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Introduction

Several years ago, I was invited to contemplate being marooned 

on the proverbial desert island. What book would I most wish to have there, 

in addition to the Bible and the complete works of Shakespeare? 

My immediate answer was Abramowitz and Stegun's 

Handbook of Mathematical Functions. 

If I could substitute for the Bible, I would choose Gradsteyn and Ryzhik' s 

Table of Integrals, Series and Products. 

Compounding the impiety, I would give up Shakespeare in favor of 

Prudnikov, Brychkov and Marichev's Integrals and Series. - Michael Berry [1]

à Calculus Integration 

Consider a rational function

f =
x7 - 15 x5 - 7 x3 + 6 x - 7

x5 - 6 x4 + 13 x3 - 12 x2 + 4 x

and compute its integral with the Calculus (or Analysis) method. By factoring the denominator

FactorAx5 − 6 x4 + 13 x3 − 12 x2 + 4 xE

H−2 + xL2 H−1 + xL2 x

Thus, the original function f  can be rewritten as
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f =
x7 - 15 x5 - 7 x3 + 6 x - 7

x Hx - 1L2 Hx - 2L2

Next we rewrite f  as a sum of terms with minimal denominators.

ApartB x7 − 15 x5 − 7 x3 + 6 x − 7

x Hx − 1L2 Hx − 2L2
F

8 −
403

2 H−2 + xL2
+

355

4 H−2 + xL −
22

H−1 + xL2
−

105

−1 + x
−

7

4 x
+ 6 x + x2

Thus

f = 8 + 6 x + x2 + -
7

4 x
-

22

Hx - 1L2
-

105

x - 1
-

403

2 Hx - 2L2
+

355

4 Hx - 2L
This can be easily integrated term by term

Integrate@ð, xD & ê@ %

403

2 H−2 + xL +
22

−1 + x
+ 8 x + 3 x2 +

x3

3
+

355

4
Log@−2 + xD − 105 Log@−1 + xD −

7 Log@xD
4

Another example

f =
x3 I2 x2 - 1M
x4 - x2 + 1

Find poles of the denominator

x ê. SolveAx4 − x2 + 1 � 0, xE

9−H−1L1ê6, H−1L1ê6, −H−1L5ê6, H−1L5ê6=

Thus, the original function f  can be rewritten as

f =
x3 I2 x2 - 1M
x4 - x2 + 1

= Ix3 I2 x2 - 1MM ì KKx - -1
6 O Kx + -1

6 O Ix - H-1L5ê6M Ix + H-1L5ê6MO
Next,
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ApartAIx3 I2 x2 − 1MM ë IIx − H−1L1ê6M Ix + H−1L1ê6M Ix − H−1L5ê6M Ix + H−1L5ê6MME

I−1 + 2 H−1L1ê3M ë I2 I−1 + H−1L2ê3M I1 + H−1L2ê3M IH−1L1ê6 − xMM −

IH−1L1ê3 I1 + 2 H−1L2ê3MM ë I2 I−1 + H−1L2ê3M I1 + H−1L2ê3M IH−1L5ê6 − xMM +

2 x + I1 − 2 H−1L1ê3M ë I2 I−1 + H−1L2ê3M I1 + H−1L2ê3M IH−1L1ê6 + xMM +

IH−1L1ê3 I1 + 2 H−1L2ê3MM ë I2 I−1 + H−1L2ê3M I1 + H−1L2ê3M IH−1L5ê6 + xMM

Finally, integrating termby term, we get

Integrate@ð, xD & ê@ %

x2 +

I−2 + H−1L1ê3M 2 ArcTanB 3 x

2 3 − 3 x
F + ä LogB−1 + 3 x − x2F ì J−6 ä + 2 3 N +

3 2 ä ArcTanB 3 − 3 x

−3 + 3 x
F + LogB−1 + 3 x − x2F ì J−6 ä + 2 3 N +

I2 − H−1L1ê3M 2 ArcTanB 3 x

2 3 + 3 x
F − ä LogB1 + 3 x + x2F ì J−6 ä + 2 3 N +

3 −2 ä ArcTanB 3 + 3 x

3 + 3 x
F + LogB1 + 3 x + x2F ì J−6 ä + 2 3 N

Compare with

IntegrateB x3 I2 x2 − 1M
x4 − x2 + 1

, xF

x2 −
1

2
3 ArcTanB −1 + 2 x2

3
F +

1

4
LogA1 − x2 + x4E

The computer algebra answer is much nicer!!

