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Stereo Vision = Correspondences + Reconstruction

Stereo vision (or “stereopsis”) is the processegbwrering the three-dimensional location of points
the scene from their projections in images. Moegijsely, if we have two imagésandl, (left and
right from the left and right eyes), given a pigein the left image and the corresponding pixgh
the right image, then the coordinat¥sY(Z) of the corresponding point in space is computed.

Geometrically, givem,, we know that the poirR lies on the lind. joining p, and the left optical
centerC, (this line is theviewing ray, although we don’t know the distance along this.|
Similarily, we know thaP lies along a ling, joining p, andP. Assuming we know exactly the
parameters of the cameras (intrinsic and extringie)can explicitly compute the parameterg pf
andL,. Therefore, we can compute the intersection ofwelines, which is the poir. This
procedure is callettiangulation

Stereovision therefore involves two problems:
« CorrespondenceGiven a poinp, in one image, find the corresponding point in thigeoimage.

* ReconstructionGiven a correspondencg,,0,), compute the 3-D coordinates of the corresponding
point in spacep.



Finding Correspondences

Givenp, finding the corresponding poipfinvolves searching the right image for the locaipn
such that the right image aroupd‘looks like” the left image aroungd,. More formally, we can take
a small windoww aroundp, and compare it with the right image at all posslb&ations. The
positionp, that gives the best match is reported.

The fundamental operation, therefore, is to compaeixels in a window\V(p,) with the pixels in a
windowW(p,). We have seen before standard ways of compatrimgoms:

* Sum of Absolute Differences
» Sum of Squared Differences
* Normalized Correlation

This is a simple algorithm in principle: for eaghscan the right image to find thesuch that\(p,)
is most similar taMp,) using one of the matching measures above.



Rectification

Searching along epipolar lines at arbitrary orientation is intujtiggpensive. It
would be nice to be able to always search along the rows of the right image.
Fortunately, given the epipolar geometry of the stereo pair, thetts exgeneral a
transformation that maps the images into a pair of images with the epipefar |
parallel to the rows of the image. This transformation is cadletification Images
are almost always rectified before searching for correspondenoceger to
simplify the search.

The exception is when the epipole is inside one of the images. In that case,
rectification is not possible.



r

We know that, given a plariein space, there exists two homographigandH, that map each
image plane ont®. That is, ifp, is a point in the left image, then the correspogdtinint inP is Hp

(in homogeneous coordinates). If we map both imég@scommon plane such that P is parallel to
the lineC,C,, then the pair of virtual (rectified) images i<Buhat the epipolar lines are parallel.
With proper choice of the coordinate system, thipaar lines are parallel to the rows of the image.

The algorithm for rectification is then:

* Select a plan® parallel toC C,

« Define the left and right image coordinate systemp

« Construct the rectification matrice andH, from P and the virtual image’s coordinate systems.






Example from
Seitz/Szeliski

Rectification

Destination images have
significantly different sizes




Example from
Seitz/Szeliski

Rectification

Better: Destination images
have similar sizes




Disparity

Assuming that images are rectified to simplify things, given two cooreting
pointsp, andp,, the difference of their coordinates along the epipolandixgis

called the disparitg. The disparity is the quantity that is directly measured from the
correspondence.

It turns out that the position of the corresponding 3-D @@icin be computed from
p, andd, assuming that the camera parameters are known.



Disparity

d=x-X

Min y (1, (xy), 1 (x-d,y)

x,yl W

Stereo Matching:

We assume from now on that the images are rectified. That is, the efiipedaare
parallel to the rows of the images. We will denote the horizontal coordinate by
and the vertical coordinate lyyWith that geometry, given a pixel at coordingie
the problem of stereo matching is to find the coordixabé the corresponding
pixel in the same row in the right image. The differetieex, - x; is called the
disparity at that pixel.

The rest of the notes focuses on various ways of recowring

The basic matching approach is to take a wintideentered at the left pixel,
translate that window bggand compare the intensity valuesifin the left image
andW translated in the right image. The comparison metric typically leafotm:

S(d) = Y (L (xy),l(x-d,y))

X,y W
The functiony measures the difference between the pixel values. Possible choices

fory are shown next page.
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The disparity is computed at every pixel in the image and for every possible
disparity. The output is a disparity image. Those image can be interpreted as

disparity being the inverse of the depth (larger disparity for poiasecko the
cameras.)

