
1

Structure from Motion

Forsyth&Ponce: Chap. 12 and 13
Szeliski: Chap. 7

Introduction to Structure from 
Motion

Forsyth&Ponce: Chap. 12
Szeliski: Chap. 7
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Structure from Motion Intro

The Reconstruction Problem

p1
p2

p3

P ??



3

The Reconstruction Problem

p1j
p2j

pmj

Pj

m Images
n Points

Assume correspondences

Example from UPenn’s group
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http://phototour.cs.washington.edu/applet/index.html

Community photo collections
Example: Query “Notre Dame, Paris” on Flickr

The Reconstruction Problem

p1j
p2j

pmj

Pj

m Images
n Points

Assume correspondences“Reconstruction” =
Scene points Pj, j=1,..n
Camera projection matrices M i, i=1,..,m
Such that:

jiPMp jiij ,"º
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Scale Ambiguity

p1j
p2j

Pj

D

Z

Scale Ambiguity

p1j
p2j

Pj

D’ = kD

Z’ = kZ

If we scale the entire scene by some factor k and, at the same time, we 
scale the distance between the cameras by the same scale factor, the 
projections of the scene points in the image remain exactly the same! 
� It is impossible to recover the absolute scale of the scene.
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is the “true” reconstruction 
of all the points and all the 
projection matrices

Then, given a 4x4 matrix Q, the 
other reconstruction defined as:

is also a solution because:

Therefore: The reconstruction is defined only up to a global 
transformation. We consider 3 types of transformations: 
metric, affine, projective.
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is the “true” reconstruction 
of all the points and all the 
projection matrices

Then, given a 4x4 matrix Q, the 
other reconstruction defined as:

is also a solution because:

Therefore: The reconstruction is defined only up to a global 
transformation. We consider 3 types of transformations: 
metric, affine, projective.
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In plain English: If we transform the 
scene and we transform the cameras in 
the opposite way, then the images do 
not change!
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Metric

Affine

Projective

Q = similarity
(scale+rotation+translation)

Q = affine
(last row is [0 0 0 1])

Q = general projective
(arbitrary 4x4 matrix)
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The Affine Case

Forsyth&Ponce: Chap. 12
Szeliski: Chap. 7

u

v

Orthographic Projection
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Orthographic Projection: General
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Weak Perspective
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General Affine

P

p
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Affine Epipolar Geometry

bAPp +=
''' bPAp +=
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Affine Epipolar Geometry

bAPp +=
''' bPAp +=

In the affine case, the fundamental 
matrix simplifies to a 4-degree of 
freedom matrix, which can be 
estimated from 4 point 
correspondences:
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The epipolar lines are 
always // in the affine case

Fundamental SFM theorem:

• Scene structure (the coordinates of the scene points P) and 
camera geometry (projection matrices 
(A,b)) can be recovered from 4 point correspondences from 2 
views.
• In general, the reconstruction can be solved if: 

• The reconstruction is not unique, it is defined up to an 
arbitrary affine transformation Q (12 degrees of freedom)
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p1j
p2j

pmj

Pj

mImages
n Features

pij= A iPj+bi

Reconstruction from many images:

p1j
p2j

pmj

Pj

mImages
n Features pij= A iPj+bi

Centering: Substract the centroid

from all the image pointspi1,..,pin
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After centering, each point is related to its projection by:

Stacking all 2mequations into a single matrix:

In particular, D is of rank 3 

pij= A iPj
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Fundamental Decomposition

D = MS
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= ´ ´D U W VT

n n
n n

n
2m

To reduce to rank 3, we 
just need to set all the 
singular values to 0 except 
for the first 3

= ´ ´D

W3
V3

T3

3

3
2m U3
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= ´ ´D U3 W3
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32m V3
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n

= ´D M S

Possible decomposition:
T
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• Given m images and n features pij
• Center:For each image i:

• Compute the centroid: 
• Center the feature coordinates: 

• Accumulate:Construct a 2mby n matrix D such that:
• Columns: Column j contains the projection of point j
in all views

• Rows: Row i contains one coordinate of the projections 
of all the n points in image i

• Factorize:Decompose D:
• Compute the SVD of D: D = UWVT

• Create U3 by taking the first 3 columns of U
• Create V3 by taking the first 3 columns of V
• Create W3 by taking the upper left 3x3 block of W
• Create the motion and  shape matrices: 

• M = U3 and S= W3V3
T (orM=U3W3

1/2 S=W3 
½ V3

T)
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3

= ´ ´D U3 W3

3

32m V3
T 3

n

= ´D M S

The decomposition is not unique. We get the same D
by using any 3x3 C and applying the 
transformations:

That is because we have only an affine transformation 
and we have not enforced any Euclidean constraints 
(like forcing the image axis to be perpendicular, for 
example)

SCSMCM 1-¬¬

a1

a2 P

p

Orthographic: Image axis are perpendicular and scale is 1

110.
2

2

2

121 === aaaa
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a1

a2 P

p

Orthographic: Image axis are perpendicular and scale is 1

110.
2

2

2

121 === aaaa

This translates into a set of 3m linear equations in L = CCT:

miT
ii

,,1 �== IdLAA
1. Solve for L
2. Recover C from L by Cholesky decomposition: L = CCT

3. Correct M and S: SCSMCM 1-¬¬

a1

a2 P

p

Weak Perspective: Image axis are perpendicular and scales are 
equal (not necessarily 1)

2

2
2

121 0. aaaa ==



18

a1

a2 P

p

Weak Perspective: Image axis are perpendicular and scales are 
equal (not necessarily 1)

2

2
2

121 0. aaaa ==

This translates into a set of 2m linear equations in L = CCT:

mii
T
ii

T
ii

T
i ,,10 221121 �=== LaaLaaLaa

1. Solve for L
2. Recover C from L by Cholesky decomposition: L = CCT

3. Correct M and S: SCSMCM 1-¬¬

Summary
• Affine SFM theorem: 

– Affine reconstruction from two cameras can be recovered iff at least n = 4 
independent features

– Affine reconstruction defined up to a global affine transformation of 3D 
space (12 parameters)

• Epipolar geometry:
– Affine fundamental matrix between 2 cameras defined by 4 independent 

parameters.
– Epipolar lines are always parallel
– Affine camera geometry can be recovered linearly from the affine

fundamental matrix
– General case: Affine reconstruction from n cameras possible if 2mn >= 

8m+3n-12
• Factorization algorithm:

– Rank 3 SVD of the matrix of feature coordinates yields affine reconstruction 
and motion

– Metric reconstruction possible under assumptions:
• Orthography
• Weak perspective
• Paraperspective

– Metric reconstruction defined up to a global rotation


