Non-Linear Refinement: Bundle
Adjustment
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Non-Linear Approach: Bundle Adjustment (projective case)
The discussion so far has assumed a linear recatistr that (implicitly) minimizes the error

I iRy — Min|2. This error is not the true geometric error, itlee, error between a feature position and
the projection of a reconstructed point.

Suppose that we have estimated the projection eeai; (i=1..m) using the previous (linear)
techniques. Suppose also that we a set of corrdspppoints in the imangﬁj (=1.n)
corresponding to n points in the scene. For gathn, we assume that we have an initial
reconstruction of the corresponding scene |dé§int

Ideally, the data poirpij = [uij \Z 1] should be identical to the projection of the re¢anged point
M;P;. Starting with an initial estimate of the projectimatrices and the scene points, we want to
minimize the geometric distance betwggrandM;P;:

2
mPo, MR

uij - + j
m,P, m;P,

Wherem;, T, mI2 ,m;;" are the rows oM Summing over all the pomts and all the images have
to find the minimum of:

2
_ ml m,P

E= Y- m,P. TV mTP
Over all theM, andP (a total of 1+ 3n vz!mables) This technique is c!allbdndle adjustment
widely used i |n photogrammetry
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Minimization algorithm : Let X be the vector formed by concatenating allktve 11m + 3n
unknowns of the problem, the matriddsand the point§>j. The error function can be written as:

E(X) = [FX)IF with
f(x) :[ 11 12 - i mn ]T W|th .= U -

1 1

T T
m;,P, ] m;,P,

T ij T
m;,P, m;;P;
A basic implementation of bundle adjustment useegiative Gauss-Newton algorithm for solving
the non-linear least-squaresXf is the value at iteratiok a first order approximation gives us:
f(X, + DX) =1(X,) +J, DX

WhereJ, is the Jacobian (@nrows byN columns matrix of derivatives) 6f We want to findDX
that minimizes the right-hand side of this firstler equation. The solution is found using the
standard least-squares solution:

DX = (313,013, TH(X})
DX is added to the current estimatgto yield the next estimafg, , ;.

Convergence issuesThe algorithm assumes that the starting pXijyis close to the minimum. The
algorithm may converge to a local minimum in geheFgpically, X, is obtained from one of the
previous linear techniques.

Many variations exist to improve convergence:

-Levenberg-Marquart: Keep increasing the diagofd| &J, until it converges (by
multiplying by a constant factor 1.

-Line search
-Change the step sii¥
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/\ Principal directions of7J
PPy

The directions of uncertainty are the eigenvectoi® bf
The magnitudes of the uncertainty are the inverse eigenvalugs of
Formally: The covariance matrix of the error on all the variabl8s=ig17J)!

Final Adjustement (metric case):

Once we have the intrinsic parametérshrough self-calibration, we recover the
perspective projection matrices by transforming the ones obtainedHeopndjective
reconstruction asvl;Q.

Similarly, the reconstructed points are transformed by the inverssgfdrmation:

Q'P,.

This gives an initial estimate of tiR¥s. In general, reconstruction systems include a last
step in which all the matrices and points are adjusted simultaneoushbusidig
adjustment. This is the same bundle adjustment objective function as betes, tbat the

minimization is done explicitly with respect to the compon&ni®;, andt; instead of with
respect to th&/, s since we need to enforce a metric reconstruction.

i my P, . m, P,
PR ) mIp W mIp
PR 3l 3l

2

It is also important to know the uncertainty on the resulting reconstructiamtsPar away

are more uncertain, for example. If we assume that all the ereo@aaissian, the matrix

JTJ is the inverse covariance matBxrepresenting the error distribution of all the unknown
parameters. The principal direction3fl are the main directions of uncertainty, the
eigenvalues are the uncertainties in those directions. The matrix caerpegigd as
characterizing the curvature of the error surface in differeattins.
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Computational issues Bundle adjustment may involve hundreds of variables. As a result,
the computation od,'J, and its inversion may be expensive and numerically unstable. An
important fact to note is that the derivativesowith respect toM, for | /=i is zero.

