>'|e(k)— p]cosh? ¢ +ZMN coshg, sinhg,
5 o)t , 2 N, cosn,

where

(k) =[&(k)— ] cosh24, —\\//0 N, (4cosh2g, +2sinh2g, )

K :—Z{l[g(k)— ](Cosh2¢ +1)+MN sinh2¢ }r[g(O)— ]N —MNZ
0 — 2 H k VAR k H]Ng v o

21,2

Next take (k)= h2rkn

for free particles.

Now consider the domain of 7Q(k). With the Gross-Ginzburg-Pitaevskii condition that
2¥ N, = &(0)- « and taking £(0)=0, I have:

\Y
7k ) = &(k ) cosh24, —2VO N, (cosh2g, +sinh24, )

Now with all substitutions intact, | have:

0 EVE No

LY
2 om v N Y

17%k? Vol Vol
21,2 V ~
m(k):(h K2Vl

2 2 -
21,2 V V
2 2m V V

This is clearly pure imaginary where

“l22m v Vv

1 n?k? ‘Vo‘ i NO‘ 2
2om v o) v e Mol Y (Mol T
z EEIAE

NOJ 0
2m V \/[Mzkz V| JZ [vo JZ v \/(sz Vol jz [vo
=22 _DON [ - RUN e Y T
2 2m V Vv 2 2m V Vv

NJZ



2 2m V

21,2 \2 21,2
l(hk}_hk Mly <o

[lﬁ_MNojz {@NJZ <0

4\ 2m 2m Vv °

21,2
EL S
4 2m V

b) Whatis k,,.? What is the physical reason for this imaginary value and what
do they mean?

. L - Ko :
The maximum pure-imaginary value is just below £hz¢ = @ N, , after which the
m

value of the K operator is real. Again, | take [6;,6m]:§

nm:-*

Certainly,

d oL ~a - A R R
ih—-C = [H ,ck]: [K +,uN,Ck]: (hQ(k)+ 1)e, = nQ(k)E, .
Then, the solutions to this equation of motion are

d . 10(k), k),

—C, =———2C .C, e "

dt 7

Then, a mode in the range

2
Ehzkmax SMNO
4 2m \Y

corresponding to

0 <k <Kpu :B—TMNO

he Vv
indicates a mode decaying in time, which is part of the condensate background. Above
this background momentum, a mode will be free to propagate in the background.

e2

Tt
[x=9]
Coulomb potential. Namely, consider a weakly interacting Bose gas of

charged particles (and assume a homogeneous neutralizing background like
in the Jellium model).

2) Consider the same problem as 1 but now with V(x - y) = he



a) Obtain the energy eigenvalues 7Q(k) in the Bogoliubov approximation.
Show that now limQ(k) = Q(0)#0. What is Q(0)? Compare to the result

for plasma oscillations in the electron gas.

Taking everything as in problem 1, the key difference is that now:
Janxatyir (x5 (W (2= 97 (x)

2
= [d°xd? i g (R (9 (9 (%)

-5

The Fourier transform of the 3D Coulomb interaction leads to

in the Jellium model, so that through the same procedure as in problem 1, I will be left
with:

JJd*xd®yy (R (v (x ‘)/7(‘)1/7(‘)—>—2— 2 Vodlgdy (A, -

Vq¢0k|

There are no excitations corresponding to V,, since this interaction only occurs for
q= 0 Now | may split up the interaction term a bit:

ZV a'I+qak qakal -

2V q=0,k,I
TV AR o TVAALAL - YV LA
q-q *q 2 q-q “k-q~7k™0 2V q~1+q "k—q =kl
q¢0 q#0,k=0,k=q q=0,k=0,10,k=q,1=—q
1 1 e
“ D V4,884 - qua —2— Y V.4 ,4,4.4
V q=0,l#0,l=—-q q¢0 V q#=0,l#0,l#-q
~ 3 1 i ar A A
+ + +A+
——qu 08Bl — o Y Va4, 44, - ZV a;
q¢0 q#0,k=0,k=q Q¢0

Under the substitution &, = \/N,e" + 60 a., = bki‘0 , then, the only terms surviving in

the Bogoliubov transformation correspond to those with at least two zero-indexed
operators a,,4, . Then, what remains is:
Z Vb ——e2'92v NN AN .+ 0N )+ 00)

q7q-q
g=0 g=0 gq=0



Now writing K = H — uN , | see that the Gross-Ginzburg-Pitaevskii condition is

unnecessary to eliminate terms linear in b since none appear, and so | correspondingly
take ¢ =0.

So now | have:

K=H =Z[s(k)—5k¢0 ':'/ }b b, — 2\; e”” >V, byb’, ‘MZV beb.,

k k=0 k=0

| would like a transformation of the form
be'” = ¢.u(k)+E%v(k), where u and v are even functions of k.

