Ben Sauerwine
Practice for Qualifying Exams

Problem Source: CMU Qualification Exam Day 1 (February 2006)

(1) A pendulum of mass m and length b is mounted to a heavy sled of mass fm

which is free to slide with negligible friction down an inclined plane of slope
a as shown. The entire system acts under the influence of gravity, where g
is the downward acceleration due to gravity.

(a) Let ¢ denote the angle that the pendulum bob makes with the vertical and s
denote the distance that the sled has slid down the slope (see diagram).
Determine the Lagrangian L(s,¢, s¢) describing the system in terms of this
angle and distance and their time derivatives.

The terms to consider are:

-The kinetic energy of the main body of the sled:
1 .
Kbody = Eﬂmsz

-The kinetic energy of the pendulum bob:
Kooy = %m[(b&cos@ o)+ S)2 + (bgz'ﬁsin(qﬁ + oc))2 ]: %m[Zb&s‘ cos(p+ar )+ 8% + (b¢)2]

-The potential energy of the main body of the sled:



Vbody = ﬂmg (_ ssin 0{)+ Cl,geometry

The constant does not factor into any equation of motion: it simply represents that this
“center of mass” potential does not take into account any rearrangement of the orientation
of the sled.

-The potential energy of the pendulum bob

V,,, = Mg(-ssina)+mgh(l—cosg)+C

2, geometry

Again, the constant represents some constant of geometry like the height of the mast from
which the bob hangs—this does not factor into any equation of motion.

The relevant part of the Lagrangian, then, is:
L=K-V = %[B’ms‘2 +%m(2b¢is' cos(p+ o)+ $% + (b(,zi)z)— Amg(—ssina)—mg(- ssin ) — mgh(1- cos ¢)

(b) Find expressions for the conjugate momenta p,, p, of s,¢, respectively.

a
0

p, = Ams + % m(2b¢5cos(¢ +a)+ 25‘)

Ps

oL
p¢ :a_¢

p, = % m(2bs' cos(p+ a ) + 2b2¢3)

(c) Describe the steps you would use to find the Hamiltonian H(g,s, p,, p, ) of
the system. Do not actually compute H.

The Hamiltonian is given by H = Zqi p; —L =sp, +¢p, — L. The only step necessary

to obtain the formH (¢, S, Py ps), then, is to solve the expressions for conjugate momenta

in terms of the time-derivatives of the coordinates and substitute these into the
Lagrangian above.
(d) From the equations of motion for the system, find expressions for the

generalized accelerations ¢ and § in terms of s,4,$,4.



g(a).a
dt\ 03 0S

%[ﬁms‘ +%m(2b¢5cos(¢ +a)+ 29‘,)} = —pmg(-sina)—mg(-sina)

[ﬂm's' +%m(2b(/'5003(¢ +a)-2bg?sin(p+a)+ 23)} = Amg(sin )+ mg(sin &)
[(+1)ms + mb( cos(p + &r) - #? sin(p + @))] = (B + \)mg sin )
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E(E m(2bs' cos(p+ o)+ 2b2(/5)j = —% m(2bq§5' sin(g + a))— mgbsin ¢

%m(Zb's’ cos(p+ ) — 2bssin(p + ) + 2b2¢'): —%m(Zb(/is sin(g + a))— mgbsin ¢
mb(S' cos(p + o)+ béﬁ'): —mgbsin ¢

(e) The sled can slide down the slope with the pendulum at an unchanging angle
@, If @, satisfies a certain condition. What is this condition?

Take the above equations of motion with ¢ — @,,4 — 0,4 — 0
(B+1)ms = (B +1)mg(sina)

mbs cos(¢ + o) = —mgbsin ¢,

and

§=g(sina)

scos(p+a)=—gsing,

sina cos(¢ +a)+sing, =0



