33-231 Physical Analysis Fall 2003

Problem Solutions. Set 10 (November 5, 2003)

39. @) KXz - Xq) = My,

k(X3 - Xo) - k(X - %) = m%y,
- k(X3 - Xp) = mXs.

b) Plugin x1 = a; coswt, etc., and re-arrange, letting | = w2.
(k - I ma, - ka, =0,
-ka, + (2k -1 ma, - ka, = 0,
-ka, + (k- I'ma, =0.

This sysem has non-trivid solutionsif and only if its determinant is zero:
k-1m -k 0

-k 2k-1Im -k |=0, (k-1m)?2k-1m-2k(k-1m =0
0 “k k-l

Factor out (k - | m), multiply out, re-arrange, and factor again, to obtain:
mk-Im@Bk-1m=0 ad 1,=0 1,=
I a=a=a,.

I, a=-a;, a =0
le a=a, 8=-2a,

3k
ﬁ.

S

S|=

In the first mode, dl three masses move with congtant velocity (zero frequency).
In the second mode, the middle massis sationary and the two end masses
vibrate with equa amplitudes and a haf- cycle phase difference, with frequency
w, = 4/k/m. Inthethird, the end masses vibrate in phase with equa amplitude,

and the center mass moves haf a cycle out of phase with twice that amplitude.

c) Xp =0t 0 + 03,
Xp =0 - 203,
X3 =0q - 0z + Q3.

Subdtitute into equations of motion:

-ka, - 3kgz = m(Gy + G, + G),
6kas = m(dy - 20Gs),

kap - 3kag = m(¢y - G, +Us).
(continued)
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39. ¢) (continued)

Adding the three equations gives ~~ 3m¢; = 0, |, =w? =
Thefirst minusthe third gives - 2kg, = 2ma,, | , = wy?2 = %
. o . , 3k
Frst plus third minus twice second: - 18kgs; = 6mYs, | 3 =w3® = "
) E=3miie’ 57+ 57 + KOG - x)% +3K0xg - %)°

Subdtitute norma coordinate transformation from (c), and smplify:

E=32mg’ + (mg,”+kg,”) + (3mg,” + kay’).

€)
X1 1 1 1)\ 11 1
X = Aq: X =11 0 -2{|g,|, A=|1 0 -2
X3 1 -1 1)\lq; 1-1 1
1 1 1 1 1 1
. d] |3 3 3 ||*N L |3 3 3
q=A"X ||=|3 0 -3%|[x| A"=|3 0 -3
q 1 .1 1|y 1 .1 1
3 6 3 6 3 6 3 6

Check: AA'L = A A = |,
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40. @) - kxg + K'(X - %) + F, coswt = my,,
-kxo - K'(X - X)) = mKs.
Subdtitute x, = a, coswt, X, = a, coswt; collect termsand Smplify:
(k +k'- wzm)a1 - ka, =F,
-k'a +(k +k'- w'm)a, = 0.

Note that these equations are not homogeneous, and the determinant of the
sysgemisnot zero. Now a; and a, aemultiplesof F,. Solveusng

determinants;
F - k'
) 0 k+k'-w _ (k+ k- wm)F,
% k +k'- w’m - k' (k +k'- w2m)2 K2
-k' k +k'- w?
k+k'-w’m F
3 - k' 0 K'F,
a'z - f 2 f - 2 -
k+Kk'- wm -k (k+Kk'- w’m)" - k*
- k' K+ k'- w?

Smplenumericdl example Teke F, =m=k = k'=1 Then

_zewe 1
(2- WZ)Z- 1 (2- W2)2 S1

al =
Both a; and a; gotoinfintya w=21and w = V3, corresponding to

norma-mode frequencies. At w = A2, a=0, corresponding to amotion
where mass 2 vibrates with just the right amplitude so the total force on mass
liszero.
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41. @)

- le + k'(XZ - Xl) + b(X2 - Xl) = le,

'kX2 - k'(XZ - Xl)- b(X2 - Xl) = sz.

b) Subdtitute norma-coordinate expressons.  X; =0 + 0y,  Xo =01 - Qo

-kay - (k +2k)qp - 2o, = m(¢y + dp),
-kay + (k +2K) g, + 2bd, = m(¢; - Gp).
Add the two equations, and subtract the second from the first, to obtain

mg; + kog =0, mo, + 200, + (k + 2k')g, =0,

k + 2k’
—

: k
Asbefore, in notes, Eq. (6), w, = \/; w, =

But now the generd solutions of the q equations are
g, = Ccos(w;t +j,), @, =e 9*[Acos(wt) + Bsin(w,t)], where

2b b
9 =%=ﬁ and Wy = sz'gzz-

Interpretation: Inthe g; mode there is no relative motion of the masses, so this
mode is not damped. Inthe g2 mode, the distance between the two ends of the
shock absorber changes by twice as much as the motion of each individua mass,
hence the factor of 2 in the damping term of the ¢, equation.

So the generd solution for each mass congsts of an undamped oscillation in

which the two masses vibrate in unison with equal amplitudes and frequency w;
and a damped oscillation of one mass relative to the other, characterized by the
quantities w, and @. Thismotion isunderdamped if w, > g, (asinthe

above solution), criticaly damped if w, = g,, or overdamped, if w, < g,

For example, if the masses are given equd initid displacements and no

initid velodties, then gz =0 and only the undamped motion is present. But
with opposite initid digplacements of equa magnitude, g; =0, and only the
damped motion occurs.
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42.
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