Differential Algebra

Definition. An integral domain is a commutative ring without zero divisors (note, 0 is a zero divisor 

in any ring)

A6: a * b = 0 ï a = 0 or b = 0
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Definition. An integral domain is a commutative ring without zero divisors (note, 0 is a zero divisor 

in any ring)

A6: a * b = 0 ï a = 0 or b = 0

For example,  in Z6 we have 2 * 3 = 0, so 2 and 3 are zero-divisors.

Examples of an integral domain

 - the ring Z

 - the polynomial ring ZHxL
  - the ring Zp if p is prime

Definition. A field is a commutative ring with identity in which every non-zero element has a multiplicative inverse.

Theorem. Every field is an integral domain.

Proof. In a field a*b = 0. Multiply it by a-1 to get b = 0.

Theorem. Every finite integral domain is a field.

Definition. A characteristic of ring  (or field) is the number of times the identity element can be 

added to itself to get 0. In the case when this never can be produced, the ring or field is called to have 

a characteristic zero. 

Examples, 

Q, R, C, characteristic 0.

The field Zp has characteristic p.

Theorem. The characteristic of an integral domain is either 0 or a prime number.

Proof.  Let n be the smallest such that n*1 = 0, where n = k *m. It follows Hk *1L Hm*1L = 0. But in an integral domain 

either of them is zero, so k *1 = 0 or m*1 = 0. Contradiction, since n is the smallest.Thus, n is prime.

Definition. Let R be an integral domain and D : R Ø R such that

DH f + gL = DH f L + DHgL
DH f * gL = DH f L * g + f * DHgL

then D is called a differential operator. And the pair HR, DL is a differentail algebra. 

If R is a field, we get a differentail field.

Definition. If f and g œ R and DH f L = g, then we say  that f  is an integral of g and we write f = Ÿ g.

The problem of indefnite integration is to compute the inverse D-1 of the differential opeartor. 

Theorem.  In a differential field HF, DL
1. DH0L = DH1L = 0

2. DJ f

g
N =

DH f L*g- f *DHgL
g2

3. DH f nL = n f n-1 DH f L
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Theorem.  In a differential field HF, DL
1. DH0L = DH1L = 0

2. DJ f

g
N =

DH f L*g- f *DHgL
g2

3. DH f nL = n f n-1 DH f L
Proof.

D(1) = D(1*1) = D(1)*1 + 1*D(1) = 2 D(1)   ö  D(1) = 0

    D(1) = D(1+0) = D(1) + D(0)   ö   D(0) = 0

it follows 1).

To prove 2) consider

D
f

g
= DH f L * g-1 + f * DIg-1M

We find DIg-1M from

0 = DH1L = DIg * g-1M = DHgL * g-1 + g * DIg-1M
thus

DIg-1M = -DHgL * g-2

Therefore,

D
f

g
= DH f L * g-1 + f * DIg-1M =

g * DH f L - f * DHgL
g

QEDà

Is the differential field closed under the inverse operator?

Lemma. For the rational function 
1

x
œ QHxL there does not exists a rational function r œ QHxL such that 

DHrL = 1

x
.

Proof. Suppose that r = p

q
œ QHxL,   DHrL = 1

x
  where GCDH p, qL = 1. Then

1

x
= D HrL = D

p

q
=

DH pL * q - p * DHqL
q2

It follows that

x * q * DH pL - x * p * DHqL = q2

This means that x divides q2 and therefore q. 

Hence, we can write q = xn * w, where n ¥ 1 and GCDHw, xL = 1.

Substituting q = xn * w into the previous equation,  we obtain

xn+1 * w * DH pL - x * p * DHxn * wL = q2 = x2 n * w2
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or

xn+1 * w * DH pL - n * xn * p * w - xn+1 * p * DHwL = x2 n * w2

Canceling by xn

x * w * DH pL - n * p * w - x * p * DHwL = xn * w2

and then collecting terms

n * p * w = x * Aw * DH pL - x * p * DHwL - xn-1 * w2E
we deduce that  x divides p * w and because GCDHw, xL = 1, we must have that x divides p. Contra-

diction, x cannot divides both p and q. à

This lemma motivates for a domain extension. 

