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Chapter 1

Algebraic Theories

Algebraic theories are descriptions of structures determined by operations and equations.
There are familiar examples from elementary algebra, such as groups, but also many con-
cepts that are not evidently algebraic, such as adjoint functors, can be given algebraic
formulations. Thus the scope of algebraic theories is actually much greater than first ap-
pears. On the other hand, all such algebraic notions have in common some quite deep and
general properties, from the existence of free algebras to Lawvere’s duality theory. The
most important of these are presented in this chapter. The development also serves as a
first example and template for the scheme of “functorial semantics,” to be applied to other
logical notions in later chapters.

1.1 Algebraic Theories

We begin with a general approach to algebraic structures such as groups, rings, modules,
and lattices. These are characterized by axiomatizations which involve only variables,
constants, operations, and equations. It is important that the operations are defined
everywhere, which excludes two important examples: fields because the inverse of 0 is
undefined, and categories because composition is defined only for some pairs of morphisms.

Let us start with the quintessential algebraic theory—the theory of groups. A group
can be described as a set G with a binary operation - : G x G — G, satisfying the two
axioms:

Ve,y2z€ G.(v-y)-z=x-(y-2)
JdeeG.VxeG.dyeG.(ecx=xz-e=xANx-y=y-x=¢)

Taking a closer look at the logical form of these axioms, we see that the second one, which
expresses the existence of a unit and inverse elements, is somewhat unsatisfactory because
it involves nested quantifiers. Not only does this complicate the interpretation, but it is
not really necessary, since the unit element and inverse operation in a group are uniquely
determined. Thus we can add them to the structure and reformulate as follows. We require
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6 Algebraic Theories

the unit to be a distinguished constant e € G and the inverse to be an operation ' : G — G.
We then obtain an equivalent formulation in which all axioms are now equations:

- (y-z)=(v-y) 2

r-e==zx e-r=2x

r-xt=e v lrz=e
Notice that the universal quantifier Vo € G is no longer needed in stating the axioms,
since we interpret all variables as ranging over all elements of G. Nor do we really need
to explicitly mention the particular set G in the specification. Finally, since the constant
e can be regarded as a nullary operation, i.e., a function e : 1 — G, the specification of
the group concept consists solely of operations and equations. This leads us to the general
definition of an algebraic theory.

Definition 1.1.1 A signature X for an algebraic theory consists of a family of sets {35}, .-
The elements of X are called the k-ary operations. In particular, the elements of Y, are
the nullary operations or constants.

The terms of a signature X are expressions constructed inductively by the following
rules:

1. variables z, y, z, ..., are terms,

2. if ty,...,t; are terms and f € ¥ is a k-ary operation then f(¢y,...,t;) is a term.

Definition 1.1.2 (cf. Definition 1.2.6) An algebraic theory T = (Xr, Ar) is given by a
signature Yt and a set At of azioms, which are equations between terms (formally, pairs
of terms).

Algebraic theories are also called equational theories.

Example 1.1.3 The theory of a commutative ring with unit is an algebraic theory. There
are two nullary operations (constants) 0 and 1, a unary operation —, and two binary
operations + and -. The equations are:

(T+y)+z=2+(y+2) (@-y)-z=2-(y-2)
r+0=z r-1l==xa
O+tr=u l-z=x

r+(—x)=0 (x+y)-z=x-24+y-2
(—z)+2=0 z2-(r4+y)=z-c+2-y
T+Yy=y+x rTyYy=y-x

Example 1.1.4 The “empty” theory with no operations and no equations is the theory
of a set.
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1.1 Algebraic Theories 7

Example 1.1.5 The theory with one constant and no equations is the theory of a pointed
set, cf. Example 77.

Example 1.1.6 Let R be a ring. There is an algebraic theory of left R-modules. It has
one constant 0, a unary operation —, a binary operation +, and for each a € R a unary
operation a, called scalar multiplication by a. The following equations hold:

(r+y)+z=z+(y+2), r+y=y+ux,
r+0=ux, O+zx==xa,
r+(—x)=0, (—z)+2=0.

For every a,b € R we also have the equations

a(r+y)=ar+ay, a(bzr) = (ab)x, (a+b)x=ax+bx.

Scalar multiplication by a is usually written as a -z instead of @ x. If we replace the ring R
by a field F we obtain the algebraic theory of a vector space over IF (even though the theory
of fields is not algebraic!).

Example 1.1.7 In computer science, inductive datatypes are examples of algebraic the-
ories. For example, the datatype of binary trees with leaves labeled by integers might be
defined as follows in a programming language:

type tree = Leaf of int | Node of tree * tree

This corresponds to the algebraic theory with a constant Leaf n for each integer n and a
binary operation Node. There are no equations. Actually, when computer scientists define
a datatype like this, they have in mind a particular model of the theory, namely the free
one.

Example 1.1.8 An obvious non-example is the theory of posets, formulated with a binary
relation symbol z < y and the usual axioms of reflexivity, transitivity and anti-symmetry,
namely:

r<x
c<yNy<z=x<z
c<yNy<zr=zc==z

On the other hand, using an operation of greatest lower bound or “meet” = A y, one can
make the equational theory of “A-semilattices”:

TNx=2x
TANYy=yANzx
e ANyANz)=(xAy) Az
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8 Algebraic Theories

Then, defining a partial ordering * <y <= z Ay = x we arrive at the notion of a “poset
with meets”, which is equational (of course, the same can be done with joins xVy as well).
We’ll have a proof later (in section ?7?) that there is no reformulation of the general theory
of posets into an equivalent equational one however.

ADD (Andrej):

Another example of “fixing” a non-algebraic theory: Riesz spaces (partially ordered
vector spaces) are not algebraic, but assuming they have min and max makes them algebraic
(because the poset becomes a (distributive) lattice).

Exercise 1.1.9 Let G be a group. Formulate the notion of a (left) G-set (i.e. a functor
G — Set) as an algebraic theory.