Similarly, the derivative o with respect td, is zero for any other tharl=j. Therefore,

JJ, is very sparse and this property can be exploited to speed up the iterations.
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 Features:

A,B,C,D,E

* Images: 1,2,3
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Example:

n=142,453
m=285

Ni, Kai Steedly, Drew Dellaert, Frank , Out-of-Core Bundle Adjustment for Large-Scale 3D Reconstruction,
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-Gauge issuesThe reconstruction is defined up to a similarity transformation. That
is, one can transform the entire sePpby an arbitrary transformation and

transform the projection matrices accordingly to get a completelyaguoiv
reconstruction. This causes a numerical problem because the minimum of the
surfaceE = E(X) is not a point but it is a valley of equivalent minima corresponding
to different transformations. It is therefore important to eithethfextransformation,

or to modify the function so that the minimization is invariant to transfoomst
Technically, this the gauge issue (choosing a particular transformatboasing a
gauge.) A simple way to do this, for example, is to fix the projection matrix of the
first camera and to express everything with respect to the firgreamnother
possibility is to fix a set of scene points (a basis). It is important to matefor
numerical reasons, the result may be different depending on the setgatoney

- Outliers: This has assumed so far that all the correspondences are dorfact,

if some correspondences are incorrect (outliers), the entire fukcisocorrupted.

To avoid this, a different function is used in place of the squared distancebetwe
features and scene projections. This is the objeuafst estimationto be

discussed later....
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(From D. Morris)

Uncertainty:

The uncertainty on each poiAtand the cameras orientatiBrand positiort can be
recovered by projecting on the appropriate subspaces of parameterséiéghaking the
marginal of the distributions).

The distribution of uncertainty depends strongly on the gauge constraint: Qpvibas
uncertainty is 0 around the camera that is chosen as reference. Thisasthsituation in
mobile robotics in which one gets a different distribution of uncertainty if the snap i
expressed with respect to the starting position of the robot, or with respleetdrtent
position.
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Example from UPenn’s group
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Community photo collections
Example: Query “Notre Dame, Paris” on Flickr

http://phototour.cs.washington.edu/applet/index.html
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COMPLETE SYSTEM

images + featur%s

v

Linear eight-point + RANSAC Min

Min (ijz(pi Fp' )+d2(pli F'p, )

Non-linear refinement

Epipolar geometry: Fundamental matrix estimatiom(r® images + 7 correspondence

(piTFp'i )2 + rank-2 SVD reduction

PROJECTIVE

{

Projective reconstruction:
F® A=[b]F F'b=0® M =[A|b]

Self-calibration 1(in'[rirT1sic parameter matky):

MQQ: M; ° KiKiT
!

Metric reconstruction:
M.Q=K\[R;t]] Pj - Q_lpj

REFINEMENT | METRIC

Min U - ———
Pi KRt ! mePj

Bundle adjustment:

2
m’ P, ] m?’ P,
om¥ P,

|

2

~
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Books:
— Hartley & Zisserman, Multiple View Geometry, Caridge University Press, 2000
— Faugeras, The Geometry of Multiple Images, MITsBr@001

— Xu & Zhang, Epipolar Geometry in Stereo, Motionda@bject Recognition, Kluwer Academic
Publishers, 1996.

Some older papers:

— Faugeras, What can be seen in three dimensiohsawitincalibrated stereo rig, Proc. ECCV, LNCS
588, pp. 563-578, 1992.

— Faugeras, Stratification of three-dimensionalorisprojective, affine, and metric representations,
Journal of the Optical Society of America, 1995.

— Zisserman, Beardsley, Reid, Metric calibratioraatereo rig, Workshop on Representation of Visual
Scenes, 1995.

— Pollefeys, Koch, Van Gool, Self-calibration andtritereconstruction in spite of varying unknown
internal camera parameters. Proc. ICCV, 1998.

— Hartley, Lines and points in three views and tifedal tensor, Int. Journal of Computer Vision 979

— Triggs, McLauchlan, Hartley, Fitzgibbon, Bundlgusdment — a modern synthesis, In Vision
algorithms: Theory and practice, Springer Verlag ISNT883, 2000.
(www.inrialpes.fr/movi/people/Triggs/home.html

— M. Pollefeys, R. Koch and L. Van Gool. Self-Cadition and Metric Reconstruction in spite of
Varying and Unknown Internal Camera Parametersymatiional Journal of Computer Vision, 32(1),
7-25, 1999.

— M. Pollefeys and L. Van Gool, Stratified Self-Catibon with the Modulus Constraint, IEEE
Transactions on Pattern Analysis and Machine iggsiice, Vol 21, No.8, pp.707-724, 1999.

Demos, etc.:
— http://www.esat.kuleuven.ac.be/~pollefey/ http://wesvunc.edu/~marc/research.html
— http://www.robots.ox.ac.uk/~vgg/
—  http://www-sop.inria.fr/robotvis/demo/
— http://www.dai.ed.ac.uk/CVonline/
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