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Monte Carlo 



Simplest TD(0) Method 



TD Prediction 

‣  Policy Evaluation (the prediction problem):  

-  for a given policy π, compute the state-value function vπ  

‣  Remember:  Simple every-visit Monte Carlo method: 

Chapter 6

Temporal-Di↵erence Learning

If one had to identify one idea as central and novel to reinforcement learning, it would
undoubtedly be temporal-di↵erence (TD) learning. TD learning is a combination
of Monte Carlo ideas and dynamic programming (DP) ideas. Like Monte Carlo
methods, TD methods can learn directly from raw experience without a model of
the environment’s dynamics. Like DP, TD methods update estimates based in part
on other learned estimates, without waiting for a final outcome (they bootstrap).
The relationship between TD, DP, and Monte Carlo methods is a recurring theme in
the theory of reinforcement learning. This chapter is the beginning of our exploration
of it. Before we are done, we will see that these ideas and methods blend into each
other and can be combined in many ways. In particular, in Chapter 7 we introduce
the TD(�) algorithm, which seamlessly integrates TD and Monte Carlo methods.

As usual, we start by focusing on the policy evaluation or prediction problem, that
of estimating the value function v⇡ for a given policy ⇡. For the control problem
(finding an optimal policy), DP, TD, and Monte Carlo methods all use some variation
of generalized policy iteration (GPI). The di↵erences in the methods are primarily
di↵erences in their approaches to the prediction problem.

6.1 TD Prediction

Both TD and Monte Carlo methods use experience to solve the prediction problem.
Given some experience following a policy ⇡, both methods update their estimate v
of v⇡ for the nonterminal states St occurring in that experience. Roughly speaking,
Monte Carlo methods wait until the return following the visit is known, then use
that return as a target for V (St). A simple every-visit Monte Carlo method suitable
for nonstationary environments is

V (St) V (St) + ↵
h
Gt � V (St)

i
, (6.1)

where Gt is the actual return following time t, and ↵ is a constant step-size parameter
(c.f., Equation 2.4). Let us call this method constant-↵ MC. Whereas Monte Carlo
methods must wait until the end of the episode to determine the increment to V (St)
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target: the actual return after time t
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(only then is Gt known), TD methods need wait only until the next time step. At
time t + 1 they immediately form a target and make a useful update using the
observed reward Rt+1 and the estimate V (St+1). The simplest TD method, known
as TD(0), is

V (St) V (St) + ↵
h
Rt+1 + �V (St+1)� V (St)

i
. (6.2)

In e↵ect, the target for the Monte Carlo update is Gt, whereas the target for the TD
update is Rt+1 + �V (St+1).

Because the TD method bases its update in part on an existing estimate, we say
that it is a bootstrapping method, like DP. We know from Chapter 3 that

v⇡(s)
.
= E⇡[Gt | St =s] (6.3)
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= E⇡[Rt+1 + �v⇡(St+1) | St =s] . (6.4)

Roughly speaking, Monte Carlo methods use an estimate of (6.3) as a target, whereas
DP methods use an estimate of (6.4) as a target. The Monte Carlo target is an
estimate because the expected value in (6.3) is not known; a sample return is used
in place of the real expected return. The DP target is an estimate not because of
the expected values, which are assumed to be completely provided by a model of the
environment, but because v⇡(St+1) is not known and the current estimate, V (St+1),
is used instead. The TD target is an estimate for both reasons: it samples the
expected values in (6.4) and it uses the current estimate V instead of the true v⇡.
Thus, TD methods combine the sampling of Monte Carlo with the bootstrapping of
DP. As we shall see, with care and imagination this can take us a long way toward
obtaining the advantages of both Monte Carlo and DP methods.

Figure 6.1 specifies TD(0) completely in procedural form.

Input: the policy ⇡ to be evaluated
Initialize V (s) arbitrarily (e.g., V (s) = 0, 8s 2 S+)
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

A action given by ⇡ for S
Take action A; observe reward, R, and next state, S0

V (S) V (S) + ↵
⇥
R + �V (S0)� V (S)

⇤

S  S0

until S is terminal

Figure 6.1: Tabular TD(0) for estimating v⇡.