1.1.1 Models of Algebraic Theories

Let us now consider what a model of an algebraic theory is. In classical algebra, a group is
given by a set GG, an element e € G, a function m : G x G — G and a function ¢ : G — G,
satisfying the group axioms:

m(x,m(y,z)) =m(m(z,y),2)
m(x,iz)=m(iz,x)=e

m(zx,e) =m(e,z) =x

This notion can easily be generalized so that we can speak of models of group theory
in categories other than Set. This is accomplished simply by translating the equations
between certain elements into equations between the operations themselves: thus a group
is given by an object G' € Set and three morphisms

e:1—-G, m:GxG— G, 1:G—G.
Associativity of m is expressed by the commutativity of the following diagram:

m X Ty

GxGxG GxG (1.1)
To X' M m
GxG G
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1.1 Algebraic Theories 9

Similarly, the axioms for the unit and the inverse are expressed by commutativity of the
following diagrams:

1o,i 1
Gr1- 16X oo Xle o0 Med o o ) (1.2)
o m ) 'G m 'G
(& (&

Moreover, this formulation makes sense in any category C with finite products. So we can
define a group in C to consist of an object G equipped with arrows:

m 1

GxG G

G
Te
1

such that the above diagrams (1.1) and (1.2) expressing the group equations commute.
There is also an obvious corresponding generalization of a group homomorphism in Set

to homomorphisms of groups in C. Namely, an arrow in C between groups h : M — N is a

homomorphism if it commutes with the interpretations of the basic operations m, i, and e,

homM =m" o h? hoi™=i"oh hoeM =¢elN
as indicated in:
2 _
MQL)NQ ML)N 1;>1
mMi J{mN iM iN eMl ieN
MT)N MT>N MTN

Together with the evident composition and identity arrows inherited from C, this gives a
category of groups in C which we denote:

Group(C)

In general, we define an interpretation I of a theory T in a category C with finite
products to consist of an object I € C and, for each basic operation f of arity k, a
morphism f! : I¥ — I. (More formally, I is the tuple consisting of an underlying set
|I| and the interpretations f, but we shall write simply I for |I|.) In particular, basic
constants are interpreted as morphisms 1 — I. The interpretation can be extended to all
terms as follows: a general term ¢ is always interpreted together with a context of variables
x1,...,T,, where the variables appearing in ¢t are among the variables appearing in the
context. We write

T1yeoy Ty |t (1.3)

[DRAFT: SEPTEMBER 21, 2009]



10 Algebraic Theories

to indicate that the term ¢ is to be understood in context x1,...x,. The interpretation of a
term in context (1.3) is a morphism ¢! : I — I, determined by the following specification:

1. The interpretation of a variable z; is the i-th projection m; : I" — I.

2. A term of the form f(¢y,...,t) is interpreted as the composite:

I I
I (tl,...,tk) o fl /

where t;/ : I" — I is the interpretation of the subterm t;, fori = 1,...,k, and f! is
the interpretation of the basic operation f.

It is clear that the interpretation of a term really depends on the context, and when
necessary we shall write ¢/ = [zy,..., 2, | t]/. For example, the term f x; is interpreted as
a morphism f!: I — I in context x;, and as the morphism f! o : I? — I in the context
T1,T9.

Suppose v and v are terms in context zy,...,x,. Then we say that the equation u = v
is satisfied by the interpretation I if v/ and v’ are the same morphism in C. In particular,
if u = v is an axiom of the theory, and x4, ..., x, are all the variables appearing in v and v,
we say that I satisfies the aziom v = v if [xy,..., 2, | u]! and [xy,..., 7, | v]! are the same
morphism,

(21, ..., 2, | u)f
(21, ... 2, | V]!

which we also write as:

ITEu=v <+— o ="

Of course, we can now define as usual:

Definition 1.1.10 (cf. Definition 1.3.1) A model M of an algebraic theory T in a cat-
egory C with finite products is an interpretation I of the theory that satisfies the axioms
of T,
I Eu=wv,
for all (u=v) € Ar.
A homomorphism of models h : M — N is an arrow in C that commutes with the
interpretations of the basic operations,

h o fM — fN o hk
for all f € Y¥r, as indicated in:
Mk Lk> Nk
fMi ifN

MT)N
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1.1 Algebraic Theories 11

The category of T-models in C is written,
Mod(T, C).

A model of the empty theory Ty in a category C with finite products is just an object
A € C, and similarly for homomorphisms, so

Mod(T,,C) = C.

A model of the theory Tgoup 0of groups in C is a group in C, in the above sense, and similarly
for homomorphisms, so:

Mod(TGroup; C) = Group(C).

In particular, a model in Set is just a group in the usual sense:
Mod(TGroup, Set) = Group(Set) = Group.

An example of a new kind is provided the following.

Example 1.1.11 A model of the theory of groups in a functor category Set® is the same
thing as a functor from C into groups,

Group(Set®) 22 Hom(C, Group).
Indeed, for each object C' € C there is an evaluation functor,
evalo : Set® — Set

with evalc(F) = F(C), and evaluation preserves products since these are computed point-
wise in the functor category. Moreover, every arrow h : C' — D in C gives rise to an obvious
natural transformation h : evale — evalp. Thus for any group G in Set®, we have groups
evalc(G) for each C' € C and group homomorphisms hg : C(G) — D(G), comprising a
functor G : C — Group. Conversely, it is clear that any such functor H : C — Group arises
in this way from a group H in Set®, at least up to isomorphism.

In this way, a group in a category of variable sets can be seen as a variable group.

Exercise 1.1.12 Verify the details of the isomorphism of categories
Mod(T, Set®) = Hom(C, Mod(T, Set))
discussed in example 1.1.11.

Exercise 1.1.13 Determine what a group is in the following categories: the category of
finite sets Sety,, the category of topological spaces Top, the category of graphs Graph, and
the category of groups Group.

Hint: Only the last case is tricky. Before thinking about it, prove the following
lemma [?, Lemma 3.11.6]. Let G be a set provided with two binary operations - and x and
a common unit e, so that r-e=e-x = xxe = exx = x. Suppose the two operations
commute, i.e., (z*y)-(z+xw) = (z-2)* (y-w). Then they coincide, are commutative and
associative.
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12 Algebraic Theories

1.1.2 Theories as categories

The syntactically presented notion of an algebraic theory, say of groups, is a notational
convenience, but as a specification of, say, the mathematical concept of a group it has
some defects. We want to find a presentation-free notion that captures the group concept
without tying it to a specific syntactic presentation. The notion we seek can be given by
a category with a certain universal mapping property which determines it uniquely (up to
equivalence). This also results in a reformulation of the usual conception of syntax and
semantics — so distinctive of conventional logic — bringing it more in line with other fields
of modern mathematics.

