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We are now considering a sequence of images captured over time. The can
viewed as adding a third dimension, the tim® the image. That is, each pixel is
not only a functiori(x,y) of the spatial coordinates,y) but also a functioih(x,y,t)

of time. The main issue in motion analysis is to recover information about the
motion in the scene from the variation of the intensl{gy,t) over time.

Geometrically at least, it is equivalent to interpret this problehassg a fixed
camera looking at a scene with objects in motion, or having a moving camera
looking at a fixed scene. In the latter case, the recovered motioteid tedego-
motionof the camera.



* Fundamentals:
— Motion equation
— Approximations:
» Constant

» Affine

» Planar/Homography/
Quadratic

» Applications:
— Feature tracking [&]
— Template tracking

— Mosaicing

— Motion
segmentation [=]

— Stabilization [=]




Motion Field
P(t+dt)

P(t)

V = dP/dt

u = dx/dt
v = dy/dt

For this part of the discussion, we are assumiagttite camera is looking at rigid objects, thattis,
motion of the objects in the scene is defined bgtation and a translation component. As far as
motion is concerned, it is equivalent to view thelppem as one object moving with respect to a

fixed camera, or as a camera undergoing rigid metith respect to a fixed scene.

Given a point in the scene at posit®mt timet, the point moves tB(t+dft) after a small intervatt.
The corresponding velocity vector\is= dP/dt. The pointd(t) andP(t+dt) project at pointp(t) and
p(t+dt) in the image. Ik(t) andy(t) are the camera coordinatesnaft), the apparent velocity in the
image has components:

u = dx/dtandv = dy/dt
The set of values(x,y) andv(x,y) over the image is called timeotion field or optical flow
The problem of motion recovery is thenegiimateu andv at the image pixels

The original motion is composed of a rotational poment and a translational component. For a
rotational motion, the velocity is different for every point in the scene. Foransiational motion,
V is the same for all the points in the scene (Hutparseu andv are not constant across the scene.)

The total number of parameters needed to desdrémbtion is 6: 3 parameters for the translation
and 3 for the rotation.
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Optical flow equation:

Let us consider two frames at tintes andt. At a given pixel X,y), the flow
components are given loyx,y) andv(x,y). At timet, pixel (x,y) has moved to

position &+u(x,y), y+v(x,y)) with intensityl (x+u(x,y), y+v(x,y), t). The key

assumption that we make is that the intensity of a scene point does not chemge ov
time. This implies that we assume Lambertian sufraces and no cimange
illumination during the interval dt. This assumptiorbafjhtness conservation

implies that :

LOctu(xy), y+v(xy), 1) = 1(xy,t-1)
Assuming that andv are small, we can make a first-order approximation:

(XU ), Y+ V(% Y1) (% Y1) +U(K, Y) T v(x, y)
X Ty

The two derivatives are the components of the image gradiegy)awbich are
denoted by, andl, . Substituting this approximation tf+u(x,y), y+v(xy), t) in
the brightness constancy equation, and denotirigthg differencd(x,y,t)-1(x,y,t-
1), we end up with the fundamental equation of motion:

ul, +vl, +1, =0



Large motion () + small
| gradient () |

ESmaII motion ()
+ large gradientl()

X X
The change of image brightnesxati(x,), is the same in both cases

To get some intuition for this approach, considsinaple one-dimensional example in which the
intensity profilel(x) is a linear ramp. Between timeandt+Dt, the intensity profile is shifted hyDx,
whereu is the velocity in the image.

Consider the intensity at one locatignWe can see graphically that the variation ofnaity at that
point, DI = I(t+Dt) - I(t) depends on two things: The velodityhow much the image has shifted) and
the slope of the intensity ramp (the gradigraf the image ax_). The greateu or |, the greateD!.
Therefore there has to be a relation between:

- The motion fieldu

- The gradient,

- The variation in intensity over time= DI/Dt
The relation is called thaptical flowequation.



Aperture Problem

Aperture problem:

The optical flow equation gives us one constraartgixel, but we have two unknownsandv.
Therefore, the flow cannot be recovered unambigydusm this equation alone. The problem is
under-constrained.

The fundamental reason for this is what is callexhpertureproblem: Consider one point in the
image. We are computing the gradient in a smaltlaim around this point (the “aperture”). Within
this small window, the intensity varies in the difen of the gradient, but not in the direction
perpendicular to the gradient. In terms of eddesintensity varies across the edge but not aloag t
edge.

As a result, a motioru(v) that is parallel to the edge can never be re@uldn other words, even
though the flow has two coordinates, only one efiti(in the direction of the gradient) can be
recovered.

Another way to see this is that, if,¢) is a solution of the optical flow equation, theemy (+u’,v+v’)
where (1",v') is such tha\tx’lx+v’ly = 0 would also be a solution.

