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I Squarefree Factorization

Integration - the main idea

Theideaistofinda, b, ¢, d € F[x] such that

fp ==+ [

where deg(a) < deg(b) and b is squarefree (i.e. GCD(b, b') = 1).
In other words, we split the integral into arational and logarithmic parts.

We compute as much of integrand as possible in a given field and then compute the minimal exten-
sion (algebraic and/or log) necessary to express the integral.

The algorithm proceeds as follows. Applying Euclidean division
P=0g*«S+T,
ged(r, g) =1, deg(r) < deg(q)

or
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we have

Jo= I+
q q
Polynomial integration f sistrivial. We compute the squarefree factorization of g

Q=01 Q% * ... O™
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wherem > 2 (otherwise, qis squarefree). The next step isto decrease the degree of a denominator

Joo o Jom oo
- - ..o
01 * 02 ... Q" O * 02 s ... O™t Oh # O * ... O

Hermite-Ostrogradsky's Algorithm reduces exponents of each irreducible gi to 1

We compute as much of integrand as possible in a given field and then compute the minimal exten-
sion (algebraic and/or log) necessary to express the integral.

Squarefree Factorization
Definition. We say that f is squarefreeif it has no proper quadratic divisors.

Definition.The squarefree factorization of f(x) is

n

100 = [ o™ = 910 82002 ga(x° .. g (9"

k=1
where each g; is a squarefree polynomia and GCD(g;, gk) = 1

The squarefree part of a polynomial can be calculated without actually factoring the polynomia
into irreducibles. We will see how to do this for fields of characteristic zero.

Definition. A field F is of characteristic zero, if forallae F,a+0andne Z, n+ 0 we have
na=0.

Lemma. Let F beafield of characteristic zero. Then f issquare-free < GCD(f, f’) = 1.
Example. Consider

f=x+2x+1
over Zs.

D(f)=6x>+6x>=0(mod3)

m Squarefreefactorization algorithm
Thisis Musser's algorithm originall presented in

D. R. Musser, Algorithms for Polynomial Factorization, Ph.D. thesis, University of Wisconsin,
1971.
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Take
09 =] [ak"
k=1
find derivative
00 = D 0100 - K ge00* ™ G (9 - Ga(X)
k=1

Hence

c(¥) = GCD(f(x), t'(0) = [ [a0

k=2
Then
109 T
W(X) = = X
%)= SeD(r o, F'o0) 119

isaproduct of squarefree factors. Calculating (if c(x) isnot 1, because otherwise f (X) is squarefree)

y(x) = GCD(c(x), W) = | @
k=2
and observing that

W(X)
(0 =——
P9 Y
or
f(x

c(X)

GCD(c(x), ;L:)))

01(X) =

we find the first squarefree factor.
To find go(X), we observethat it is the first factor of c(x). Thus
f(X) «—c(X)

new_c (x) = GCD(c(x), ¢'(x) = [ Jaux 2 =
k=3

c(X)
y(X)
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c(X) c(X) c(X)
W(x) = = =—— =y
GCD(c(x), C'(X)) new_c(X) %X;
Y(X
In short
e = 22
y(X)
W(X) = Y(X)
Y(X) = GCD(c(X), W(X))
W(X)
X) = ——
0=V

Applying these recursively, we find all g

m Example.

f)=xX0+x8-2x -2x0+2x3+2x%-x-1
/00 =9x2+8x —14xX0 - 12x°+6x° +4x—-1

c(X) = GCD(f(X), /(X)) =X +x -2x2-2x¥% +x+1

Pol ynoni al GOD[x® +x® -2 x" -2x%+2x3+2x% -x - 1,
9x®+8x"-14x°-12x>+6x% +4x - 1]

~ GCD(f(x), f'(X)

W(X)

Entering the main loop: k = 1

y(X) = GCD(c(X), W(X)) = x* — 1

Pol ynomi al GCD[x° +x% -2x%-2x%+x +1, x*-1]
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W(X) «— Y(X) = x> -1
c(X) — hatl =x+x-x-1
y(X)
Entering the main loop: k = 2
y(X) = GCD(c(X), W(X)) = X2 — 1
W(X)

G(X) = — =
=T

W(X) «— y(X) =X -1

Entering the main loop: k = 3
y(X) = GCD(c(X), W(X)) = X+ 1
W(X)

— =Xx-1
y(X)

g3(X) =

W(X) «— y(X) =x+1

Since c(X) = 1, we stop and return (X% + 1)+ Lx (x— 1)% = (x+ 1)*
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m Code

fact orsquareFreef[pol _, x_]:=
Modul e[ {f, fpr, c, w, vy, g, k},
f = pol;
fpr = D[pol, X1;
¢ = Pol ynom al GCD[f, fpr1;
w = Pol ynom al Quoti ent [f, ¢, X]I;
out =k =1;
Wiile[c =!=1,
y = Pol ynom al GCD[c, w];
g = Pol ynom al Quoti ent [w, y, X];
out x= g”™k;
K++;
W=y,
¢ = Pol ynom al Quoti ent [c, vy, X];
1
out »= wk
] /; Pol ynom al Q[pol, X]
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Zp
If the polynomial isin Zp[X], the situation is slightly more complex.