Let us consider group theory again. The algebraic axiomatization in terms of unit,
multiplication and inverse is not the only possible one. For example, an alternative formu-
lation uses the unit e and a binary operation ®, called double division, along with a single
axiom [?]:

(o ((zoy) ©2)0(yoe))O(e0e) =2.

The usual group operations are related to double division as follows:

rOy=a -y, rl=z0e¢, ry=(x0e)d(yee).

There may be various reasons why we prefer to work with one formulation of group theory
rather than another, but this should not be reflected in the general idea of what a group
is. We want to avoid particular choices of basic constants, operations, and axioms. This is
akin to the situation where an algebra is presented by generators and relations: the algebra
itself is regarded as independent of any particular choice of presentation. Similarly, one
usually prefers a basis-free theory of vector spaces: it is better to formulate the idea of a
vector space without speaking explicitly of vector bases, even though every vector space
has one. Without a doubt, vector bases are important, but they really are an auxiliary
concept.

As a first step, we could simply take all operations built from unit, multiplication, and
inverse as basic, and all valid equations of group theory as axioms. But we can go a step
further and collect all the operations into a category, thus forgetting about which ones were
“basic” and which ones “derived”, and which equalities were “axioms”. We first describe
this construction of a category Cr for a general algebraic theory T, and then determine
another characterization of it.

As objects of Ct we take contexts, i.e. sequences of variables,

[‘rlv"wxn]‘ (TLZO)

A morphism from [xy,...,2,] to [x1,...,2,] is an n-tuple (¢4, ...,t,), where each tj is

a term in the context, xq, ..., ,, | tx. Two such morphisms (¢y,...,t,) and (s1,...,8,)

are equal if, and only if, the axioms of the theory imply that ¢, = s; for every k =1,...,n,
T+ f}k = Sk
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1.1 Algebraic Theories 13

Strictly speaking, morphisms are thus equivalence classes of terms in context
[T, T |t ] [, T —— [T, T

where two terms are equivalent when the theory proves them to be equal. Since it is rather
cumbersome to work with equivalence classes, we shall work with the terms directly, but
keeping in mind that equality between them is equivalence. The composition of morphisms

(t1y . ooytm) 1, ] = [T, T
(81, 8n)  [T1, ooy m] — [21, ..., 2]
is the morphism (71, ...,7,) whose i-th component is obtained by simultaneously substi-
tuting in s; the terms ¢4, ..., t,, for the variables x1, ..., z,,:
ri=Silt1, .t /T, T (1<i<n)
The identity morphism on [z1,...,2,] is (21,...,2,). It is easy to verify that these speci-

fications are well-defined on equivalence classes, and make Cr a category.

Definition 1.1.14 The category Cr just defined is called the syntactic category of the
theory T.

The syntactic category Cr — which may be thought of as the “Lindenbaum-Tarski
category” of T — contains the same “algebraic” information as the theory T from which
it was built, but in a syntax-invariant way. Any two different presentations of T — like
the ones for groups mentioned above — will give rise to essentially the same category Cr.
In this sense, the category Cr is the abstract, algebraic gadget presented by the operations
and equations of the theory T, in just the way a group can be presented by generators and
relations. But there is another, much more important, sense in which Cr represents T, as
we next show.

Exercise 1.1.15 Show that the syntactic category Cr has all finite products.

1.1.3 Models as Functors

Having now represented an algebraic theory T as a special category Cr, the syntactic
category constructed from T, we next show that Cr has the special property that models
of T correspond uniquely to functors from Cr. More precisely, given any FP-category C

there is a natural equivalence,
M € Mod(T,C)

M:C'[[‘—>C

between models M of T in C and FP-functors M : Ct — C. The equivalence is mediated
by a “universal model” U in Cr, such that every model M arises as the functorial image
M(U) =2 M of U under an essentially unique FP-functor M : Cr — C. The universal
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14 Algebraic Theories

model U is of course the one corresponding to the identity functor 1¢, : Cr — Cp in
the above displayed correspondence. The possibility of such universal models (with their
attendant property of being logically generic, as described in the next section 1.1.4 below)
is a benefit of the generalized notion of a model in a category other than Set. Classical
Set-valued models are almost never universal in this way.

To give the details of this correspondence, let T be an arbitrary algebraic theory and Cr
the syntactic category constructed from T as in the foregoing section. It is easy to show that
the product in Ct of two objects [x1,...,2,] and [x1,..., 2] is the object [x1,. .., Tpiml,
and that Cr has all finite products (including 1 = [—|, the empty context). Moreover, there
is a T-model U in Ct consisting of the language itself: The underlying object is the context
U = [x1] of length one, and each operation symbol f of, say, arity k is interpreted as itself,

U=l x| flay,. . zp)] U =[21,... 2] — [21] = U.
The axioms are of course all satisfied, since for any terms s, ¢:
Uks=t < sV =tV «—= TFks=t. (1.5)

This syntactic model U in Ct is “universal” in the following sense: any model M in any
category C with finite products is the image of U under an essentially unique, finite product
preserving functor Ct — C. In a certain sense, then, Cr is the free finite product category
with a model of T. We now proceed to make this more precise.

First, observe that any FP-functor F' : Ct — C takes U to a model F'U in C, just
because FP-functors preserve models of algebraic theories, as is easily seen. Moreover, any
natural transformation 9 : F' — G between FP-functors determines a homomorphism of
models h = ¥y : FU — GU, since clearly, for any basic operation f,

hofFU:fGUohk:

by naturality. In more detail, suppose f : U x U — U is a basic operation, then there is a
commutative diagram,

FU x FU—"" L qu s au
// \\
FU!'I Vuxu \ GU
fFUl F(U % U) GUxU) |f
\ Ff Gf
N
FU — GU
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1.1 Algebraic Theories 15

where the upper square commutes by preservation of products, and the lower one by
naturality. Thus the operation “evaluation at U” determines a functor,

evaly : Homgp(Cr,C) — Mod(T,C) (1.6)

from the category of finite product preserving functors Cr — C, with natural transforma-
tions as arrows, into the category of T-models in C.

Proposition 1.1.16 The functor (1.6) is an equivalence of categories, natural in C.

Proof. Let M be any model in an FP-category C. Then the assignment f — fM given
by the interpretation determines a functor M* : Cp — C, defined on objects by

Mz, ... 2] = MF

and on morphisms by
Mty ... t,) = ™M ,M).