In terms of implementation, we basically have five loops:

for x=1:xsize
for y=1:ysize
for d=dmin:dmax
Sbest = max;
S(d) =0;
for u = x-w:x+w
for v = y-w:y+w
S(d) = S(d) + y(d)
if(S(d) < Shest)
Sbest = S(d)
dbest(x,y) =d

Note that the loops in X,y and d can be inverted. Also, this looks like an enormous

amount of computation. It turns out that this can be done efficiently by re-using
partial results.
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Matching Functions

SSD:

YLy (x+doy) = (1 (G y) - 1 (x- dyy))?
SAD:

y (1,069, 1 (x+d, v) = (1%, y) - 1,(x- d,y)
Correlation:

Yy (1 y), 1 (x+d,y) =1,(xy).l,(x-d,y)
Normalized Correlation:

Y, 91 (x+d,y)) = XX duy) =

Slsr(d)

Matching Functions:
Four standard choices are used for the matching function:

SSD:y is the squared differences between pixel values. The SSD has nice
mathematical properties and is easy to compute. The SSD tends to npaxglify
errors because of the quadratic function of the difference. This cardqanobdems
In noisy images.

SAD: Yy is the absolute difference between pixel values. It is better behavethéha
SSD because it does not increase quadratically with pixel error. Depemdihg
architecture it may be faster.

Correlation:y is the product of the intensities. The maximum of correlation
corresponds to the best match. Correlation is roughly equivalent to SSDlylt rea
should be used with normalization.

Normalized Correlation: Same as correlation but the intensity valudéissare
centered by substracting the mean intensity of the correlation windowf (et
image) and normalizing by the standard deviation of the intensity in tidowi
The normalized correlation has the advantage that it is always betivaed -
+1,with +1 for a perfect match. It is obviously more expensive to compute.
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dass

SAD

Norm. Corr.

The curves show the value of the matching function for one pixel in the lefeima
The graphs show the disparity on the horizontal axis, and the value of the matching
function (SAD, SSD, or Normalized Correlation) on the vertical axis.

Those curves illustrate the ideal case in which we have a singlerptekaurve
which is sharp enough for the location of the optimal disparity to be dete&mine
accurately.
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The next step in stereo is to recover the 3-D coordinates of the scene points
corresponding to pairs of matching pixels. As a first step, we can sinpdify t
geometry by assuming that the two cameras have parallel imags plzonsider a
point P of coordinates,Y, Z. P is projected tg, andp, in the two images. The
focal length of the cameras is denoted,kand the distance between the optical
centers (the baseline) is denotedBay

Looking at the diagram, we see that the triangle<(,M) and 6,,p,,P) are similar
triangles. Therefore, the ratios of their height to base are equal:

zZ_  Z-f

B B-Xx+
Moving Z to one side of the equality, V\)/(é ge)t(:r 7 = Bf
d

This relation is the fundamental relation of stereo. It basicallgsthat the depth is
inversely proportional to the disparity.

Once we knowZ, the other two coordinates are derived using the standard
perspective equations:

X:E
f

Y:E
f
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Depth Image 3-D Reconstruction

Example SRI

* Very small package

« Different configurations to meet
application needs

« Computation on conventional PCs, o

* Embedded computing (DSP, FPGA)
for very compact packaging and low
power

 Real-time processing (e.g. 12-90
depth images/second, depending on

size)

Input Image Pair
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Videre
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Example: Point Grey Systems

» Three cameras for increased depth precision
» Computation on standard PC
 Real-time (16 full-size depth images/second)

e Color cameras
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B=10cm

FOV=30

B=20cm

2
DZ » Z—
Bf

An important question about recovering 3-D coortiinas: How accurately can those coordinates be
computed? We can answer that through a simple analysis: Consider a matching pair of disparity
d corresponding to a depkh If we make an error of one pixal1 instead ofl), the depth becomes
Z'. We want to evaluatBZ, the error in depth due to the error in dispafitgking the derivative of Z
as a function ofl, we get:

