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Motion, Tracking, and Optical Flow 
I

Szeliski Chapter 8
+ more…
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I(x,y,t)

We are now considering a sequence of images captured over time. This can be 
viewed as adding a third dimension, the time t, to the image. That is, each pixel is 
not only a function I(x,y) of the spatial coordinates (x,y) but also a function I(x,y,t) 
of time. The main issue in motion analysis is to recover information about the 
motion in the scene from the variation of the intensities I(x,y,t) over time. 

Geometrically at least, it is equivalent to interpret this problem as having a fixed 
camera looking at a scene with objects in motion, or having a moving camera 
looking at a fixed scene. In the latter case, the recovered motion is called the ego-
motionof the camera.
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• Fundamentals:
– Motion equation
– Approximations:

• Constant
• Affine
• Planar/Homography/

Quadratic

• Applications:
– Feature tracking
– Template tracking
– Mosaicing
– Motion 

segmentation
– Stabilization
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P(t)
P(t+dt)

(dx,dy)

u = dx/dt
v = dy/dt

Motion Field

dP
V = dP/dt

For this part of the discussion, we are assuming that the camera is looking at rigid objects, that is, the 
motion of the objects in the scene is defined by a rotation and a translation component. As far as 
motion is concerned, it is equivalent to view the problem as one object moving with respect to a 
fixed camera, or as a camera undergoing rigid motions with respect to a fixed scene.

Given a point in the scene at position P at time t, the point moves to P(t+dt) after a small interval dt. 
The corresponding velocity vector is V = dP/dt. The points P(t) and P(t+dt) project at points p(t) and 
p(t+dt) in the image. If x(t) and y(t) are the camera coordinates of m(t), the apparent velocity in the 
image has components:

u = dx/dt and v = dy/dt

The set of values u(x,y) and v(x,y) over the image is called the motion field or optical flow.

The problem of motion recovery is then toestimateu andv at the image pixels

The original motion is composed of a rotational component and a translational component. For a 
rotational motion, the velocity V is different for every point in the scene. For a translational motion, 
V is the same for all the points in the scene (but, of course, u and v are not constant across the scene.)

The total number of parameters needed to describe the motion is 6: 3 parameters for the translation 
and 3 for the rotation.
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(u,v)

I(x,y,t-1) I(x,y,t)

0=++ tyx IvIuI

Optical flow equation:

Let us consider two frames at times t-1 and t. At a given pixel (x,y), the flow 
components are given by u(x,y) and v(x,y). At time t, pixel (x,y) has moved to 
position (x+u(x,y), y+v(x,y)) with intensity I(x+u(x,y), y+v(x,y), t). The key 
assumption that we make is that the intensity of a scene point does not change over 
time. This implies that we assume Lambertian sufraces and no change in 
illumination during the interval dt. This assumption of brightness conservation
implies that :

I(x+u(x,y), y+v(x,y), t) = I(x,y,t-1)

Assuming that u and v are small, we can make a first-order approximation:

The two derivatives are the components of the image gradient at (x,y) which are 
denoted by Ix and Iy . Substituting this approximation of I(x+u(x,y), y+v(x,y), t) in 
the brightness constancy equation, and denoting by It the difference I(x,y,t)-I(x,y,t-
1), we end up with the fundamental equation of motion:
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u Dt

Large motion (u) + small
gradient (Ix)

It

u Dt

Small motion (u) 
+ large gradient (Ix)

xo xo
The change of image brightness at xo, I(xo), is the same in both cases

To get some intuition for this approach, consider a simple one-dimensional example in which the 
intensity profile I(x) is a linear ramp. Between times t and t+Dt, the intensity profile is shifted by uDt, 
where u is the velocity in the image. 

Consider the intensity at one location xo. We can see graphically that the variation of intensity at that
point, DI = I(t+Dt) - I(t) depends on two things: The velocity u (how much the image has shifted) and 
the slope of the intensity ramp (the gradient Ix of the image at xo). The greater u or Ix, the greater DI. 
Therefore there has to be a relation between:

- The motion field u

- The gradient Ix

- The variation in intensity over time I t = DI/Dt

The relation is called the optical flowequation.
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Aperture Problem

Aperture problem:
The optical flow equation gives us one constraint per pixel, but we have two unknowns u and v. 
Therefore, the flow cannot be recovered unambiguously from this equation alone. The problem is 
under-constrained.