In detail, M* is defined on morphisms
[, x| ] e, ] = [T, @)
in Cr by the following rules:

1. The morphism
() : |21, ..., zE] — [24]

is mapped to the i-th projection
7 MF— M.
2. The morphism
(f (tla s 7tm)) : [xb s 7$k] - [ml]

is mapped to the composite

My, ... M, Mt
L ) oy

where M*; : M* — M is the value of M* on the morphisms (¢;) : [x1,..., 2] — [21],
fori=1,...,m, and M*f = fM is the interpretation of the basic operation f.

3. The morphism

(t1, .o stn) s g, ] — (21,0, 2
is mapped to the morphism (M¥,, ..., M*t,) where M*t; is the value of M* on the
morphism (¢;) : [z1, ..., 2] — [21], and

(MPty, ..., M*,) : MF — M™

is the evident n-tuple in the FP-category C.
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16 Algebraic Theories

That M : Cr — C really is a functor now follows from the assumption that the inter-
pretation M is a model, which means that all the equations of the theory are satisfied by
it, so that the above specification is well-defined on equivalence classes. Observe that the
functor M is defined in such a way that it obviously preserves finite products, and that
there is an isomorphism of models,

M*(U) = M.
Thus we have shown that the functor “evaluation at U”,
evaIU . Home(CT,C) h— MOd(T,C) (17)

is essentially surjective on objects, since evaly (M*) = M*(U).
We leave the verification that it is full and faithful as an easy exercise.

Exercise 1.1.17 Verify this.

Naturality in C means the following. Suppose M is a model of T in any category C with
finite products (“FP-category”). Any finite product-preserving functor (“FP-functor”) F' :
C — D to another FP-category D then takes M to a model F'(M) in D. The interpretation
is given by setting f7M) = F(fM) for the basic operations f (and composing with the
canonical isos coming from preservation of products, F'(M) x F(M) = F(M x M), etc.).
Since equations are described by commuting diagrams, F' takes a model to a model, and
the same is true for homomorphisms. Thus F' : C — D induces a functor on T-models,

Mod(T, F) : Mod(T, C) —> Mod(T, D).

By naturality of (1.6) we mean that the following square commutes, up to natural
isomorphism:
evaly

Hompp(CT,C) MOd(T,C) (18)
Hompp (Cr, F) Mod(T, F')
Home(CT, D) evalU MOd(T,C)

But this is clear, since for any FP-functor M : Cr — C we have:

evaly o Hompp(Cr, F')(M) = (Hompp(Cr, F')(M))(U)
= (FoM)U)
— F(M(U))
= F(evaly(M))
= Mod(T, F')(evaly (M))
= Mod(T, F') o evaly (M).
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1.1 Algebraic Theories 17

The equivalence of categories
Hompp(CT, C) >~ MOd(T, C) (19)

actually determines Cr and the universal model U uniquely, up to equivalence of categories
and isomorphism of models. Indeed, to recover U, just put Cr for C and the identity
functor 1¢, on the left, to get U in Mod(T,Cr) on the right! To see that Cr itself is also
determined, observe that (1.9) essentially says that the functor Mod(T, C) is representable,
with representing object Cr. As usual, this fact can also be formulated in elementary terms
as a universal mapping property of Cr, as follows:

Definition 1.1.18 The classifying category of an algebraic theory T is an FP-category Cr
with a distinguished model U, called the universal model, such that:

(i) for any model M in any FP-category C, there is an FP-functor
]\4jj . CT — C
and an isomorphism of models M = M*(U).

(ii) for any FP-functors F,G : Cr — C and model homomorphism h : F(U) — G(U),
there is a unique natural transformation ¢ : FF — G with

Yy = h.

Observe that (i) says that the evaluation functor (1.6) is essentially surjective, and (ii)
that it is full and faithful. The category Cr is clearly determined up to equivalence by this
universal mapping property in the usual way. Specifically, if (C,U) and (D, V') are both
classifying categories for the same theory, then there are classifying functors,

\%:
C<—__ D
Ut

the composites of which are necessarily isomorphic to the respective identity functors, since
eg US(VHU) 2 UYV)U.

We have now shown not only that every algebraic theory has a classifying category, but
also that the syntactic category is essentially determined by that distinguishing property.
We record this as the following.

Theorem 1.1.19 FEvery algebraic theory T has the syntactic category Cr as a classifying
category.

Example 1.1.20 Let us see what the foregoing definitions give us in the case of group
theory G = Tgroup- Recall that the category G consists of contexts [z1,...,z,] and terms
built from variables and the basic group operations. A finite product preserving functor
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18 Algebraic Theories

M : G — Set is then determined up to natural isomorphism by its action on the context [z1]
and the terms representing the basic operations. If we set

G = M|[xq], e=DM(|e),

i=M(x, |27, m = M(xy, x5 | 21 x2)

then (G,e,i,m) is a just a group with unit e, inverse i and multiplication m. That G
satisfies the axioms for groups follows from functoriality of M. Conversely, any group
(G, e,i,m) determines a finite product preserving functor Mg : G — Set defined by

Mglzy, ...z, = G, Ma(-e),
Mg(zy |27 =1, Mg(z1, 2o | 21 - 29) =m0 .
This shows that Modse:(G) is indeed equivalent to Group, provided both categories have
the same notion of morphisms.
Suppose then that (G, eq,iq, mg) and (H, ey, iy, my) are groups, and let ¢ : Mg —>
My be a natural transformation between the corresponding functors. Then ¢ is already

determined by its component at [x;] because by naturality the following diagram commutes,
for 1 <k <n:

¢z,...,mn
G" [z1 E]Hn
G?Tk:ﬂ'k H?Tk:ﬂ'k

G

H
Dlay)

If we write ¢' = ¢[,,) then it follows that ¢p,  ..) = ¢’ X --- x ¢'. Again, by naturality
of ¢ we see that the following diagram commutes:

Similar commutative squares show that ¢’ preserves the unit and commutes with the inverse
operation, therefore ¢ : G — H is indeed a group homomorphism. Conversely, a group
homomorphism ¢’ : G — H determines a natural transformation ¢ : G = H whose
component at [z1, ..., x,] is the n-fold product ¢/ x -4/ : G™ — H". This demonstrates
that

Modse:(G) ~ Group .
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Example 1.1.21 Recall from 1.1.11 that a group G in the functor category Set® is es-
sentially the same thing as a functor G : C — Group. From the point of view of alge-
bras as functors, this amounts to the observation that product-preserving functors G —
Hom(C, Set) correspond (by exponential transposition) to functors C — Hompp(G, Set),
where the latter Hom-set consists just of product-preserving functors. Indeed, the corre-
spondence extends to natural transformations to give an equivalance of categories,

Group(Set®) ~ (Group(Set))® ~ Group®.