Writing this in terms of these operators, then:

K=H-= Z{ kiol:l/v}(c u(k)+ & v(k)NEru (k) + € v (k)
2VZV(cuk)+ckv Xcu )+ Ev(k ) ZV(“** (k)+C_ v'(k X "(k)+E,v'(

k=0 k=0

= 5| o000 M +|uk|2)—sk¢o;—k(u<k>v< ol )
3 0= 810 N0V () - 8,0 NV +u*<k>2)}erke;
e300 8,0 NV Ve ) Hoﬁ(v*(k)uu(kf)}e_kek

L V
+ Z const.ants
k

As shown in a previous homework assignment, for a Bose gas in the Bogoliubov

- . 2 2 - . -
approximation, I expect |u(k)}” —|v(k)” =1 in order to ensure canonical commutation
relations.

In order for the undesired ¢*, ¢, and € ,C, terms to vanish, then, I need:

[e<k>-am ]<k>v<> oo NV k) u*(K)F)= 0.

2V

This implies that:

NV

k O, ——K&

()V( )OC k0 "o/
NoV,

V(k)* +u"(k)* o< £(k) =8, RV



These relations can be satisfied by entirely real u and v, for:

0" (0(k) = u(kW(k) o 6, 2

2V
0" = ol o ), N

In order to satisfy the canonical commutation relations, I must normalize these so that
2 2 .
u(k)™ = (k)" =1, leaving:

N,V
V268, 0k
u(k) = (k) C

ha<k>=[e<k> 5o eV ](vk v,2)- 6,0 2N0Vi )

g

1

(-0, "

NV ) NV V)
[(g(k)_5k¢0 \0/ kJ _4(51#0 ZOij J
NV, ) NV, )
Z\/Lg(k)_é‘uo \0/ k] _[5k¢0 \0/ kJ

Taking the limitas k — 0, | get:

21,2 2 2 21,2 \2 272 2
Iith(k)zlim hik _NOVk B NoV, _lim ik _47ze h°N, _in 47e°N,
k—0 k—0 2m \Y \Y k—0 2m mV mV

So, | see that this agrees exactly with the plasma frequency for a free electron gas:




N, e’

In a free electron gas, @, = [http://en.wikipedia.org/wiki/Plasma_frequency]

b) Give the behavior of the Bogoliubov coefficients for small k. This is the case
of long range forces that violates Goldstone’s Theorem.

Using the forms derived above, | get, allowing Mathematica to do the tedious but

BN

5 [1( 7ze*mN, )4 1
k~0)=(-1)a =] =2 | =
uf ><>45( U ]k+

1
1 (1( ze®mN, )4 1
k~0)=(-1)s |=| =—2 | =
e=0)= o [ e L

Note that a phase has appeared in these, whereas | assumed that they were real in order
to solve above. The solution above is certainly accurate for large k, and there is no
reason to believe that a solution accurate for that region wouldn’t extend naturally into
the small k region.

So I notice two that there is a symmetry between the lowest order term contribution of
my two coefficients, namely that they differ only by a constant factor of —1, thus these
are candidates for Goldstone’s Theorem which states that any theory with an exact
symmetry other than that of the vacuum must contain a massless particle.

3) Pairing theory of Superconductivity: The BCS Hamiltonian in the mean
field approximation is

¢ it ¢ A+ A A+ A A+ A+ *A a4
K=H-uN= Zg(k)(akTakT t3,,3, )+ Z[AakTa—kL +A a—kiakT]
k k
where &, | are creation operators of an electron of spin up or down and

momentum k and
3-8 (6Sla a]s)

|GS> is the ground state of K and Z is a sum over states with
=

h2k2
0<e(k) <o, and e(k)=s(k)- u =m M

a) Diagonalize K by a Bogoliubov transformation: introduce new operators
N _ A A+
Ak =W —Via
2ty A A+
B, =via,, tu,a’,
and their respective Hermitian conjugates with u, ,v, real functions and even

in k. Show that this transformation is canonical, namely that A B obey the



usual anti-commutation relations if u’ +vZ =1. It is convenient to write

., :B(lmk)f v, :_E(l_ak)f

Invert the Bogoliubov transformation and write K intermsof A A",B,B".
Choose a, so that K becomes K = E(k)[Ak*Ak +B; ékJ+ K,. Namely,
k

choose , to make terms such as AB vanish. Find E(k).