Compute
c(X) = GCD(f(x), f'(x))
There are choices
c(x) = 1then f(x)issqurefree
c(x) # landc(x) # f(x)then we continue with the algorithm...

c(X) # landc(x) = f(x) andthisiswhat makes adifferencel We must have f’(x) = 0. Therefore,
f (X) contains exponents that are multiple of p. We can write f(x) = b(x)P and reduce problem to
squarefree factorization of b(x).

The algorithm was presented by Akritasin
A. G.. Akritas, Elements of computer algebra with applications, Wiley, NY, 1989.

m Exercise

Let p(x) = 112 x* + 58 x® — 31 x2 + 107 x— 66. What is the squarefree factorization modulo 3?

Compare

| Fact or Squar eFree [112 x* + 58 x* - 31 x? + 107 x - 66

| -66 +107 x - 31 x2+58 x%+112 x*

with
| Fact or Squar eFree[112 x* + 58 x® - 31 x* + 107 x - 66, Modul us - 3]
| X (1+X)2 (2+X)

We proceed asin Musser's algorithm

| f:=112x"4 + 58x73 - 31x"2 + 107x - 66
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| ¢ = Pol ynom al GCD[f, DI[f, x], Modul us -» 3]

| 1+Xx

0 o

| w = Pol ynom al Quoti ent [f, ¢, x, Modul us -» 3]
|2x+x3

Entering the main loop: k = 1

y(x) = GCD(c(X), W(X))

| y = Pol ynom al GCD[c, w, Modul us -» 3]

W(X)
01(¥) = ——
T v

| gl = Pol ynom al Quoti ent [w, y, X, Modul us » 3]

| 2 X +x2
W(X) «— Y(X)
C(X)(—@
y(X)
C
W = y, C =—
y

Sincec(x) = 1, stop and return g1 [X] W[X ]2
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Yun's squar-free factorization in characteristic zero.
Y un presented a more efficient algorithm

D. Y. Yun, On square-free decomposition algorithms, Proceedings of the 1976 ACM Symposium on
Symbolic and Algebraic Computation, (1976), pp. 26-25.

Take

09 = [ako"

k=1

find derivative

00 = 0109 . KGO0 909 ... galX)

k=1
Hence

c(x) = GCD(f (x), f'(x)) = l_[gk(x)k—l

k=2

Then

x) T a0

W(X) = — X

GCD(f(, F/x) L1

isaproduct of square-freefactors. No difference so far with the previous algorithm.
We compute y(x) in adifferent way

/(%) f'(x)

ox)  GCD(f(x), f'(x)

Y¥) = 01" (X) -+ Gn(¥) +201(X) G2"(X) ... Gn(X) + .. +N G1(X) ... Gn-1(X) Gn’(X)
We must eliminate the first term! It contains g;’(X).
Elimination can be done by means of w'(X):
YOX) =W (X) = G1(0[G"(X) ... gn(X) +(N—1) G2(X) ... G’ (¥)]
Therefore, we find the first squarefree factor as
91(%) = GCDW(X), Y(X) —W (X))

Notethat go’(X) ... gn(X) +(n—1) g2(X) ... gn’(X) is not divisible by w(x), since each g; isasquare-
free polynomia with GCD(gk, gk’) = 1.
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To find go(x), we do the following

and so on...

W(X)
new _w(Xx) =
01(X)
Y(X) — W (X)
new_y (x) = —————
01(X)

new_y (x) —new_w’ (X)...
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m Code

YunFact or Squar eFree[pol _, x_]:=
Modul e[ {f, fpr, c, w, vy, g, k, out},
f = pol; fpr =D[pol, x1;
¢ = Pol ynom al GCD[f, fpr];
w = Pol ynom al Quoti ent [f, ¢, X];
y = Pol ynom al Quoti ent [fpr, c, X]I;
out =k =1;
z =y-D[w xI;
Wiile[z =1=0,
g = Pol ynom al GCD[w, z];
out x= g”™k;
K++;
w = Pol ynom al Quoti ent [w, g, X];
y = Pol ynom al Quoti ent [z, g, X];
z =y -D[w, x]I;
1
out *= w'k
1 /; Pol ynom al Q[pol, x]

I Hermite-Ostrogradsky's Algorithm

E. Hermite, Sur l'intégration des fractions rationelles, Nouvelles Annal es de Mathématiques,
11(1872), 145-148.

M. W. Ostrogradsky, De l'intégration des fractions rationelles, Bulletin de la Classe Physico-
Mathématiques de I'Académie Impériale des Sciences de S. Pétersburg, 1V, 1845,
pp.145-167, 286-300.