1.1.4 Completeness

Consider an algebraic theory T and an equation s = ¢ between terms of the theory. If
the equation can be proved from the axioms of the theory, then every model of the theory
satisfies the equation; this is just the soundness of the equational calculus with respect to
models in categories. The converse statement is:

“Every model of T satisfies s =t.” = “T proves equation s =t.” .

This property is called completeness, and (together with soundness) it says that the calculus
of equations suffices for proving all (and only) the ones that hold in the semantics. This
holds in an especially strong sense for categorical semantics, as shown by the following.

Theorem 1.1.22 (Completeness for algebraic theories) Suppose T is an algebraic
theory. Then there exists an FP- category C and a model U € Mod¢(T) with the property
that, for every equation s =t between terms of the theory T,

Ubks=t «<— Tks=t.

That s, satisfaction by U is equivalent to provability in T. Thus the equational calculus of
algebraic theories is complete with respect to general categorical semantics.

Proof. This follows from the classifying category theorem 1.1.19 as follows: Let C = Cp
the classifying category and U the universal model. If T s = ¢, then by the syntactic
construction of Cr we have sV = tV. Any model M in an FP-category C has a classifying
functor M* : Cr — C, which preserves the interpretations of s and ¢ in the sense that (up
to canonical isomorphism):

M (sY) = sMHU) = M

and similarly for ¢. Thus from sV =tV we can infer s¥ =t ie. M |=s=t.

Conversely, if U = s = t, then sV = tV. But by the syntactic construction of Cr, it
then must be the case that T - s =t.

Finally, note that M |= s = t for every model M if and only if this holds in the universal
model U. ]
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Definition 1.1.23 A single model with the property mentioned in the theorem, of satis-
fying all and only those equations that are provable from the theory, shall be said to be
logically generic.

Thus, by the foregoing, the universal model is logically generic. Classically, it is seldom
the case that there exists a single, logically generic model; instead, for the sake of complete-
ness, we consider the range of all models in Set. Completeness with respect to a restricted
range of models is of course a stronger statement than general completeness. Toward this
classical result, we first consider completeness with respect to “variable models” in Set, i.e.
models in presheaf categories Set®” .

Proposition 1.1.24 Let T be an algebraic theory. The Yoneda embedding
y:Cr — 5%
1s a generic model for T.

Proof. The Yoneda embedding y : Ct — EE preserves limits, and in particular finite
products, hence it corresponds to a model U’ = y(U) of T in Cr. Simply because y is a
functor, U’ satisfies all equations that hold in U, but because it is faithful, U’ does not
validate any equations that do not already hold in U. But since U is logically generic, so
is U'. ]

Example 1.1.25 We consider group theory one last time. The universal group is a group
that satisfies every equation that is satisfied by all groups, and no others. Let us describe
it as a generalized set. Recall that the theory of a group is a category G whose objects are
contexts [x1,...,x,], n € N. The carrier U of the universal group is the Yoneda embedding
of the context with one variable,

U =yln] =G(=[n]) .

This is a set parametrized by the objects of G. For every n € N, we get a set U, =
G([z1, ..., @], [71]) that consists of all terms built from n variables, modulo equations
of group theory—which is precisely the free group on n generators! Unit, inverse, and
multiplication on U are defined at each stage U, as the corresponding operations on the
free group on n generators.

To summarize, the universal group is the free group on n-generators, where n € N is a
parameter.

Finally, we consider completeness with respect to Set-valued models M : Ct — Set,
which of course correspond to classical models. We need the following:

Lemma 1.1.26 For any small category C, there is a jointly faithful set of FP-functors

E; : Set®” — Set,i € I. That is, for any maps f,g: A — B in Set®”, if E;(f) = Ei(g) for
alli € I, then f=g.

[DRAFT: SEPTEMBER 21, 2009]



1.1 Algebraic Theories 21

Proof. Consider the evaluation functors eve : Set®” — Set for all C' € C. These are
clearly jointly faithful, and they preserve all limits and colimits, since these are constructed
pointwise in presheaves. [

Proposition 1.1.27 Suppose T s an algebraic theory. For every equation s =t between
terms of the theory T,

M E=s=t for all models M in Set <= TF s=1.

Thus the equational calculus of algebraic theories is complete with respect to Set-valued
semantics.

Exercise 1.1.28 The universal group U is a functor G°® — Set. In the last example we
described the object part of U. What is the action of U on morphisms?

Exercise 1.1.29 Let s be a term of group theory with variables z1,...,x,. On one hand
we can think of s as an element of the free group U, and on the other we can consider
the interpretation of s in the universal group U, namely a natural transformation Us :
U™ = U. Suppose t is another term of group theory with variables x1, ..., z,. Show that
Us = Ut if, and only if, s = t in the free group U,,.

1.1.5 Functorial Semantics

Let us now summarize our treatment of algebraic theories so far. We have reformulated
the traditional logical notions in terms of “algebraic” or categorical ones. The traditional
approach to logic may be described as involving four different parts:

Type theory
There is an underlying type theory, which is a calculus of types and terms. For
algebraic theories the calculus of types is trivial, since there is only one type which
is not even explicitly mentioned. The terms are built from variables and basic
operations.

Logic A variety of different kinds of logic can be considered. Algebraic theories have a
very simple kind of logic that only involves equations between terms and equational
reasoning.

Theory
A theory is given by basic types, basic terms, and axioms. The types and the terms
are expressed in the type theory of the system, and the axioms are be expressed in
the logic of the system.

Interpretations and Models
The type theory and logic of a logical system can be interpreted in any category
of the appropriate kind. For algebraic theories we considered categories with finite
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products. The interpretation is denotational, in the sense that the types and terms
of the theory are assigned to objects and morphisms (which they “denote”) by
induction on the structure of types, terms, and logical formulas. An interpretation
of a theory is a model if it satisfies all the axioms of the theory, where in the present
case the notion of satisfaction just means that the arrows interpreting the terms
occurring in the equations are actually equal.

