33-231 Physical Analysis Fall 2003

Problem Solutions. Set 5 (October 1, 2003)

L 100m
20. @ T=2p|— = 2p.|—— = 201s.
9 pﬁ p\/ 9.80m/s’
f= L 921 [980MS _ gaep w, = P = 3135,
2p VL 2p\ 1.00m L

b) mgh=imv?, mg(2L) =imv?,

(o]

V, = JJ4gL = ,/4(980 m/$)(1.00m) = 626 mys.

c) T=201ls

d) When vo=3.6m/s, T=221s.

e) When v, > 4/4gL , pendulum goes all the way around and X increases
continuoudy.

f) Phaseplot for v, =0.100 m/sisan dlipse. For v, =6.00 m/sit is more football-
shaped.
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21. @ Curveisnealy fla when |x| <a, but it rises seeply near x =-a and drops
seeply near X = a.

20
b) V(X) = %(gj (+ constant).

c) [m]=kg, [a] =meters [k] = newtons or kg m/s™.

d) F(X) V(x)

e with(plots, odeplot);
diffeq := diff(x(t), t$2) = - x*19;
initl := x(0) =0; init2 := D(x)(0) = 1;
sol := dsolve({diffeq, initl, init2}, x(t), numeric);
odeplot(soal, 0..5, numpoints = 100)

Period isabout 4.8. With v, =2, periodisabout 2.6. Period is approximately
inversely proportiond to Vo.

(continued)
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21. (continued)

f)

9

h)

odeplot(sol, [x(t), diff(x(t), t)], 0..5, numpoints = 100);

Phase plot is nearly rectangular. Particle moves with nearly congtant velocity
until it runsinto steep partsof F(x).

The distance between the wallsis 2a, so the particle must travel a distance of
4a during one period (T). Thus 4a =v,T or = ;ﬁ In part (€), with

(0]
a=1, when v, =1, T=4.8; theequation predicts4.0. When v, =2, T=2.6;
the equation predicts 2.0. Thusthereisfair agreement.

odeplot(sol, [t, -x(t)*19], 0..10, numpoints = 100);  (Extend range
to show two cycles))
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22. 8

b)

For critical damping, w, = g, and the generd solutionis ~ x = (A + Bt)e 9.
Attime t =0, thisbecomes X, =A.
Also, x =v=Be 9 - g(A+ Bt)e?. Attime t =0, this becomes
A= X,
B =V, + 0%,
For overdamping, g>Ww,. Let g4 = /g - w,2. Thenthegenerd solutioniis

Vo =B- gA=B-gX,. Sothecongtants A and B are

X =€ gt(Aegdt + Be gdt) = Ad9a- It 4 ge (9+0a)t

Attime t =0thisbecomes x,=A+B. Also,
X = (g4 - 9)Ael% I _ (g+g,)Be (9*%)!  Attime t =0 thisbecomes
Vo = (- 9A - (g+gyB.  Solvethesetwo equationsfor A and B.

One procedureisto solve thefirgt for B, then subgtitute this into the second
to diminate B, then solvefor A. Results

A=Yot(@+0d)%  g_(G4- X - Vo
294 204
For each part of the problem, substitute the expressionsfor A and B into
the genera solutions to obtain a complete expresson for x(t) interms of
theinitial conditions.

23. Tofind times when maximaand minima occur, take dx/dt and set it equal to zero:

x = Ae % (- gcoswyt - wysinwgt). Thisiszerowhen tanwgyt = - Wi
d

This equation has infinitely many roots, snce  tan(wgt + np) = tarwgt  (where

n isany integer). So successve maximaand minima are separated by atime Dt
suchthat wy Dt = p, and successve maxima are separated by atimeinterval such
that wyDt =2p, or Dt =2p/wy Thusthefactor coswy hasthe samevduea dl
maxima, and theratio of the valuesof X at two successve maximais just theratio

of the vaues of the exponentid factor, namely

e g(t+2p/wy)

-2pg/wy
g ¢

=€

If A; and A, arethe displacements at two successive maxima, then

Ao _ o 2pgiwg

A
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24. Q) |de:1—:2,)Wo' then woz-gzzi_gwo and g:iwo_

13

DA -

b) = AR =1- i From Problem 23,
A A A
E;’:‘ =1- e—2pg/wd =1- e—2p(5w0/13)/(12w0/13) =1- e—5p/6

c) Atapoint of maximum displacement, thereis no kinetic energy, so the potentia

energy equasthetotal energy. Thus E; = % kAf, etc.

DE| E- E2_1 5—1 A2
=1 =1 =) Alzl

From Problem 23,

DE
El

=1- e—4pg/wd =1- e—5p/3

With this large amount of damping, the energy and displacement decrease to asmall
fraction of their previous vaues after only one cycle. But for a systlem with very
littledamping (eg., g = 0.01wy),

DE

1

DA
A

=1- 209 - 00p1  and = 1- 400D _ g11g,

In that casethe decreasesin A and E during one cyde are rdaively smdl fractions
of the values at the beginning of the cycle.



