33-231 Physical Analysis Fall 2003

Problems. Set 10 (due Wednesday, November 5, 2003)

Note: Inthisproblem s&t, severd intermediate results are given with the problem
gtatements, in order to help with error-hunting. Otherwise, if you make even atrivid
error a the beginning, the whole problem will be derailed.

39. The system shown ismeant to be a x . 3
ample modd of alinear triatomic k ‘—»- k |__.,
molecule. For smplicity we make :

al three masses equd and let them

/ ¢r i

move only dong adraight line.

a)

Writethe SF =ma equations, using the coordinates shown. Can you guess
what the norma modes might look like, and what their frequencies might be?

b) From these equations, find the frequencies of the norma modes and the

amplitude relaion for each norma mode. In working out the secular
determinant, don’'t bein too big a hurry to multiply out dl the termsin full;
first look for common factorssuch as (k - | m) (wherel = m?).

k-1m -k 0 )
ko 2k-Im -k =0, 1,20, l,=o, 1=
0 ko k-

l: & =a, =a,.
I, a=-a;, a =0
s a=a, & =-2a,

Obtain a normd- coordinate transformation. Expressthe SF = ma equations

in terms of the norma coordinates, and show that they can be separated into

three uncoupled equations, each of which contains only one normal coordinate.

(You will have to multiply each equation by an gppropriate numerica constant,

and then add or subtract the equtions, asin Problem 38(d).) Solve the equations
for the normal coordinates, and verify that you get the same norma-mode
frequencies asin part (b).

X1 =01+ Qqx + s,

Xp =0y - 203,

X3 = (g - Gz + Q3.
Subdtitute into equations of maotion.
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39 ¢) (continued)

Adding the three equations gives 3mg; =0, |, =w? =0.

Thefirst minusthe third gives - 2kg, = 2ma,, | , = wy?2 = %
. Lo , . _ _ 2 _3k

Frst plus third minus twice second: - 18kgs; = 6mYs, | 3 =w3® = "

d) Write an expresson for the total energy of the sysem intermsof X3, X2, X3, ad
their derivatives. Then express this quantity in terms of the norma coordinates,
and show that it can be separated into three parts, each of which contains only
one normd coordinate and its derivative. (The dgebraisalittletedious, use
Mapleif you like)

2, .2 2 2
+ %3") +%k(x2- X) +%k(x3- X))

E =3mi + %
E =$mqg” +(md,” + ka,’) + (3md,” + 9kay).

€) Expressthe norma-coordinate transformation in terms of amatrix equation, asin

Problem 38(f).
X 1 1 1)\(q 1 1 1
e x=Aq x|=l1 0 -2(g,|, A=|1 0 -2
X, 1 -1 1){q, 1 -1 1
1 01 1 1 1
. a) |3 3 3 |[" L |3 3 3
qQ=A"x |@|=|3 0 -%||[x| A"=|3 0 -1
q 1 .1 1 |[x 1 .1 1
3 6 3 6 3 6 3 6

Check: AA'L = A'1A =



Problems: Set 10 (page 3) Fal 2003

40. We want to explore the possihility of forced oscillations for the two-mass, three-
spring system discussed extensively in class and in the " Coupled Oscillators' notes.
Suppose that an additional force F = F, coswt is gpplied to the masswith
coordinate x; (where Fo and w aregiven, and w isnot one of the norma-mode
frequencies).

a) Set up the equations of motion, using the coordinates used in class. Make sure
you have the Sgnsright.

b) Tryasolutionintheform x, = a coswt, x, = a, coswt, where w isthe

frequency of the driving force. Obtain expressionsfor a; and ap, which will
be functions of w.

Equations arethe same as Egs. (1) in "Coupled Oscillators and Normal Modes'
except for the added term Focoswt in thefirgt equation.

Subdtitute x, = a, coswt, X, = a, coswt; collect termsand Smplify.

Note that the resulting equations are not homogeneous, and the determinant of
the sygemisnot zero. Now a; and a, aemultiplesof F,. Solveusing
determinants:

(k +Kk'- mw?)F, _ kK'F,

(k+k'- mw?) - k? (k+ k- mw?) - k2

c) Assume some smple numerica vauesfor the parameters, and plot agraph of
each a asafunction of frequency, for arange of frequencies that includes both
norma-mode frequencies. Comment on your results.

Smple numericd example: Teke F, =m=k = k'=1 UseMapleto
plot a3 and a; asfunctionsof w.
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41. Agan we consder the two-mass, three-gpring system discussed in classand in the
notes. We take away the driving force and ingtall a shock absorber between the two
masses (i.e, pardld tothe spring k'). The effect of the shock absorber isto apply a
force to each mass, with magnitude bv, where b isacongant and v istherelative
speed of the two masses, that is, the speed with which the ends of the shock absorber
are being pulled apart or pushed together.

a) Set up the equations of motion in terms of the same coordinates used in class.

Equations arethe same as Egs. (1) in "Coupled Oscillators and Normal Modes'
except for the added term in each equation representing the damping force. This

term hasthe form +b(%, - % ). Make sure you get the Signsright.

b) Using the same normd-coordinate transformation used in class, express the
equations of motion in terms of the norma coordinates.

Subgtitute norma-coordinate expressons. X, = ¢, +d,, X, =0, - 0,
Add the two equations, and subtract the second from thefirgt, to obtain
m, + kg =0, mo, + 200, + (k + 2k')g, =0,

c) Solvethe equations obtained in (b) to obtain the possible motions of this system.
How many arbitrary congtants does your solution contain? Comment on the
sgnificance of the form of your solutions. In particular, do they consst of two
parts with somewhat different character? How might one choose initid
conditions so that only one of the two partsis present?

The generd solutions of the q equations are
q, = Ccos(w,t +j ,), @, = e %' [Acos(w,t) + Bsin(w,t)], where

2b b
9 =%=ﬁ and Wy = sz'gzz-

What do these results mean? How do they depend on initiad conditions?
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42. You are given the following two matrices:

1 -2 1 2 1 -1
A=0 2 -1/, B=|1 -1 O
2 1 1 2 -1 1

For (a) and (b), do each caculation two ways. (1) by hand; (2) with Maple. Use
Maplefor (c) and (d)

a) Cdculatethe products AB and BA.
b) Caculaethesum A + B.
c) Obtaintheinverse of B, i.e, B!, and caculae B B and B™!B.

d) Caculatethe product 4B 1.