Let F  be a field and G is a differential extension over F.

Definition. u œ G is called logarithmic over F if there exists such p œ F that DHuL = DH pL ê p and we 

write u = logH pL.
Definition. u œ G is called algebraic over F if there exists a polynomial p œ F such that p HuL = 0.

For the differential field of rational functions, the indefniite integral can always be expressed in an 

extension field requiring only two types of extensions: logarithmic and algebraic number extensions.

Eamples.

. Ÿ 1Hx+1L2 dx = -1

x+1
œ QHxL

Ÿ 1

x
dx = log x œ QHx, log xL

Ÿ 1

x3+x
dx = log x - 1

2
logIx2 + 1M œ QIx, log x, logIx2 + 1MM

Ÿ 1

x2-2
„ x =

logIx- 2 M-logIx+ 2 M
2 2

œ QI 2 M Hx, log xL
Definition. u œ G is called exponential over F if there exists such p œ F that DHuL ê u = DH pL and we 

write u = expH pL.
Definition. G is called elementary extension over F if it is logarithmic and/or algebraic and/or 

exponential.

Examples.
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‡ log2HxL +
1

x logHxL ‚ x

2 x − 2 x Log@xD + x Log@xD2 + Log@Log@xDD

‡ 1

„x + 1
‚ x

x − Log@1 + ãxD

· x + x + 1 ‚ x

1

12
x + 1 + x I−3 + 8 x + 2 1 + x M +

5

8
LogB1 + 2 1 + x + 2 x + 1 + x F

This integral cannot be done in elementary functions:

Integrate@Exp@−x^2D, xD

1

2
π Erf@xD

Squarefree Factorization

Definition. We say that f  is  squarefree if it has no proper quadratic divisors.

Definition.The squarefree factorization of f HxL is
f HxL = ‰

k=1

n

gkHxLk = g1HxL g2HxL2 g3HxL3 ... gnHxLn

where each gi is a squarefree polynomial and GCDHgi, gkL = 1

The squarefree part of a polynomial can be calculated without actually factoring the polynomial into 

irreducibles. We will see how to do this for fields of characteristic zero. 
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The squarefree part of a polynomial can be calculated without actually factoring the polynomial into 

irreducibles. We will see how to do this for fields of characteristic zero. 

Definition. A field F is of characteristic zero, if for all a œ F, a ∫ 0 and n œ Z, n ∫ 0  we have n a ∫ 0.

Lemma. Let F be a field of characteristic zero. Then f  is square-free  ó GCDH f , f £L = 1.

Example. Consider

f = x6 + 2 x3 + 1

over Z3.

DH f L = 6 x5 + 6 x2 = 0 Hmod 3L
à Squarefree factorization algorithm

This is Musser's algorithm originall presented in

D. R. Musser, Algorithms for Polynomial Factorization, Ph.D. thesis, University of Wisconsin, 1971.

Take

f HxL = ‰
k=1

n

gkHxLk

find derivative

f £HxL = ‚
k=1

n

g1HxL ... k gkHxLk-1 gk
£HxL ... gnHxL

Hence

cHxL = GCDH f HxL, f £HxLL = ‰
k=2

n

gkHxLk-1

Then

wHxL =
f HxL

GCDH f HxL, f £HxLL = ‰
k=1

n

gkHxL
is a product of squarefree factors. Calculating (if cHxL is not 1, because otherwise f HxL is squarefree)

yHxL = GCDHcHxL, wHxLL = ‰
k=2

n

gkHxL
and observing that
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g1HxL =
wHxL
yHxL

or

g1HxL =

f HxL
cHxL

GCDJcHxL, f HxL
cHxL N

we find the first squarefree factor.

To find g2HxL, we observe that it is the first factor of cHxL. Thus

f HxL ôcHxL
new_c HxL = GCDHcHxL, c£HxLL = ‰

k=3

n

gkHxLk-2 =
cHxL
yHxL

wHxL =
cHxL

GCDHcHxL, c£HxLL =
cHxL

new_c HxL =
cHxL
cHxL
yHxL

= yHxL
In short

cHxL =
cHxL
yHxL

wHxL = yHxL
yHxL = GCDHcHxL, wHxLL

g2HxL =
wHxL
yHxL

Applying these recursively, we find all gk
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