Dz| _Bf _Z?
== =

The final relation illustrates the fundaJnentaI tiela between baseline, focal length and accuracy of
stereo reconstruction. For an error of 1 pixel mparity, we get an error inof;

ZZ

Bf
Depth: The resolution of the stereo reconstruction de@®gsiadratically with depth. This implies
severe limitation on the applicability of stereatdlthat, if we assume sub-pixel disparity

interpolation with a resolutiobd, the depth resolution becomes: bﬂtﬁllgremains guadratic
in depth.

Baseline:The resolution improves as the baseline increA¥eswould be temﬁfed to always use a
baseline as large as possible. However, the matdienomes increasingly difficult as the baseline
increases (for a given depth) because of the issrgamount of distortion between the left and the
right images. This is similar to the usual detewtmcalization trade-off.

Focal length:The resolution improves with focal length. Intudly, this is due to the fact that, for a
given image size, the density of pixels in the imptane increases &Bicreases. Therefore, the
disparity resolution is higher. Although this wasrigled using a simplified model of the stereo
system, the three principles hold for any sterestesy.
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\/ / / /

The previous discussion assumes that the viewing rays from the left and right
cameras intersect exactly. In fact, that is not usually thelmesause of small errors
in calibration. In that case the two viewing rays pass close to eachhatisir not

exactly intersect. The poifRtis reconstructed as the point that is the closest to both
lines.
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d-1 Oopt  d d+1

)
- 2(s(1)+S(- 1)- 25(0))

Sub-Pixel Disparity:

The disparity is computed by moving a window oneepat a time. As a result, the disparity is
known only up to one pixel. This limitation on thesolution of the disparity translates into a severe
limitation on the accuracy of the recovered 3-Drdamates. One effective way to get this problem is
to recover the disparity at a finer resolution bigirpolating between the pixel disparities using
quadratic interpolation.

Suppose that the best disparity at a pixel is abthiatd, with a matching value (for example SSD)
of §d, ). We can obtain a second order approximation @{timknown) functiors(d ) by
approximatingSby a parabola. At the positialy , corresponding to the bottom of the parabola, we
haveS(d ) <= J(d, ). Therefored,is a better estimate of the disparity thign

The question remains as to how to find this appnating parabola. Let us first translate all the
disparity values so thaf = 0. The equation of a general parabol&(d:) =ad >+bd+c. To recover
the 3 parameters of the parabola we need 3 eqsatibith we obtain by writing that the parabola
passes through the point of disparity 0, -1, and +1
S0) =c §1) =at+b+c §-1) =a-b+c
Solving this, we obtairc = §0) a= (1) +-1) - 250))/2b= (Y1) - §-1))/2
The bottom of the parabola is obtaineaﬂd%[such thaS(d) = 2ad+b = 0. Therefore, the optimal
disparity is obtained as:

(s(- 9)- S(l))

opt
+S
In practice, estimating disparity with a ?g ]gha)éme) reso on is possible using this
interpolation approach.

Note that the denominator is close to O if the fiomcSis mostly flat, in which case there is no valid
estimate of the disparity.
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X Gradient distribution SSD curve

Matching Confidence:

Stereo matching assumes that there is enough information in thesitnage
discriminate between different positions of the matching window. Thradtithe
case in regions of the image in which the intensity is nearly constanasia th
regions, there is not a single minimum of the matching function and the tispari
cannot be computed.

There are two ways of detecting that the disparity estimaterediable. The first
approach is to look at the curvature of the matching function near its minimusn. Thi
curvature can be estimated in a variety of ways, for example, by usistatidard
deviation of the matching values for a few values of the disparity around the
minimum. It can also be estimated by using the curvature of tbd fiirabola (see

the discussion below on sub-pixel interpolation.)

A second approach is to first apply a filter to the input images, such traitfhe

of the filter at a pixel is high if there is enough information in its neiginad. The
main criterion is that there is enough variation of intensity in the dhreof

matching, ie., along thedirection. This can be done by compute the gradient of the
image in the x directiorl, and computing the local average of its squared
magnitudeSl,2. This quantity can then be used as a measure of reliability of
matching (confidence measure.)