} o Vi@yr TUa kl}:ukvk{ Kkt akT}_Vkuk{a—w a_w}:O
A+ A 2la A+ 2fa+ 3 2 2
Ao A }: {ukam Vi@ U8y —Via ki}:uk{ Kkt akT}+Vk {a_u a ki}:uk TV =
5 B+l A A a A+ _y2la+ 23 2)a + g2 2 _
{Bk B, }— {Vkam tU@ Vi +uka—k¢}_vk{ m!am}Jruk {a—kl afm}—vk +u =1

Thus | see that this is a canonical transformation.

Certainly, then,
a’,, =-ViA +u By

Now,

7 i § A+ A A+ A A+ A *~ A

K=H-uN= Zg(k)(amam +aklakl)+Z[AakTa—k¢ +A afuam]
k k

=S el A +vB oA w8 )+ (v cuB v A <08,
+;[A(UKA; B v A +u By )+ A v A u, B, Ju A v, By ]
Separating this into component terms, then, | have:

R = 2Ll —vi )= (a4 v A A

# 2Ll -vi)-{a+ 8 b, B8,

+ ;[e(k)(Zukvk )+ (aug - A'vE Ay

+ ;[e(k)(— 20,9, )~ (A'? - av? )JAB,

+ const.ants

Now in order to ensure vanishing of AB terms, | need:



e(k)(2u,v, )+ (Auk2 —A*vkz): e(k)—2u,v, )- (A*uk2 —Avkz): 0

Next | write:

*

1 LA A
ek)l+a, 21—, )2 +E(l+ ak)—7(l—ak)= 0

1

g(k)((1+ o, )i(l—ak)zj . +2A* &, =0
S )

Now | see that
E(k)=e(k)uz —vZ)-(a+a v,

with
o-[ara)l v-Lia-a)l «- all
{2 } { } \/(AJ;A*] ol

b) Obtain a self-consistent equation for A by evaluating (GS|a ,,4,,|GS) and

haoy,
solve this equation by replacing Viz - JN(g)dg with N(¢) is the density
k* 0

d 3k

of states so that N(s)de =

(27)

and assume N(g)~ N(0).

Then,



g haoy, d3k
A= (GS[a_,4,:|GS) — gN(0 )j 2

2
T Gs|( v A +u,B, Ju A, +v,B; )Gs)
I

(GSa ,84[GS)

(GS|-v,u AT A —VZATB; +uB, A, —v,u,B/B, |GS)
(const.ant dropped)
only ék*ék term survives
=—gN(0) J. (gﬁk3 V, U,
Where:
wo, =3 0-a)]| 0] = 2a-a e a f --3h-arl
T ;{ (Re(a) f_; Re(a)
So )

"rd %k gN(0)"f d°k Re(A)
A=—gNO) [ X v u, = :
MO =2 | ol e o7

This self-consistency condition ensures that in this regime, A must be real.

c) Obtain the distribution function (

a AkT|GS>



(65/354,:/G5)

:<GS|(ukAk+ +vkEA3qukAk +ka§k+)GS>

:<Gs|(u|f,&k*,&k +u. v, A'B; +u,v, B A, +Vf|§kl§[]GS>
(const.ant  dropped)

only BB, term survives

R T s(k)
2( ) 5|1 \/(AJ;A*]:&(k)z

d) Show that E(O) = A = gap and evaluate the resulting integral in part (b) to
give the gap A as a function of gN(0) for gN(0)<<1.

Under the substitution k — 0, and combining results from parts a and b,
E(0) = £(0)u2 —vZ)— (A + A luyv,

= —2Re[AJuyv, = -2 Re[A(%%] =Re[A]=A

Finishing, | take the integral:
A =Rel[A]

hay,
A:M I de A = gN(O)Aarcsinh(hwmj
2 A

2 0 \/A2+82

1= gN (O) arc.sinh(hwm j
2 A

ho,,

smh(gNz(o)] |

gN(0)<<1:A — Zha)me_gT(O)

A=

4) Polaritons in Semiconductors: In semiconductors, particles and holes bind
together via their mutual Coulomb attraction into particle-hole bound states
called excitons. These are bosonic excitations described by creation and




annihilation operators éq where q is the center of mass momentum of the
bound state, but the energy ¢, is independent of the G- momentum. The
free exciton Hamiltonian is H g = Zgoég éq . B,B* obey the canonical

q

commutation relations for Bosons. These particle-hole bound states interact
with photons via their dipole moment. The total exciton-photon Hamiltonian

is H =Z£oéq+ éq +Zha)q5q+6q - igZ(égﬁq —6; éq) with Bq the photon
q q q
operators (only one polarization is considered for simplicity) and g is a real

coupling constant with g <<1,and @, =cq.