The alternative approach developed here — called functorial semantics — may be
summarized as follows:

Theories are categories
From a theory we can construct a category which expresses essentially the same
information as the theory but is syntax-invariant, in the sense that it does not de-
pend on a particular presentation by (basic) operations and axioms. The structure
of the category reflects the underlying type theory and logic. For example, single
sorted algebraic theories give rise to categories with finite products.

Models are functors

A model is a (structure-preserving) functor from a (category representing a) theory
to a category with appropriate structure to interpret the logic. The requirement
that all axioms of the theory must be satisfied by a model translates to the require-
ment that the model is a functor and that it preserves the structure of the theory.
For models of algebraic theories we only required that they preserve finite products,
whereas functoriality ensures that all valid equations of the theory are preserved,
thus satisfying the axioms.

Homomorphisms are natural transformations
We obtain a notion of homomorphisms between models for free: since models are
functors, homomorphisms are natural transformations between them. Homomor-
phisms between models of algebraic theories turned out to be the usual notion of
morphisms that preserved the algebraic structure.

Universal model
By admitting models in categories other than Set, functorial semantics allows the
possibility of universal models: a model U in the classifying category Cr, such
that every model anywhere is a functorial image of U by an essentially unique,
logic-preserving functor. Such a universal model is then “logically generic”, in the
sense that it has all and only those logical properties had by all models, since such
properties are preserved by the functors in question.

Logical completeness
The construciton of the classifying category from the logical syntax of the theory
shows the soundness and completeness of the theory with respect to general cat-
egorical semantics. Completeness with respect to a special class of models (e.g.
Set-valued ones) results from an embedding theorem for the classifying category.
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1.2 Lawvere Duality

The scheme of functorial semantics that we have developed also applies to a wide range of
logics other than algebraic theories, and we shall consider some of these in later chapters.
A further aspect of functorial semantics is not nearly as transparent in the general case as
it is in that of algebraic theories, however; namely, a deep and fascinating duality relating
syntax and semantics. We devote the rest of this chapter to its investigation.

1.2.1 Logical Duality

There is a remarkable and far-reaching duality in logic of the form:
Syntax =~ Semantics®®

It was discovered by F.W. Lawvere in his thesis [?], and has not yet been investigated or
even noticed by logicians—probably because its recognition requires the tools of category
theory.

We can see this duality quite clearly in the case of algebraic theories. Let Ct be the
classifying category for an equational theory T, like the theory of groups, constructed
syntactically as in section 1.1.2 above. We will see that Cr is dual to a certain subcategory
M of models of T (in Set). Specifically, there is a full subcategory, M — Mod(T) and an
equivalence of categories,

CT ~ MOP,
making the syntactic category Cr dual to a subcategory of the semantic category Mod(T).
Thus, in particular, there is an invariant representation of the syntax of the theory T
“hidden” inside the category of models of T. Indeed, it is quite easy to specify M: it is the
full subcategory on the finitely generated free models of T,
My = {F(n) | F(n) free,n € N} .
Theorem 1.2.1 Let T be an algebraic theory, and let
M = Mody,(T) < Mod(T)

be the full subcategory of finitely generated, free models of T. Then M°P classifies T models.
That is to say, for any FP-category C, there is an equivalence of categories,

Homgp (M, C) ~ Mod(T, C), (1.10)

which is natural in C.
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Proof. First, observe that M°P has all finite products: M has all finite coproducts,

I

F(n+m),
(0).

since the left adjoint F' preserves all colimits. Let,

F(n) + F(m)
0

Il
T

U= F(1),

so that every object is a power of U in M°P,

Next, we show that U is a T-algebra. For each basic operation f of T, with arity n, there
is an element of F'(n) involving f and the n generators xy, ..., x,, namely

f(zy,...,2,) € F(n).

E.g. in the theory of groups, there is the element x-y in the free group on the two generators
x,y. By freeness of F(1), this element determines a unique homomorphism

flxy,...,x,) : F(1) = F(n) in M

(namely, the one taking the generator in F'(1) to f(z1,...,x,) in F(n)), which is thus an
n-ary operation,

f]:U"—=U  in M,

Similarly, if x1 ..., 2, ‘ t is any term in context, then the interpretation
(w1, |1 U= U

is just the unique homomorphism corresponding to the element ¢t € F'(n) (proof by induc-
tion!). It follows that every equation of T,

s=t

is satisfied by this structure on U, since if T - s = ¢ then clearly these terms must agree
in the free algebra F'(n). For instance, x -y = y - = for the two generators x,y of the free
abelian group F'(2), but not in the free (non-abelian) group.

Next, observe that there is a canonical algebra V' in the functor category

SetMod(T)
namely that given by the forgetful functor V' : Mod(T) — Set. Indeed, each n-ary opera-
tion f determines a natural transformation [f]¥" : V™ — V. since the homomorphisms in
Mod(T) commute with the various operations interpreting f. We leave it as an exercise
to check that this really is an algebra in SetMod™  Moreover, as a functor, this algebra is
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in fact representable by our free algebra U = F'(1), in the sense of the (covariant) Yoneda
embedding,

y : Mod(T)* — Set™Med(D)

Indeed, for any T-algebra A we have:

V(A) = Hommod(r)(£'(1), A) = Homyeq(ryr (A, U)
V™(A) = Hommoy(m) (F(n), A)
= HomMOd(T) (F<1) + -+ F(l), A) = HomMOd(T)op(Aa Un)

Thus V = y(U). Moreover, each operation [f]" : V" — V is of the form [f]¥ = y([f]Y):

[£1" = Homuoarn([£]”, =) : Homuea(r) (£(n), =) — Homoq() (F(1), ),

for the interpretation [f]Y : U™ — U, since for any T-algebra A and element a =
(a1,...,an) € Hompmoa(r)(F'(n), A), we plainly have:

([f1)a(a) = flay,...,an) =ao f(z1,...,2,),

where, recall, f(z1,...,2,): F(1) — F(n) picks out the element f(x1,...,2,) € F(n).