‣  The simplest Temporal-Difference method TD(0): 

target: an estimate of the return



TD(0) Prediction 

‣  Policy Evaluation (the prediction problem):  

-  for a given policy π, compute the state-value function vπ  
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estimate because the expected value in (6.3) is not known; a sample return is used
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Thus, TD methods combine the sampling of Monte Carlo with the bootstrapping of
DP. As we shall see, with care and imagination this can take us a long way toward
obtaining the advantages of both Monte Carlo and DP methods.

Figure 6.1 specifies TD(0) completely in procedural form.

Input: the policy ⇡ to be evaluated
Initialize V (s) arbitrarily (e.g., V (s) = 0, 8s 2 S+)
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

A action given by ⇡ for S
Take action A; observe reward, R, and next state, S0

V (S) V (S) + ↵
⇥
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Figure 6.1: Tabular TD(0) for estimating v⇡.

‣  The simplest Temporal-Difference method TD(0): 

‣  Or estimate Q(St,At) with TD(0) 

target: an estimate of the return



Q-Learning: Off-Policy TD(0) Control 

‣  One-step Q-learning: 

6.5. Q-LEARNING: OFF-POLICY TD CONTROL 139

6.5 Q-learning: O↵-Policy TD Control

One of the most important breakthroughs in reinforcement learning was the devel-
opment of an o↵-policy TD control algorithm known as Q-learning (Watkins, 1989).
Its simplest form, one-step Q-learning , is defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a
Q(St+1, a)�Q(St, At)

i
. (6.6)

In this case, the learned action-value function, Q, directly approximates q⇤, the op-
timal action-value function, independent of the policy being followed. This dramat-
ically simplifies the analysis of the algorithm and enabled early convergence proofs.
The policy still has an e↵ect in that it determines which state–action pairs are visited
and updated. However, all that is required for correct convergence is that all pairs
continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case
must require it. Under this assumption and a variant of the usual stochastic approx-
imation conditions on the sequence of step-size parameters, Q has been shown to
converge with probability 1 to q⇤. The Q-learning algorithm is shown in procedural
form in Figure 6.10.

What is the backup diagram for Q-learning? The rule (6.6) updates a state–action
pair, so the top node, the root of the backup, must be a small, filled action node.
The backup is also from action nodes, maximizing over all those actions possible in
the next state. Thus the bottom nodes of the backup diagram should be all these
action nodes. Finally, remember that we indicate taking the maximum of these “next
action” nodes with an arc across them (Figure 3.7). Can you guess now what the
diagram is? If so, please do make a guess before turning to the answer in Figure 6.12.

Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0, a)�Q(S, A)

⇤

S  S0;
until S is terminal

Figure 6.10: Q-learning: An o↵-policy TD control algorithm.
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Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0

Repeat (for each episode):

Initialize S
Repeat (for each step of episode):

Choose A from S using policy derived from Q (e.g., "-greedy)
Take action A, observe R, S0

Q(S,A) Q(S,A) + ↵[R+ �maxaQ(S0, a)�Q(S,A)]
S  S0

;

until S is terminal

Figure 6.12: Q-learning: An o↵-policy TD control algorithm.

(Figure 3.7). Can you guess now what the diagram is? If so, please do make
a guess before turning to the answer in Figure 6.14.
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Figure 6.13: The cli↵-walking task. The results are from a single run, but
smoothed.

Example 6.6: Cli↵ Walking This gridworld example compares Sarsa
and Q-learning, highlighting the di↵erence between on-policy (Sarsa) and o↵-
policy (Q-learning) methods. Consider the gridworld shown in the upper part
of Figure 6.13. This is a standard undiscounted, episodic task, with start and
goal states, and the usual actions causing movement up, down, right, and left.
Reward is �1 on all transitions except those into the the region marked “The

‣  Converges, if every (s,a) pair is visited infinitely often 



Many ways to blend sampled Rt+k and  
model-based estimates Q(st+k,a) 

Possible target values for training Q(st,at): 
 



Many ways to blend sampled Rt+k and  
current estimates of Q(st+k,a) 

Possible target values for training Q(st,at): 
 

TD(λ) – Blend all of these 







Bias-Variance Trade-Off 
‣  MC has high variance, zero bias  

-  Good convergence properties  
-  Even with function approximation  

-  Not very sensitive to initial value  

-  Very simple to understand and use  

‣  TD has low variance, some bias  

-  Usually more efficient than MC  
-  More sensitive to initial values of Q(s,a) and V(s)  