&y

a) Introduce polarlton operators:
Pig =Uy B, =V, b
,o2q :vq Bq + uqbq
What is the condition for UqgsVy
canonical commutation relations?

so that the polariton operators obey

In order to obey canonical commutation relations, | must have [,5; , [)m]= Onm- Then,

assuming that the operators I_5>q and Bq themselves obey canonical commutation relations,

Ap oA w2 N ~ 2 2

[plq’plq]:[qu quq 'qu —Vq b ]:‘uq‘ +‘Vq‘

Ay A N + 2 2

[pzq,pzq]:[qu +uqbq ,qu +U, “b ]:‘uq‘ +‘vq‘

2 2
so that | must have ‘uq‘ +‘vq‘ =1
b) Write the Hamiltonian in terms of the polariton operators and choose u,,v,

so that the terms of the form p, p,, p, p, vanish. Show that with the proper

choice of U, ,vq,

H zle q plqplq +ZQ2(q)ﬁ;qﬁ2q
q q

Plot Q,, vs. g and show that as g — o one is photon-like and the other is
exciton-like.

Invertlng these relatlonshlps then:
Prq = U, vb Prq = U, B*—v b+
Paq =V, B +ub ﬁzq:vq8q++uqbq+



Now substituting this intoA X o
H :ZgOB;Bq +Zhwqbq+bq _igZ(B;bq —bg B, )’
q q
I have:
H :Zgo(vgﬁz} +uq/al+q XVq/an +u;'51q)
q
+zha)q (u;'b;q _Vqlafq Xuq/A)Zq _V;/A)lq)
q
—igZ((V;,ﬁ;q +uq/31+q Xuq'qu _V;/slq)_(u;la;q _Vq/31+q XVq/qu +u;'51q ))
q
Separating these into the wanted and unwanted terms, | have:
H :Z[go‘vq‘z +hwq‘uq‘2 —igvyU, +igu,V, |05 Paq
q
+2

q
- 2 - 2 I\+ ~
+Z[gouqvq —hwyu,Vv, —igus —igvé |y, Py

2 2 - * - * A+ ~
EO‘UQ‘ +h%‘vq‘ +19UGVe =19V Uq J014P1q

q
[ * * h * * - *2 - *2b+ ~
+ D leoUgVy —heogugvy +igvy +iguy” |55y
q

Now | see that the condition
(6 — o, v, —ig(uZ +v?)=0
leads to vanishing of the p," p,, p, o, terms.

From this, it is clear that
2 2
Uy +V, oc(go —ha)q)

U,V ocig

Then, if



u, =a, +ib,

V, =¢, +id,

then

an —bq2 +Cq2 —dq2 =&, —ho,
a,b, +c,d, =0

a,c, —b,d, =0

b,c, +a,d, =9

with a normalization condition

a,” +b,°+c, +d,* =1

Solving this system of equations in Mathematica gives, pre-normalization:
x/Eig

(e, - ho, )+ \/(eo —hao, J +ag?

Ha = K(q)\/ Vg = K(q)%\/(go _ha)q)+\/(‘90 —hao, )2 +4g°

Normalizing, I find that

K(q): 21 2 1 1
‘UQ‘ +‘VQ‘ ((50 ~ha, )2 +492)4

So that

u = 1 V2ig . :\/(go—hwq)+J(€o—hwq)z+4gz
" (- f ragt) leo-no ) eyle —no Fragt T a(e - no, F +ag?)

At last,

2 2 R * . *
Q,(q) = &oVy| +haogfuy| —igvyu, +igu;v,
:%(50 +ho, +\/4g2 +(go ~ho, )2)

2 2 . * . *
Ql(q):go‘uq‘ +ha)q‘vq‘ +igu,V; —igv,u;

=%(5o +ho, —\/4g2 +(e, —ha)q)zj




Plotting Q,(q) with some token values gives:
3 -

k3
'
o

k3

0.5 1 1.5 2 2.5 2
This is clearly photon-like, since its energy is increasing linearly with g — «.

And plotting Ql(q) with the same token values gives:
a -

L]

'

o
T

L]

0.5 1 1.5 z 2.5 2

This is clearly exciton-like, since its energy is not varying with q — .

c) Givethe g— and q— 0 limitsfor u,,v,.



- V2ig 1 J2ig

limu, =lim _

g0 ¢ qeO((go_hwq)2+4g2)% \/( —hw )+\/(go—ha) )2+4g2 (802_'_492)% \/504-1[802 +4g2
\/(80 —ha)q)+\/(g +4g \/50+\/£0 +4g°

limv, = lim
Bl ook e )
limu, = lim 1 J2ig 1 Pig
Sw 4 o0 1 . !
q d ((80 —71a)q)2 +492)Z \/(‘90 —ha)q)+\/(go —ha)q)2 +492 (ha)q)i (ha)q)?\/ig
1
e o)

Val(e, ~0, F + 497 V2po,)e M