Because of the under-constrained nature of thelgamglone can solve the optical flow only by
adding more constraints to the optical flow equatio

[Note: In fact, it is easy to show that the compured the flow in the direction of the gradient is
always:




Parallax

Parallax:

Since it is not possible to recover the image nméibeach point separately, we could try to
overconstrain the problem by considering an enéigian of the imag#&V (for example, a
rectangular window) and by minimizing:

[ 1, +v )1, +1,f

(x, W

This would work if there are constraints betweenntotion vectors at neighboring points, thus
overconstraining the problem. The problem remaimgieneral, underconstrained. To see that, let us
consider two images separated by a small rotatidrtranslation motion (6 parameters). The
projection of a point in the image is givenXsyX/Z andy=Y/Z. Taking the derivative with respect to
time, we get the expression for the image motiogaah point:

_ Vi - XV, V:VY- yV,
Z

WhereV is the velocity of the point in space. Even assgnpare translational motioV(is constant
everywhere), we see thatandv depend on the (unknown) def&lof the point. In this case, if we
haveN points inW, we haveN+3 degrees of freedom. Therefore, in general,nbispossible to
overconstrain the problem.

This illustrates the fundamental effect of parallexich says that the image motion is a function of
both the motion in space and the depth of eacht,pshich is apriori arbitrary. It is therefore
impossible to recoveu(v) in the general case. The rest of the presentatitbstudy 3 important
cases in which one can make approximations thaireite the parallax, i.e., the dependence of
andvonZ.
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* Fundamentals: » Applications:
— Motion equation — Feature tracking
— Approximations: — Template tracking
« Constant — Mosaicing
* Affine _ Motion
» Planar/Homography/ segmentation
Quadratic

— Stabilization




Constant Flow

. 2
Min  (ul, +vi, +1,)
u,v A
X, yl W

u(x,y)=u -~

v(X,y)=Vv =,

Constant flow:

Suppose that we assume that the flow is constantqver a small regiokVin the image. We can
express the fact that the optical flow equatiosaisfied at every point &/ by saying that the
functionE defined by:

E(u,v) = (ulx(x,y)+vly(x,y)+lt)2

. (X, YW . . . . ..
is close to 0. More formally, the constant flounm) most consistent with the intensity value$hiis
found as:

Min E(u,V)

E is a simple quadratic expressionuiandv. The minimization can be expressed as a simpf-lea
squares problem:

2
Min|A ! +b
\/
with
L (%05 Yo) 1y (%55 ¥o) 1 (%1 Vo)
A= b=
L (%0 Ya) 1y (%30 ¥i) L (X Yn)

Therefore, assuming constant flow over a regiortjonacan be estimated directly by a simple least

squares estimation.
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SSD Surface — Textured area

Slide from Szeliski/Seitz /
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SSD Surface -- Edge

Slide from Szeliski/Seitz

12



SSD - homogeneous area

Slide from Szeliski/Seitz
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* Given:
* Imagesd; andl,
* Feature at(,y,) inl,
* Window W at (x,,y,)
» Compute displacement in imagew):

2
|2 L, u L,

J =
L, 12 v 1,

* |, is the pixel difference betweat(l,) andW(l,)
* Translatew by (u,v) toW’
» Comparé/M1,) andW'(l,)

W)

(uv)

Wil

W(lp)

Feature Tracking:

Based on the previous result, a feature tracking algorithm involves solving for the
constant motion insidé/ by inverting the Harris matrix. This gives the offagt/)
to the position in the next image.

There are several possible additions to this algorithm:

- Because this assumes very small motiorandv values much greater than 1 pixel
cannot be recovered directly. A solution is to iterate the same algoritheachAt
iteration the windowV is shifted by the recovered motionWs. The pixelsW(l,)
andW'(l,) are then compared (using SSD for example). If they are too different,
that means that the motidu,v)is not quite correct and another iteration of the
constant flow is applied, replaciVg by W’. The iterations continue untilif)
because very small or the windows match.

-Since we are interested in the motion of the center pojgt)(of W, it might be
useful to give more weight to the pixels at the cent&vdian to those at the
periphery. This is achieved by multiplying the valugg,y) andl,(x,y) by a weight
w(x,y) which is maximum at the center and tapers off at the edg&/fafGaussian,
for example.)

--To deal with larger motions, it can be advantageous to first reducedlgesm
(after smoothing) and recover the motion at a coarse scale befoverieg motion
at full resolution. Incidentally, this class of trackers is caltelticas-Kanade
tracker.