Lighting adjusted Lighting corrupted

Lighting Issues:

A problem mentioned before is that the lighting conditions maybe substantiall
different between the left and right image. Because, for example, akediffe
exposures or different settings of the camera. The problem is that, &gcaus
measures directly the difference in pixel values, its value wilbbeipted. A
simple experiment in which the intensities in the left image are codiyyta
smoothly varying function shows that the SSD curve is substantially cafrupte

A simple model would be th&{(x,y) =al°(xy) + bx+c, wherel, is the actual
image, and° is the “ideal” image (ie, the one that matches the right inh&gg) =
[,(x-d,y)). This amounts to applying a scaling followed by a linear ramp atitess
image. Using the SSD, we have:

y (d) = (h(xy) - 1, (x-dy)? = ((@1)I° + bx+c)?

This shows that, even if the ideal images match perfectly, the mafcinictipn on
the actual images can be arbitrarily far from 0.

The normalized correlation reduces this problem by eliminatingethest andc.
However, it is still corrupted by the ramping fadbor
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Lighting Conditions (Photometric Variations)

W(P) WP

Comparing windows using SSD, etc. assumes thatixetspn W(P,) andW(P,) have (almost) the
same values. In fact, the pixel values may be ddfgrent because the cameras and framegrabbers
may have different aperture, gain settings, etsoAthe intensity may change between images
because they are looking from different viewpoifiise result is that, eveni andP, are
corresponding points, the intensity values of tixelp around them may be different.

One way to address this problem is to use sometiki@agnormalized correlation instead of straight
comparison between pixels. Unfortunately, thisuisssantially more expensive. A better approach is
to pre-process the images in order to reduce theopfetric variations (using a Laplacian filter will
be the preferred approach.)
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o LOG=N%G, * |
Origina

LOG SSD

Laplacian of Gaussian (LOG):

A better way of eliminating smooth variations asrtise images is to take the second derivative,
because the second derivative of a linear funaifdhe formbx+c is 0, and therefore eliminates this
component.

More generally, smoothly varying parts of the imagenot carry much information for matching.
The useful information is contained in higher-freqay variations of intensity. For example, in those
graphs, only the pixels at the indicated locaticasy useful information for matching. The smoothly
varying part of the profile constitute the majoritiithe points and would confuse the matcher. The
information that we really want to match is thetfdmat the intensity bumps at A and B have similar
shape.

A
v

So we want to eliminate the slowly-varying partstef image (low-frequency), and this can be done
by using a second derivatives. Also, as usual, ast\wo eliminate the high-frequency components
which correspond to noise in the image, which satggelurring with a Gaussian filter. The
combination of the two suggests the use of thed@ph of Gaussian (LOG) previously defined in
the context of edge detection. This filter is techiy a band-pass filter (removes both high and lo
frequencies.) In practice, the images are firswvotuted with the LOG filter:

N°G, *I, and N°G, * |

Any of the definition ofy can be used directly on the I‘_gaplac{an image.
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M 0y
Scale =4 Scale =2 Scale=1

Laplacian Pyramids:
The effect of is similar to the trade-off in edge detection:

Larges: A lot of the noise is eliminated, the matchingvas are smoother, and matching is less
ambiguous. Therefore, we have better performanterins ofdetectionof matches.

Smalls: The image details are not blurred as much séottedizationis better.
Just like for Gaussian smoothing, it is benefitigberform stereo matching at different resolutions
(ie., different values af.) The algorithm would look like:
« Find the best disparity,, (x,y) of every pixel at the current level of the
image pyramid corresponding $q by searching over the interval
[dmin(x!y) dma)xxly)]
* For every pixel, sed,;(X,y) =dg(xy) -d andd,,(X,y) =d,(xy) +d
* Repeat at the next pyramid level f&g,,<s,
This is interesting for two reasons:

Compromise localization/detection: Noise-free matgt{good detection) is performed at coarse
levels of the pyramids), those matches are theneeft the finer levels of the pyramid for better
localization.

