33-231 Physical Analysis Fall 2003

Problems. Set 6 (due Wednesday, October 8, 2003)

25.

26.

27.

A grandfather clock has apendulum 1.000 m long, with mass m = 0.200 kg and
period 2.000s. The amplitude of the pendulum swing is 0.100 rad. Theclock is
powered by the work done by gravity on adropping 0.500-kg weight (M = 0.500
kg) that drops 0.800 m per day.

a) Determinethevaueof g at thelocation of the clock.

b) Determine the Q of the clock.

¢) How long would the clock run if it were powered by a battery with an energy
capacity of 5.00J? What kind of battery would have this capacity?

A critically damped harmonic oscillator hasinitid postion X, and initid velocity
Vo (attimet =0). A snusoidd driving force F, coswt is gpplied.

a) Derivean expresson for x(t) that isconsstent with these conditions. Note that
thisis not the same Stuation as Problem 22(a), and the answer is different.
However, in the particular case where there isno driving force (i.e, A'=0)
your result should reduce to that in Problem 22(a). Check to see that this

actualy happens.

b) Inpart (a), the generd solution conssts of afree-oscillation or “trangent” part
that depends on the initid conditions, and a forced-oscillation or “steady-state”
part that depends on the amplitude and frequency of the driving force.

Show that if the sygem is given exactly the right initid conditions (i.e,
particular vauesof x, and v,) the trandent part vanishes. Derive expressons
for thevauesof x, and v, needed for thisto occur.

A tuning fork has afree-oscillation frequency f =440 Hz. Werepresentitasa
lightly damped harmonic oscillator with mass m = 0.010 kg and Q = 4400.

a) If adgnusoidd driving forceis gpplied, with afrequency of 440 Hz, what must
be the force amplitude F, if the forced-oscillatiion amplitudeis 2.00 mm?

b) The frequency of the driving force is now changed to 441 Hz, with the same
force amplitude asin (a). What is the amplitude of the oscillation now?

c) Now we increase the damping to change Q to 440. What are the answersto ()
and (b) now?

d) What vaueof Q would be needed in order to change the free-oscillation
frequency to 439.9 Hz?
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28. InProblem 21, aparticle with mass m movesaong the x axisunder theaction of
19
aforce F(x) gvenby F =- k(gj .

Now we want to add a velocity- proportional damping force F = - bv = - bx,
perhaps due to air resstance.

a) Using the numerica vauesin Problem 21(c), write the appropriate differentia
equation, and obtain anumericd solution. Start with X, =0, v, =1, and
b=0.1. Later you can experiment with other values. Plot agraph of x(t),
taking alarge enough range for t toinclude severd cycles. Comment on any
conspicuous or unexpected features of the graph.

b) Make aphase plot for the solutionin (). Again include severd cycles. Discuss
why the long, nearly straight portions of the curve should be expected.

c) (optiond) Experiment with larger vduesof b (eg., 0.2 or 0.3). You may find
that the mass appears to cometo rest at a point other than the equilibrium
postion. Try to understand what is happening.

29. A “super-bal” bounces back and forth between two perfectly rigid wals. Thereis
ar resistance (due to turbulent flow) proportionad to v2. We want to construct a
mathematical model of the Stuation and useit to andyze the motion. Some of the
analysis may resemble that in Problem 28. Make up your own problem; state the
problem clearly and solveit. Here are afew thoughts:

a) InProblem 21 we noted the smilarity of the force function to a Stuation with
rigid wals. Canwe do the samething here? If x*° isgood, would x*° be
even better? Greater precison? Would it dow down the caculation too much?

b) You haveto do something to make sure the ressting force has theright gnin
your differential equation. TheMaple Signum or abs function may be

useful; read the Maple help filesfor details. Do you want plots of x(t), phase
plots, predictions of the period of the motion, or what?