14
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Template Tracking:

The same idea can be used to track a fixed temiplisdiagh a sequence of images. In that dgss,
a reference template, let’s calllitLetM be the matrix:

T? T.T,
2
T.T, T,

-1

x

M =

Then we can form 2 new images from the template

s T
s Mg

y

x

<

From the previous equations, the motiayv)is recovered by taking the sums over the winiféof;

S(1-T)
S,(1-T)

These 2 sums are nothing but the correlation betwesecurrent imageand the two imageS, and
§- Tracking is reduced to a simple image correlatidns suggests the general tracking algorithm:

 Pre-compute the 2 imags§and$/
 For a new imagé, extract the windowV at the current position of the template
* Correlate the image wit§, andsj, yielding the 2 components of the image motiandv.
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Case lI: Distant motion
affine flow

Y\

DZ <<Z

Assumption Il: Scene distant from the camera

If we assume now a general motion (rotation+translation) of the scerts, [@in
point of coordinateX,Y,Zis transformed by a small rotatiGhand a translation
The projectionx,y)and(x’,y’) in two consecutive images are:

X' = (rllx + rlZY + rlSZ + tX ) /(r31X + r32Y + r-33Z +tZ)
Y= (g X +15,Y +1psZ +1 ) (15, X +15,Y + 15,7 +t,)
Assuming that the points are far from the camera, we can assuntestdapth
remains approximately constant:

x=X1Z y=YI|Z

g X +1,Y +1 .2 +t, »Z» Z
With this assumption, the projections can be written as:

x=X1Z, y=YIZ X=X Zy+1Y 1 Z, + 1+t [ Z,
V=1, X[ Z,+1,,YIZ +1,,+t, [ Z,
We can eliminate the coordinates of the scene point to get a dir¢ictiréletween
the image coordinates:
X'=1 X+ I,y +h+t 17,
Therefore, the motion from one i%zzaé@)fér ferY ridze ﬁé\slgh'near expression:
It is anaffinemodel defined by 6 parameters:

u(x,y) =ax+by+c v(x,y) =dx+ey+ f

16



Affine flow

u(x,y)=ax+hby+c
v(X,y)=dx+ey+f

17



Affine Flow
Min (ax+by+o)l, +(dx+ey+ )l +1,f
W

a,b,c,d,e,f A
(x,y)l

X212 xyl? xI2 XL, xyl, 1, X, Xl 1,
a Y12 yl? xyl, 1, Y2, yil, yl
l; 12 X1, yll, L1, I,
d - R xyl? e X,
f yrooooye vl

Affine flow:

Under this assumption, the idea of constant flow can be generalizedubyirags
thatu andv are not constant but are (locally) linear functions of the image
coordinatex andy. That is:

u=ax+by+candv=dx+ey+f
In that case, the optical flow equation becomes:

EuV)=  ((@x+by+o)l,(x y)+(dx+ey+ )1 (x y)+1,f

xyTw
Again, this objective function is quadratic in the unknown paramatbrs... and
the problem can be solved directly by a matrix inversion.
Geometrically, this assumption means that a window centered at aspixel
transformed in the next frame into a new window by an affine tranatamof
parameters,b,c....

In the scene, this assumption on the image flow is equivalent to saying that the

scene is locally planar and that the depth variation within a window i$ sittal
respect to the distance to the camera. Assuming a translationahrbé
projection of the 3-D motion is affine in that case.

18
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See alsot.ucas-Kanade 20 Years On: A Unifying Framework
S. Baker and |. MatthewBternational Journal of Computer VisipKol. _
56, No. 3, March, 2004, pp. 221 - 255.

The steps followed for the translation and affine case can be geedrasiZollows:
Suppose that the image at tiiris related to the image at time 0 by the following
relation:

I(p(t).t) =1(0,0)
Wherep(t) is a set of parameters. For exampl#), could be the set of parameters of

an affine transformation. In that cas@(t),t) is the image at timewarped to image
0.

At timet+1, we havep(t+1) =p(t) + dt
And, as a first-order approximation:
[(p(t+1) t+1) =I(p(t),t+1) +Adp

WhereA is the matrix of derivatives dfp(t),t+1) with respect t@ andl(p(t),t+1) is
the image at time+1 warped using the parameters computed atttime

Since we wank(p(t+1)t+1) =1(0,0), we want to findip that minimizes:
The solution isdp = (ATA)ATl,, wherel, = I(p(t),t+1) —1(0,0)

In general, the derivatives Aahave to be recomputed everytime. In fact, in many
cases, like in the affine case, it turns out that the computation can be dbee on t
templatel (0,0) instead and no re-computation is needed.

19



(From T. Darell)

Multi-Scale Processing:

One critical limitation of this type of motion recovery is that it is nospe to

recover motion that much greater than 1 pixel. In practice, substardiaéy |

motions may be observed. One solution is to reduce the image first and compute
(u,v) in the reduced image. If the motion is 1.8 pixels in the original image (a
cannot be recovered), the motion is 0.9 in the coarser image and can be cecovere
The motion resolution is then refined by translating the image accordihg to
motion recovered at the coarser resolution and process again. This timetite

will be smaller because the images have been warped according todinse™c

motion. More generally, one can process higher levels of the image pycamid t
recover larger motions.