Computation: Matching is expensive. In this apphpdlee matching at coarse levels requires search
over small intervals of disparity (because the ieegsmall). At finer resolution, the search ifl sti
limited because we predict a small search intdreah the previous level in the pyramid. Therefore,
we never have to search the entire disparity iad@nvthe full-resolution image.
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Effect of Window Size:

Window size has qualitatively the same effect as smoothing. Locatizatbetter
with smaller windows. In particular, the disparity image is corruptedesas
occluding edges because of better localized match. Matchinges wétt larger
windows because more pixels are taking into account, and there iothdyefter
discrimination between window positions.

Localization degrades as the window size increases, for the same.réas can

be seen geometrically by plotting the curve of the matching funStiondifferent
values ofw. For large values of, the minimum is flatter (lower curvature), leading
to lower confidence in the matching as defined before.
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Small window
Noisy

Large window
Blurry

“Optimal” size
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Window Shape and Forshortening

The discussion so far assumes that the window drBgis compared to a window of the same size
and shape arourfg). In fact, given a square window in the left imatje corresponding pixels in the
right image do not necessarily lies in a squaradain (let alone of the same size.) This is because
the perspective projection distorts the geometd/agoes not preserve angles or parallelism. Without
writing equations,it is easy to see on a pair aiges taken from a camera low to the ground. A
window taken on the ground is very distorted intight image. Thus, matching results may be very
poor by using the same window in the left and rigidge to do the matching.

The perspective effect involved in this examplealiedforeshorteningthings farther away appear
smaller.)

The only case in which the windows have the samapesis the case in which the pdihlies
(locally) on a plane parallel to the plane of tiwe images. This is calledfeontoparallel
configuration.

28



Window Shape: Fronto-parallel Configuration

- JNC

W

. N\

The discussion so far assumes that the window drpus compared to a window of the same size
and shape around. pn fact, given a square window in the left imaiije, corresponding pixels in the
right image do not necessarily lie in a square windlet alone of the same size.) This is because the
perspective projection distorts the geometry aresdwt preserve angles or parallelism. Without
writing equations, it is easy to see on a pair aiges taken from a camera low to the ground. A
window taken on the ground is very distorted intilght image. Thus, matching results may be very
poor by using the same window in the left and rigidge to do the matching.

The perspective effect involved in this examplthisforeshorteningthings farther away appear
smaller.)

The only case in which the windows have the sampesis the case in which the 3-D pdiiies
(locally) on a plane parallel to the plane of tiwe images. This is calledfeontoparallel
configuration.

In many cases, this effect is not significant errotggbe worth correcting. In some cases, for
example when the scene points are known to beanpkane for which the distortion would be
significant, it may be worth correcting for it.

The square window in the left image correspondsdistorted window on the reference plane. The
distorted window can then be projected onto thitiigiage plane to get the image window. The
transformation from the left image plane to theerehce plane is the same type of transformation as
the rectification transformation seen befivg = U,W,, similarily the transformation from plane
window to right image i¥V, = U,W,. So the transformation from window in the left geato

window in the right image &/, = U,U,W,.
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Ambiguity

In many cases, several positions along the epipolar line can matcmtheawwi
around the left pixel. In that case, there is an ambiguity as to whichlpad to
the correct 3-D reconstruction. If the ambiguous matches are fay tuegrivill
correspond to very different points in space, thus leading to large errors.

In practice, it is nearly impossible to eliminate all such ambiguigigsecially is
environments with lots of regular structures. The solution is generalgetmore
than two cameras in stereo.
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Example (old) JPL

Large baseline

5-10Hz

LOG pyramid

Rectification

Sub-pixel parabolic interpolation

More recent: Real-time, high resolution
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 http://www.middlebury.edu/stereo/
s Www.ptgrey.com
e www.ai.sri.com/~konolige/svs

D. Scharstein and R. Szeliski. A taxonomy and evadnaf
dense two-frame stereo correspondence algorithms.
International Journal of Computer Vision, 47(1)Z-May
2002.
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Stereo evaluation
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Stereo—Dbest algorithms
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