33-231 Physical Analysis Fall 2003

Problem Solutions. Set 6 (October 8, 2003)
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25. 4 TZZpJ%’ g = 4p°L _ 4p*(1000m) _ 987 ny<.

T2 (2.0009)2

b) To ge totd energy, find potentia energy at points of maximum displacement:

V =mgh = mgL(1- cosq) = (0.200 kg)(9.87 m/<*)(1000 m)[1 - cos(0.100 rad)]
= 0.00986 J.
Energy lossin 24 hr (= 86,400 s= 43,200 cycles) is

mgh = (0.500 kg)(9.87 m/s?)(0.800 m) = 3.95 J.
Energy lossper cycle: |DE| = (3.95 J)/(43,200 cycles) = 9.14" 107> J.

E 1
Q= = 2 009986_ ;] - 78
DE/2p 9.14" 10° J
c) A 5-Jbattery would power the clock for %(86,400 9 =109 " 10° s,

or about 30 hours. (Note: An ordinary “D” flashlight cell has an energy
capacity of the order of 10* J. So a battery with totd energy of 5J islikely
to be asmdl watch or hearing-aid battery.)

26. @) Generd solution for criticaly damped case:
x = A'(w)cog(wt +j ) +(A+ Bt)e &,

Inthisproblem, x, and v, aregiven,and A and B areto be determined from
theinitid conditions, A'and | havethar usua meaning for driven
oscillations. Take derivative:

v=x=-wA'(w)sin(wt +j ) +[B- g(A+Bt)]e *.
Subdtitute X =X, , V=V, atime t =0; solveresulting equationsfor A and B:
A=X,- A cosj , B=gxo,+Vo+A(wsnj - gcosj ).

(Remember that A" and j depend on driving frequency w and force
amplitude Fo.)

b) Useresultsfrom part (4). Wewant to find vauesof x, and v, so A and B
will be zero. From above equations,

Xo = A' cosj , Vo=-WA'dnj .
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27. f=440Hz, w=2p(440s)); g= e - 2P40S) _ P
2Q  (2)(4400) 10

F,/2mw,

Use light-damping approximation:  A'(w) = J( i g
W-W,)"+d

F
When w=w, A'= ° -
3 ° 2mw_ g

F, = 2mw, oA = 2(0010kg)(2p ~ 440 s‘l)[— s'lj(o.oozoo m)

p
10
= 0.0347 kgm/s = 00347 N.

wW-w,=2ps?

b) Pup - O+ p/10 1

A Jw-w)?+g" (20)7+(p/10)° 401

, 1
So A= m A',, = (0.0499)(0.00200 m) @0.10 mm.
That is, afrequency change of 1 Hz causes adrop in amplitude of about a factor
of 20.

c) Now g=p st F, mus belarger by afactor of 10; F,=0.347 N.

A _ p _1
= =—, —(2.00 mm) = 0.89 mm.
Ay (2p)2 +(p)? 5 Paa f

In this case a frequency change of 1 Hz causes amuch smaller decreasein
amplitude than before, and the force needed is 10 times as greet for the same

amplitude.

d) Theangular frequency of free osillationsis w, :4/W02- 9> . When
Q =4400, wy isvery nearly equa to w,. Also, for any vdueof Q,

2
Q=2 g g=—bo gnd w, =.|w,’ - Wo | = w,,[1 - 12.
29 2Q 2Q 4Q

For afrequency difference of 0.10 Hz,

w, _ 4399Hz _ [ 1

and Q @234

w, 440 Hz 4Q?
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28. &) and b) diffeq := diff(x(t), t$2) + (0.1)*diff(x(t),t) + x()*19 = O;
The following plots were made with X, =0, v, =1,and b=0.05.

X(t) V VS X
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The amplitude is nearly congtant for severd cycles, but the period grows asthe
particle dows down. The straight segments on the phase plot are regions where
the particle s velocity is nearly constant because the force (and acceleration) are
veary smdl. When b islarger, the particle may amost stop at some areain the
middle.
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29. Yes, x*° isbetter; the force is then a better approximation to arigid wall. The force
isessentid zero until x reaches +1; then it suddenly becomesvery large.

A possible Maple differential equation is

diffeq := diff(x(t), t$2) + (0.1)*signum(diff(x(t), t))*diff(x(t), t)"2
+ X(t)"99 = 0;

Some possibilities plot x(t), (observe changing period), phaseplot, comparison
with linear velocity dependence of drag forcein Prob. 28.