For example, given elements g1, go in a group G, we have the map (g1, ¢92) : F(z,y) —
G taking the generators to that pair, (g1, ¢92)(z,y) = (91, 92), and the element z -y €
F(z,y), with its homomorphism Z-7 : F(1) — F(x,y). Composing these gives the evident
homomorphism gy - g2 : F'(1) — G,

as in the commutative diagram:

A

In this way, each operation [f]* : A" — A on any T-algebra A is induced by precomposition
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with the “universal” one [f]Y : U™ — U, as indicated in:
A
A /] A (1.11)
Hom(F(n), A 1), A
om(F'(n), A) TF (F(1),4)
ST

Thus, in sum, the algebra U, with operations [f]Y : U" — U, in M = Modg,(T) con-
sists of the free algebras F(n) and the maps F(1) — F(n) determined by the elements
f(z1,--- ,x,) € F(n), where x1,...,x, € F(n) are the generators. We now show, in three
steps, that U is indeed the universal T-algebra.

Step 1. Let A be any T-algebra in Set. Then there is a product-preserving functor,
AP . M — Set
with A*(U) 2 A, namely:
Aﬁ(—) = HomMod(T)(—,A)

where we of course restrict the representable functor Homweg(r)(—, A) : Mod(T)*® — Set
along the (full) inclusion

M = Mody,(T) < Mod(T)

of the finitely generated, free algebras. Explicitly, for any object U™ € M°P,

AHU™) = Homwoarr) (F(n), A) = (V(A))",
where, again, V(A), the underlying set of A. This functor

A i M < Mod(T)*®® — Set

clearly preserves products, and indeed A*(U) = Hompmoq(r)(F (1), A) = V(A). Moreover,
we've just shown in (1.11) that for any basic operation f, up to isomorphism,

14 = ([A17)" = Hom([f]7, A) = A¥([f]").

Thus as algebras A*(U) = A, as required. We leave it to the reader to verify that any
homomorphism h : F(U) — G(U) of T-algebras F(U),G(U) arising from FP-functors
F.G : M° — Set is of the form h = ¥y for a unique natural transformation ¥ : F' — G.
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Step 2. Let C be any (locally small) category, and A a T-algebra in Set®. Since
Mod (T, Set®) = Mod(T),
each A(C) is a T-algebra (in Set), which by Step 1 has a classifying functor,
A(C)* : M — Set.
Together, these determine a single functor A?f : M — Set®, defined on U € M by:
(AH())(C) = A(C)(U) = A(C),

and on U™ by (A*(U™))(C) = A(C)H(U™) = (A(C))*. The functor A*(U) : C — Set acts
on an arrow g : C' — D in C as indicated in the diagram:

A(U)(9)

A(U)(C) AU)(C) (1.12)

I
I

The case of U™ is precisely analogous. Finally, the action of A : M — Set® on arrows
U™ — U™ in M®P is similarly determined pointwise, i.e. by the components

(AU™)(C)

12

A(CPHU™) — A(C)H(U™) = (AU™)(O),
for all C' € C.
Step 3. For the general case, let C be any (locally small) FP-category, and A a T-algebra

in C. Use the Yoneda embedding
y: C — Set®”

to send A to an algebra A = y(A) in Set®” (since y preserves finite products). Now apply
Step 2 to get a classifying functor,

At M — SetC”.

We claim that A* factors through the Yoneda embedding,

Set®”
#
MIOP v >C.
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Indeed, we know that the objects of M°P all have the form U™, so their images
AH(U™) =2 A" = y(A)" 2 y(A")

are all representable. Since y is full and faithful, the claim is established, and the resulting
functor A* : M°P — C preserves finite products because A* does so, and y creates them.
Clearly,

I

ANU) = A,

Naturality of the equivalence
Home(MOP, C) ~ MOd(T, C),

in C is essentially automatic, using the fact that it is induced by evaluating an FP functor
F : M° — C at the universal model U in M°P. [

Since the classifying category is uniquely determined, up to equivalence, by its universal
property, combining the foregoing theorem with the syntactic construction of of Cr given
in theorem 1.1.19 yields the following:

Corollary 1.2.2 (Logical duality for algebraic theories) For any algebraic theory T,
there 1s an equivalence,
C’H‘ ~ MOdfg(T)Op (113)

between the syntactic category Cr and the opposite of the category Modg(T) of finitely
generated, free models.

Thus the syntactic construction of the classifying category Cr, on the one hand, and the
semantic construction of it as Modg,(T)®", taken together imply that there is an invariant
representation of the syntax of T just sitting there, as it were, in the opposite of the seman-
tics Mod(T). In section 1.3 below, we shall consider how to actually recover this category
Cr from the semantics Mod(T), by identifying the subcategory Mody,(T) intrinsically.

Before doing so, however, let us examine the equivalence (1.13) explicitly in a very
special case: the “empty” theory Ty with no basic operations or equations. A model of
this theory in Set is just a set X, equipped with no operations, and satisfying no further
conditions (and similarly in any other FP category). Thus Ty is the pure theory of equality
on an object.

All Ty-algebras are free, and the finitely generated ones are the finite sets, so

MOdfg (To) = Setﬁn,

is the category of (hereditarily) finite sets. Our theorem 1.2.1 tells us that, for any FP
category C, there is an equivalence

Homgp(Setg-, C) ~ Mod(Ty,C) ~ C.
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This simply says that Setg’ is the free FP category on one object. Equivalently, Setg, is
the free finite coproduct category on one object. This is indeed the case, as can easily be
seen directly (the objects are 0,1,1+1,1+1+1,...).

Here the duality of corollary 1.2.2 tells us that the theory of equality Ty is dual to
the category of finite sets. Now, the terms of this theory are simply tuples of variables
(x1,...,x,), and the valid equations are those that are literally true of terms, like (x5, x5) =
(9, x5). Our corollary tells us that this is precisely the theory of finite sets, if we read the
tuples (z1,...,2,) : X X -+ X X as cotuples [xy,...,z,) 1+ ---+1— 1.