The fundamental reason for this is what is called the apertureproblem: Consider one point in the 
image. We are computing the gradient in a small window around this point (the “aperture”). Within 
this small window, the intensity varies in the direction of the gradient, but not in the direction 
perpendicular to the gradient. In terms of edges: the intensity varies across the edge but not along the 
edge.

As a result, a motion (u,v) that is parallel to the edge can never be recovered. In other words, even 
though the flow has two coordinates, only one of them (in the direction of the gradient) can be 
recovered.

Another way to see this is that, if (u,v) is a solution of the optical flow equation, then any (u+u’,v+v’) 
where (u’,v’) is such that u’I x+v’I y = 0 would also be a solution.

Because of the under-constrained nature of the problem, one can solve the optical flow only by 
adding more constraints to the optical flow equation.

[Note: In fact, it is easy to show that the component of the flow in the direction of the gradient is 
always:
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(u,v)

dP

V

Parallax
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Parallax:

Since it is not possible to recover the image motion at each point separately, we could try to 
overconstrain the problem by considering an entire region of the image W (for example, a 
rectangular window) and by minimizing:

This would work if there are constraints between the motion vectors at neighboring points, thus 
overconstraining the problem. The problem remains, in general, underconstrained. To see that, let us 
consider two images separated by a small rotation and translation motion (6 parameters). The 
projection of a point in the image is given by x=X/Z and y=Y/Z. Taking the derivative with respect to 
time, we get the expression for the image motion at each point:

Where V is the velocity of the point in space. Even assuming pure translational motion (V is constant 
everywhere), we see that u and v depend on the (unknown) depth Z of the point. In this case, if we 
have N points in W, we have N+3 degrees of freedom. Therefore, in general, it is not possible to 
overconstrain the problem.

This illustrates the fundamental effect of parallax which says that the image motion is a function of 
both the motion in space and the depth of each point, which is apriori arbitrary. It is therefore 
impossible to recover (u,v) in the general case. The rest of the presentation will study 3 important 
cases in which one can make approximations that eliminate the parallax, i.e., the dependence of u
and v on Z.
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• Fundamentals:
– Motion equation
– Approximations:

• Constant
• Affine
• Planar/Homography/

Quadratic

• Applications:
– Feature tracking
– Template tracking
– Mosaicing
– Motion 

segmentation
– Stabilization
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Constant Flow
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v(x,y)= v

Constant flow:
Suppose that we assume that the flow is constant (u,v) over a small region Win the image. We can 
express the fact that the optical flow equation is satisfied at every point ofW by saying that the 
function E defined by:

is close to 0. More formally, the constant flow (u,v) most consistent with the intensity values in W is 
found as:

E is a simple quadratic expression in u and v. The minimization can be expressed as a simple least-
squares problem:

with

Therefore, assuming constant flow over a region, motion can be estimated directly by a simple least 
squares estimation.
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SSD Surface – Textured area

Slide from Szeliski/Seitz
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SSD Surface -- Edge

Slide from Szeliski/Seitz
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SSD – homogeneous area

Slide from Szeliski/Seitz
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• Given:
• Images I1 and I2
• Feature at (xo,yo) in I1
• Window Wat (xo,yo)

• Compute displacement in image (u,v):

• It is the pixel difference between W(I1) and W(I2)
• Translate Wby (u,v) to W’
• Compare W(I1) and W’(I2)
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Feature Tracking:

Based on the previous result, a feature tracking algorithm involves solving for the 
constant motion inside Wby inverting the Harris matrix. This gives the offset (u,v) 
to the position in the next image. 