As usual, one must be careful of applying the proper Gaussian smoothing when
building the pyramid.

20



(From T. Darell)
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Case lll: Scene is planar

Assumption Ill: The scene is planar. In that case, we know (se¢ thalthe mapping from one
image to the other is a homogragtyThat is, if the coordinates in one image agg)( the
coordinates in the next image axey(’) with:

.
X X X‘=E#7p X
y °Hy h%g p=y
1 1 y‘=h%p 1
This is the case whether we consider a fixed stene a moving camera or a rigidly moving scene
from a fixed camera. th th
uXy)=(X-x)=C5--X vxy)=(y-y=(F--Y)
hsp hsp

Therefore the motion is given by: U=

T
H can be estimated directly by using the gg\@&almaﬂon equation. For small motions, the term
in uin this expression can be rewritten as: T T

u»h;p- xh;p

Assuming the denominator approximately constant thewindow used for the computation,, we
get an expression ofas:

u(xy) _ a+bx+cy+gx’ +hxy
v(xy)  d+ex+ fy+gxy+hy?

Note that, although this expression in quadratih@éknown quantitieg andy, it islinearin the
unknown parametels,. By symmetry, the same appliestiaand we end up with linear expressions
of the motion as function of the unknowns:

Therefore, the motion parameters can be estimatieg linear least-squares as before by
minimizing:

(U y,ab, W +v(xy.ab, W)+
(x W
With respect to the 8 unknown parameters.
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We get the same relation (homography from one intaglee other) whether we consider a fixed
scene from a moving camera or a rigidly moving scieom a fixed camera.
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Scene motion Camera rotation

p'® Hp

Homographies:

This motion model covers the case of planar motiomjt also covers another important case: the
case in which the motion is a pure rotation abbetdptical axis of the camera. Suppose that a
camera is rotating about its optical center, ttoggmtion of a point of coordinateX [Y 4 at some
time can be assumed to be given by:

X
X X
yell df =y
Z
1 Z
After rotation byR around the optical center, the coordinates are:
X
X' X
Y
y °[R 0 , =RY
1 4

Note that the fourth column of the rotation matsiX) because there i]s no translation between the
two views. We can eliminaté,Y,Zbetween the two equations to yield:

X X
Y °RYy

This implies that the motion between the two inilageiescq'ibed by a homography. Geometrically,
the reason is that the way a point moves in thgéms independent of the depth of the point. This
property can be exploited to build mosaics fronatiog cameras, for example.
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V/\

u,v)

=-T-W P

N7

w

For a more principled derivation, let us consider a case in which the camera i
moving with translational velocity and angular velocitW/ the relative velocity of
a pointP with respect to the camera is given by:

V=-T-W P



V=-T-W P

(u,
N
- T_X+V\4( +xT—Z+yW - X, + XYW,
uxy) _ ~ z z 7 "
V(X’ y) B T?Y"'Wx B XWz +y-;_z_ XY\M( +y2Wx

We know that the motion in the image of the paint i

i} fV, - yV
u:fVX XVZ Vv = y yVv,

After (painfully) substituting in the motion fieleixpression, we get the general expression of the
motion field:

TX TZ 2
- X W, +X—Z+ - XA, + X

V(X’ y) B T7Y+Wx - XW, +yT72' XYW, +y2Wx

This is the exact expression of the motion fieldfdstunately, it is too complicated to use directly.

In particular, it is non-linear in the depth Z whiis unknown (and different at every point.)
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Tx T; 2
- =t + X+ YW, - XW, +X
V(X’ y) B T?Y'FWX - XW, + y%' XYW, + yZWx

l Plane:z=AX+BY+C
u(x,y) _ a+bx+cy+gx+hxy
V(X, y) d +ex+ fy + gxy+hy’

Planar surface:

A planar surface has equatiah= AX + BY + C. Dividing the equation b¥, we get
1= Ax+By+C/Zin image coordinates, which can be rewritten Zs=1A'x + B’y +

C’ (A’ =-A/C,...) (Painfully) replacing X by this expression in the general motion
field equation, we get again a quadratic expression for the motion field.

u(x,y)  a+bx+cy+gx?+hxy

v(x,y)  d+ex+ fy+gxy+hy?

Rotation:

We can also re-derive the fact that the flow is quadratic for ngtatmeras: In that
case T = 0 and the flow becomes purely quadratic (i.e., the terms in 1/Zedigapp

u(x,y) - W, + YW, - Xx2W, + xyW,
V(X’ y) - Wy - XW, - xyW, + yzwx
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