33-231 Physical Analysis Fall 2003

Problem Solutions. Set 7 (October 15, 2003)

30. a) <si 2 Wt> = Tl J}. 2wt dt: <cos2wt> = % j(}:osz Wt dt,

.
(sinwt coswt) = %J.sinwt coswtdt.  Substitute w = 2p/T, then evaduate
0

the integrals using Maple.
¢) Ingmdl-damping gpproximation,

F/2mw,
'\/(W - Wo)2 + gz

oF, f2rw,
'\/(W - Wo)2 + gz

cos(wt +j), v=- sin(wt +j ),

P _ bv2 - . (2mg)(W I:O/anl\/o)z
(W, - w)* +¢°

ot —

sif(wt +j).

Theaveragevaueof sin*(wt +j ) over acycleis 1/2, and Py isappreciably
different from zero only when w @w,, and we get

gF’/4m
W, - W)’ +g°

<R)ut> =

Thisis grestest when the denominator is smdles, i.e,, when w =w,_ Then

2
<Pm>:ﬁ'

d) Both F and v areproportional to F,, amplitudeisgrestest when w = w,.

wF,/2mw,
\/(W - Wo)2 + gz
P, = Fv =- (F, coswt) 0 ©(sinwtcosj +coswtsinj ).
T wew) g

Theaveragevaueof snwt coswt over acycleiszero, and the average value
of coswt is /2.

VVF02/4nWVO

(W - Wo)2 + 92

e) From(c), v=- snwt +j ). Also, F=F,coswt.

sinj .

<Rn>:- \/

(continued)
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30. (continued)

From classdiscusson and smdl damping approximeation (when w isnear wo,)
- 29w - 29w

sinj = @ , ad
\/(W2 - w7+ (2ow) Woyl(w, - W) + @
2 2
()= — 0% [amw, sinj = . W [Amw, - 2gw |
\/(W - Wo)z + 92 \/(W - Wo)2 + g2 Wo'\/(Wo - W)2 + g2
When w iscloseto w,
_ &S /4m
()=l

(W- w,) +g*

Note that thisis equal, apart fromsign, to (P, ) asfoundin (c). Thusthis

result directly verifies conservation of energy; (P,) + (P, ) = 0.

(R,) isgreatest when the denominator is smallest (& w = Wo). The maximum
vaueis
(Pl = 2
imac - 4mg
w? - w, gw
-wF /m . . wF /m
v(t) = S snwt+j), O V., = = .
VW - w )7+ (2gw)? Jw? - w,)? + (2gw)?

b) Use Mapleto caculate d\é’\‘;vax , Set theresult equd to zero, and solve for w.

FO
2mg

Result: Vimax IS grestest when w = wp, and thevalue of Vimay isthen V5 =
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32. @ When [x| <1, thevelocity-dependent force has the same direction as v, soiit
adds energy to the system. When [x[> 1, energy isdisspated. Hence the motion
never dampsdownto x =0; instead, it tends toward some sort of limit cycle.

b) Thelimit cycle has a period of approximatdy 6.6 s. The amplitude is about
20m, and the maximum velocity isabout 2.6 my/s. Thelimit cycleis
independent of the initid conditions, atrgectory that Sarts at alarge vaue of x
or v will spira into smaller values, while atrajectory thet starts at a small
vdueof x or v suirdsout to larger vdues. The same limiting trgectory (limit
cycle) is gpproached in each case. Thefind dtate of motion is periodic and is
independent of initid conditions. Thislimiting trgectory isaso caled an
attractor. For adamped oscillator with damping force F = - bv, theattractor is
the origin in phase space, i.e,, thepoint x =0, v =0.

C) ((jjt—xzv, %:-x+(1-x2)v.
restart;
eql := diff(x(t), t) = v(t);
eq2 .= diff(v(t), t) = -x(t) + (1 - x(©2)*v(b);
with(DEtools, dfieldplot);
dfieldplot({eql, eq2}, [x(t),v(t)], t=0..10,x=-3..3,v=-3..3,
dirgrid = [30, 30], color = black);

d) From the vector fidld plat, if the phase point isinitidly aax =0, v=0 andis
displaced in any direction (by giving the particle asmall displacement or
velocity), the phase point tends to move away from the origin (unlike, for
example, the damped harmonic oscillator, where al the phase trgjectories spira
in toward the origin in phase space).

This same conclusion aso follows from looking at the equationsin (c), Sarting
a x=0, v=0, thengiving x or v asmdl increment and observing where the
phase point goes.