Given

f P dx

q

where deg(p) < deg(q) and GCD(p, ) = 1. Theideaof theagorithmisto finda, b € F[x] such
that
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a
f P dx = Rational_Function + f B dx
q

where b is squarefree. We will use another algorithm to compute f ﬁ dx.
We start with computing a squarefree factorization of q

0= 01 #0% % ... "

wherem > 2 (otherwise, qis squarefree):

P[P
q Ch * Gp? ... O™

Hermite-Ostrogradsky's algorithm reduces exponents of each irreducible gi to 1

| vrromeill rores [oa
O * 02 % ... Q" O * 02 s ... O™t Oh # 02 * ... O

The algorithm proceeds as follows. Let

0 =gy * Qo % ... O™

V = Om

2 1
u= =y * 0 % .. Omet "

4
v
Since

GCD(u V, V) = GCD(y * Gp® # ... Om-1™ L O’y Gm) = 1
using the extended Euclidean algorithmwe find a, b € F[x] such that

p=uva+vb, deg@ =< degv)-1

See the proof below. Dividing both partsby g = ux=v" gives
av b

+
vt gyt

P
— 1
q D)

Next we observe that

av’_ 1 a y a
v _1—m[(w1)_w1]

Thus, equation (1) can be rewritten as

=l )
— = — +
g 1-m\ym1/ 1) gyl
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or

1 a vy 1 b(l-my-a'u
- ( 1)+1

%k
1-m\ym™ -m uvm1

P
q
Integrating both sides, yields
p 1 a 1 b(l-m)—ud
azl—mvm‘lJrl—mf uvml
The integrand is reduced to one with a smaller multiplicity. We repeat this process until the denomi-
nator is squarefree.

m Theorem

Let a, be F[x] and GCD(a, b) = 1. Then for any given polynomial c € F[x] there exist unique
polynomials o and v € F[x] such that

ocxa+T1txb=c, deg(oc) =< deg(b)-1

Proof.
From the extended Euclidean agorithm

sxa+ txb = 1= gcd(a, b)
or

SxWxa+ txwsxb = w
We need to lower the degree of s w.
sxwW= (gxb+r where deg(r) < deg(b)-1

and substituting it back to the previous equation

Qxb+rsa+tswxb =w
Collecting terms by b,

r<a+(Q+a+ t+w) xb =w
we obtain

ocxa+Ttxb=cC

wheret =q+a+ txscando =r. Since

deg(o) = deg(r) = deg(b) — 1
we complete the proof. QED.
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m Example
X3+ 2 %2
—2de
(@ +x+1)
3 x2
p=x3+ :
3 2,
q=(x>+x+1)%
v=x3+x+1; (» the last factor =)
m= 2,
q
u=—,;
Vm

We need to find such a and b that
uv xa+vsb=r, deg(@ < deg(v)
Using Polynomial ExtendedGCD we find p; and p,, suchthat
Uv = pr+vspp=1

| Pol ynomi al Ext endedGCD[u = D[v, X1, V]

4 9x 6x2 27 18x
‘ R el vl )

| {pl, p2} =%[[2]];
Multiply this
UV % pp+Vvspr=1
by p
P*UV %P+ PxVspPr=p
and then decreasing the order of p; = p

P*PL= X V+Y
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Pol ynom al Rermai nder [pl * p, v, X]

Pol ynom al Quoti ent [pl* p, Vv, X]

I . N ]
N
+
N X

6 x2
.

1
2 31

It follows
6x2 1 (x 1)
=—-—=|sxv+|[-+-
PreP=1"31 72" 272

PxUV xPL+PxVxpPr=p

Substituting thisinto

and collecting terms wrt v, we get

x 1 y 6x2 1 y

—+—=)xUxV + +|— == =xu V=

(2 2)** (P2*p 31 2** ) * p
a b

where

a = Pol ynom al Renai nder [pl* p, v, X]
X
2

1
— +
2

b = Expand [Pol ynom al Quotient [plx p, vV, X] *uxD[v, X] +
P2 *p]

Thus, by Hermite-Ostrogradsky'salgorithm
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p 1 a 1
— = % +
qg 1-m v+ 1-
we obtain
3,32
X+ X
—zdx:
(G +x+1)
since

b (1-m -uD[a, X]

u Vm—l

and

(L-m vml

N =
+
N | x

-1-x-x3

fb*(l—m)—u*a’
k
m us vl

X 1
_+_
2 2

3 ix+1
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