There are several possible additions to this algorithm:

- Because this assumes very small motions, u and v values much greater than 1 pixel 
cannot be recovered directly. A solution is to iterate the same algorithm. At each 
iteration the window Wis shifted by the recovered motion to W’. The pixelsW(I1) 
andW’(I2) are then compared (using SSD for example). If they are too different, 
that means that the motion(u,v) is not quite correct and another iteration of the 
constant flow is applied, replacingW by W’. The iterations continue until (u,v) 
because very small or the windows match.

-Since we are interested in the motion of the center point (xo,yo) of W, it might be 
useful to give more weight to the pixels at the center of Wthan to those at the 
periphery. This is achieved by multiplying the values Ix(x,y) and Iy(x,y) by a weight 
w(x,y) which is maximum at the center and tapers off at the edges of W(a Gaussian, 
for example.)

--To deal with larger motions, it can be advantageous to first reduce the images 
(after smoothing) and recover the motion at a coarse scale before recovering motion 
at full resolution. Incidentally, this class of trackers is called the Lucas-Kanade
tracker.
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Sx Sy

Template Tracking:

The same idea can be used to track a fixed template through a sequence of images. In that case, I1 is 
a reference template, let’s call it T. Let M be the matrix:

Then we can form 2 new images from the template T:

From the previous equations, the motion (u,v) is recovered by taking the sums over the window W of:

These 2 sums are nothing but the correlation between the current image I and the two images Sx and 
Sy. Tracking is reduced to a simple image correlation. This suggests the general tracking algorithm:

• Pre-compute the 2 imagesSx and Sy

• For a new image I, extract the window W at the current position of the template

• Correlate the image with Sx and Sy, yielding the 2 components of the image motion u and v.
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Case II: Distant motion
� affine flow

P

(u,v)

R,t
P’

ZZ <<D

Assumption II: Scene distant from the camera

If we assume now a general motion (rotation+translation) of the scene points, a 
point of coordinates X,Y,Zis transformed by a small rotation R and a translation t. 
The projection (x,y)and (x’,y’) in two consecutive images are:

Assuming that the points are far from the camera, we can assume that the depth 
remains approximately constant:

With this assumption, the projections can be written as:

We can eliminate the coordinates of the scene point to get a direct relation between 
the image coordinates:

Therefore, the motion from one image to the next has a linear expression:

It is an affine model defined by 6 parameters:
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Affine flow

u(x,y)= ax+ by+ c

v(x,y)= dx+ ey+ f
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Affine Flow
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Affine flow:

Under this assumption, the idea of constant flow can be generalized by assuming 
that u and v are not constant but are (locally) linear functions of the image 
coordinates x and y. That is:

u = ax+ by+ c and v = dx+ ey+ f

In that case, the optical flow equation becomes:

Again, this objective function is quadratic in the unknown parameters a,b,c,… and 
the problem can be solved directly by a matrix inversion.

Geometrically, this assumption means that a window centered at a pixel is 
transformed in the next frame into a new window by an affine transformation of 
parameters a,b,c….

In the scene, this assumption on the image flow is equivalent to saying that the 
scene is locally planar and that the depth variation within a window is small with 
respect to the distance to the camera. Assuming a translational motion, the 
projection of the 3-D motion is affine in that case.
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Tx Ty Rotation Scale Aspect Shear

See also: Lucas-Kanade 20 Years On: A Unifying Framework
S. Baker and I. Matthews, International Journal of Computer Vision, Vol. 
56, No. 3, March, 2004, pp. 221 - 255. 

The steps followed for the translation and affine case can be generalized as follows: 
Suppose that the image at time t is related to the image at time 0 by the following 
relation:

I(p(t),t) = I(0,0)

Where p(t) is a set of parameters. For example, p(t) could be the set of parameters of 
an affine transformation. In that case, I(p(t),t) is the image at time t warped to image 
0.

At time t+1, we have: p(t+1) = p(t) + dt

And, as a first-order approximation:

I(p(t+1),t+1) = I(p(t),t+1) + A dp

Where A is the matrix of derivatives of I(p(t),t+1) with respect to p and I(p(t),t+1) is 
the image at time t+1 warped using the parameters computed at time t.