Example 1.2.3 For a less trivial example, consider the theory Tap, of abelian groups.
Duality tells us that the syntactic category Cr,, is dual to the category of finitely generated,
free abelian groups Aby,

CTAb ~ Ab‘f)gp

This gives us a representation of the syntax of (abelian) group theory in the category of
abelian groups, which is summarized as follows:

e the basic types of variables [—]| = 1, [x1] = U, [z1,22) = U x U,... are represented
by the groups {0}, Z, Z+Z, ...,

e the group unit 0: 1 — U is the (unique) homomorphism 0 : Z — {0},
e the inverse i : U — U is the inverse homomorphism — : Z — Z taking 1 to —1,

e the group operation U X U — U is the homomorphism + : Z — Z + 7Z taking 1 to
(1,1) = (1,0) +(0,1) (using Z+Z = Z x Z),

e the laws of abelian groups (and no further ones!) hold under this interpretation,
because the group structure on any abelian group A is induced by precomposing
with the “co-operations” above, as indicated in the following diagram for the sum
a + b of elements a,b € A.

Exercise 1.2.4 Verify the claim that for any algebraic theory T, the forgetful functor
V : Mod(T) — Set really is an algebra in SetM°4(™,

Exercise 1.2.5 Verify that Setg, is the free finite coproduct category on one object.
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1.2.2 Lawvere algebraic theories

Nothing in preceding account of duality for algebraic theories really depended on the
primarily syntactic nature of such theories, i.e. their specification in terms of operations
and equations. We can thus immediately generalize it to “abstract” algebraic theories,
which can be regarded as providing a presentation-free notion of an algebraic theory.

Definition 1.2.6 (cf. Definition 1.1.2) A Lawvere algebraic theory A is a small cate-
gory with finite products whose objects form a sequence A%, A, A%, ... such that A™ x A" =
A™ " for all m,n € N. In particular, 1 = A% is the terminal object and every object is a
product of finitely many copies of A = A'.

A model of a Lawvere algebraic theory A in any category C with finite products is a
finite-product-preserving functor M : A — C, and a homomorphism of models is a natural
transformation 9 : M — M’.

We could just as well have taken the natural numbers 0,1,2,... themselves as the
objects of a Lawvere algebraic theory A, but the notation A™ is more suggestive. A
Lawvere algebraic theory A in the sense of the above definition determines an algebraic
theory in the sense of Definition 1.1.2 as follows. As basic operations with arity k we take
all of the morphisms A* — A. There is a canonical interpretation in A of terms built
from variables and morphisms A* — A, namely each morphism is interpreted by itself,
and variables are interpreted as product projects, as usual. An equation u = v is taken as
an axiom of the theory A if the canonical interpretations of u and v coincide. Of course,
the conventional logical notions of model 1.1.10 and homomorphism of models then also
correspond to the new, functorial ones in an obvious way.

This new, abstract view of algebraic theories immediately suggest some interesting
examples.

Example 1.2.7 The algebraic theory C* of smooth maps is the category whose objects
are n-dimensional Euclidean spaces 1, R, R?, ..., and whose morphisms are C*-maps
between them. Recall that a C*°-map f : R" — R is a function which has all higher
partial derivatives, and that a function f : R™ — R™ is a C*°-map when its compositions
7o f : R" — R with projections 7, : R™ — R are C*°-maps.

A model of this theory in Set is a finite product preserving functor A : C*° — Set. Up
to natural isomorphism it can be described as follows. A C*°-model is given by a set A and
for every smooth map f : R" — R a function Af : A" — A such that if f: R" — R and
gi: R™ - R, +=1,...,n, are smooth maps then, for all ay,...,a,, € A,

Af((Agi){ar, .. am)s .o (Agn){ar, ... am)) = A(fo (g1, ga)){a1,- .., am) -

In particular, since multiplication and addition are smooth maps, A is a commutative ring
with unit. Such structures are known as C*-rings. Therefore, the models in Set of the
theory of smooth maps are the C*-rings.
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Example 1.2.8 Recall that a (total) recursive function f : N™ — N™ is one that can be
computed by a Turing machine. This means that there exists a Turing machine which on
input (as, ..., a,) outputs the value of f(ai,...,a,). The algebraic theory Rec of recursive
functions is the category whose objects are finite powers of the natural numbers 1, N, N2,
..., and whose morphisms are recursive functions between them. The models of this theory
in a category C with finite products give a theory of computability in C.

Indeed, let us consider the category of its set-theoretic models R = Mods(Rec). First,
there is the “identity” model I € R, defined by IN* = N¥ and If = f. Given any model
S € R, its object part is determined by S; = SN since SN* = S¥. For every n € N there
is a morphism 1 — N in Rec defined by * — n. Thus we have for each n € N an element
$p = S(*x—mn): 1 — S;. This defines a function s : N — S; which in turn determines a
natural transformation o : I = S whose component at N¥ is s x - x s : N¥ — S¥.

Example 1.2.9 In a category C with finite products every object A € C determines a full
subcategory consisting of the finite powers 1, A, A%, A% ... and morphisms between them.
This is the theory of the object A.

Exercise 1.2.10 In Example 1.1.4 we saw that the theory Ty with no operations and no
axioms is the theory of an arbitrary set. Prove that the corresponding FP-category A, is
equivalent to Sety” where Setg, is the category of (hereditarily) finite sets and functions.

In order to extend the duality theory of the foregoing section to the abstract case,
we clearly require the notion of a free model. Let A be an algebraic theory, with objects
1,A, A%, .... We have the category of models,

Mod(A) = Hompgp (A, Set),
so let us first define the forgetful functor by,

U : Mod(A) — Set
(M : A — Set) — M(A).

We shall also write |M|=U(M) = M(A).
Now for the (finitary) free functor F': Sets, — Mod(A), we set:

We need to check that:

HomMod(A)(F(n)a M) = HomSet(na \MD (1-14)
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(naturally in both arguments, of course). The right-hand side is plainly just Homsei(n, | M) =
|M|™. For the left-hand side we have:

HomMod(A)(F(n), M) = HomMod(A)(HomA(A”, —), M)
= M((A") (by Yoneda)
~ V(A"
~ | M|

Since the finitely generated, free models are thus just the finite representables, as the
“semantic dual” Modg,(A) — Mod(A) of the theory A, in the sense of corollary 1.2.2, we
simply obtain the full subcategory of Hompp(A, Set) on the image of the Yoneda embed-
ding,

Modg, (A)————— Mod(A) = Hompp (A, Set) = Set? .

~

A°P
In the abstract case, then, the logical duality

A ~ Modg,(A)®°
comes down to the fact that the (contravariant) Yoneda embedding
A°P s Seth

presents A as (the dual of) a full subcategory of (product-preserving!) functors.
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