Since we want I(p(t+1),t+1) = I(0,0), we want to find dp that minimizes:

||Adp + I(p(t),t+1) –I(0,0)||2

The solution is: dp = (ATA)-1ATIt, where It = I(p(t),t+1) –I(0,0)

In general, the derivatives in A have to be recomputed everytime. In fact, in many 
cases, like in the affine case, it turns out that the computation can be done on the 
template I(0,0) instead and no re-computation is needed.
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(From T. Darell)

Multi-Scale Processing:

One critical limitation of this type of motion recovery is that it is not possible to 
recover motion that much greater than 1 pixel. In practice, substantially larger 
motions may be observed. One solution is to reduce the image first and compute 
(u,v) in the reduced image. If the motion is 1.8 pixels in the original image (and 
cannot be recovered), the motion is 0.9 in the coarser image and can be recovered. 
The motion resolution is then refined by translating the image according to the 
motion recovered at the coarser resolution and process again. This time the motion 
will be smaller because the images have been warped according to the “coarse”
motion. More generally, one can process higher levels of the image pyramid to 
recover larger motions.

As usual, one must be careful of applying the proper Gaussian smoothing when 
building the pyramid.
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(From T. Darell)
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Case III: Scene is planar

P

(u,v)

P’

Assumption III: The scene is planar. In that case, we know (see hw1) that the mapping from one 
image to the other is a  homographyH. That is, if the coordinates in one image are (x,y), the 
coordinates in the next image are (x’,y’) with:

This is the case whether  we consider a fixed scene from a moving camera or a rigidly moving scene 
from a fixed camera.

Therefore the motion is given by:
H can be estimated directly by using the general conservation equation. For small motions, the term 
in u in this expression can be rewritten as:

Assuming the denominator approximately constant over the window used for the computation,, we 
get an expression of u as:

Note that, although this expression in quadratic in the known quantities x and y, it is linear in the 
unknown parameters hij. By symmetry, the same applies to v, and we end up with linear expressions 
of the motion as function of the unknowns:
Therefore, the motion parameters can be estimated using linear least-squares as before by 
minimizing:

With respect to the 8 unknown parameters.
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P

p

p’

We get the same relation (homography from one image to the other) whether  we consider a fixed 
scene from a moving camera or a rigidly moving scene from a fixed camera.
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Scene motion Camera rotation

Homographies:

This motion model covers the case of planar motion, but it also covers another important case: the 
case in which the motion is a pure rotation about the optical axis of the camera. Suppose that a 
camera is rotating about its optical center, the projection of a point of coordinates [X Y Z] at some 
time can be assumed to be given by:

After rotation by R around the optical center, the coordinates are:

Note that the fourth column of the rotation matrix is 0 because there is no translation between the 
two views. We can eliminate X,Y,Zbetween the two equations to yield:

This implies that the motion between the two images is described by a homography. Geometrically, 
the reason is that the way a point moves in the image is independent of the depth of the point. This 
property can be exploited to build mosaics from rotating cameras, for example.
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T

W

(u,v)

V

PTV ´W--=

For a more principled derivation, let us consider a case in which the camera is 
moving with translational velocity T and angular velocity WWWW, the relative velocity of 
a point P with respect to the camera is given by:

PTV ´W--=
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(u,v)
PTV ´W--=

We know that the motion in the image of the point is:

After (painfully) substituting in the motion field expression, we get the general expression of the 
motion field:

This is the exact expression of the motion field. Unfortunately, it is too complicated to use directly. 
In particular, it is non-linear in the depth Z which is unknown (and different at every point.)
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Z = AX+ BY+ CPlane: 

Planar surface:

A planar surface has equation  Z = AX + BY+ C. Dividing the equation by Z, we get 
1= Ax+By+C/Z in image coordinates, which can be rewritten as 1/Z = A’x + B’y + 
C’ (A’ = -A/C,…) (Painfully) replacing 1/Z by this expression in the general motion 
field equation, we get again a quadratic expression for the motion field.

Rotation:

We can also re-derive the fact that the flow is quadratic for rotating cameras: In that 
case T = 0 and the flow becomes purely quadratic (i.e., the terms in 1/Z disappear).
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