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Calculus of Vector Fields

Just like there were three kinds of vector
multiplication which can be defined, there are three
kinds of differentiation with respect to position.

Notation Result

Divergence V-v scalar
Curl Vxv vector
Gradient Vv tensor

Shortly, we will provide explicit definitions of these
quantities in terms of surface integrals. Let me
introduce this type of definition using a more familiar
quantity:

Gradient of a Scalar (Explicit)

Recall the previous definition for gradient:

Sf=r(x): df=dr-Vf

Such an implicit definition is like defining f”(x) as
that function associated with f{x) which yields:

f=rx): df = (dx) 1"

An equivalent, but explicit, definition of derivative is

provided by the Fundamental Theorem of the
Calculus:

lim xX+Ax)- f(x d

F(x) = S =S| _df

Ax —> 0 Ax dx

We can provide an analogous definition of Vf'

_lim |1
Vf:Vao{anfda}

surface A
volume V
where f = any scalar field

A = a set of points which constitutes any closed

surface enclosing the point r at which Vf'is
to be evaluated
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V= volume of region enclosed by 4
da = area of a differential element (subset) of 4

n = unit normal to da, pointing out of region enclosed
by 4

lim (V¥—0) = limit as all dimensions of A4 shrink to
zero (in other words, A4 collapses about the
point at which Vf'is to be defined.)

What is meant by this surface integral? Imagine 4 to
be the skin of a potato. To compute the integral:

1) Carve the skin into a number of elements. Each
element must be sufficiently small so that

e clement can be considered planar (i.e. n is
practically constant over the element)

e fis practically constant over the element
2) For each element of skin, compute nf da
3) Sum yields integral

This same type of definition can be used for each of
the three spatial derivatives of a vector field:

Divergence, Curl, and Gradient

i
= m l<j>n-vala
V>0V

A

Divergence Vv

C [ v lim l¢ d
XV = —®nxvda
ur v—o|v
Gradi v lim 14} d
v= —dnvda
radient V-0 VA

Physical Interpretation of Divergence

Let the vector field v = v(r) represent the steady-
state velocity profile in some 3-D region of space.
What is the physical meaning of V - v?

e n'v da = dgq = volumetric flowrate out through da
(cm3/s). This quantity is positive for outflow
and negative for inflow.

o] 4 n°V da = net volumetric flowrate out of
enclosed volume (cm3/s). This is also positive
for a net outflow and negative for a net inflow.

o (1/7) IA n-v da = flowrate out per unit volume

s
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> 0 for an expanding gas
(perhaps T Torp 1)

e Vev =4 =0 for an incompressible fluid
(no room for accumulation)
< 0 for a gas being compressed

e V-v = volumetric rate of expansion of a

differential element of fluid per unit volume of
that element (s‘l)

Calculation of V-v in R.C.C.S.
Given: v=v,(x,y,2)i + vy(x,y,z)j +v,(x,y,2)k

y

\ A

Evaluate V - v at (x,,y.2,)-

Solution: Choose 4 to be surface of rectangular
parallelopiped of dimensions Ax,Ay,Az with one
corner at xX,,,Y 0,2

So we partition A into the six faces of the
parallelopiped.  The integral will be computed
separately over each face:

_[n-vda = In-vda + I nvda + -+ I n-vda
4 4 %) 4g

Surface 47 is the x=x,, face:
n=-i
n-v=-itv=-v(x,),2)

The following figure shows area we will be

integrating over
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( da=dy dz
z +Az

z|.dz

Z dy

v, v vAAY

Our differential area patch (shaded) is a rectangle of
height dz and width dy. 1It’s area given by

da=dydz

We multiply this area by the local value of the
integrand —v, and repeat this for each tiny rectangle in
the row of width Ay (the integral with respect to y);
this is then repeated for each row (the integral with
respect to z):

Zy+Az Yy, +AY
I n-vda = .[ j v, (x,,y,2)dydz
4 Zo Yo

Using the Mean Value Theorem:

= V(x5 2 )AYAz
where Yo <V <y tAY
and 2, <z2' <z,tAz
Surface A is the x=x,+Ax face:

n=-+

n-v=1i-v=v(x,tAx,y,z)

Zo+Az Yy, +AY
I nvda = I I ve(x, +Ax,y,z)dydz
4 Zo Yo

Using the Mean Value Theorem:

=V (x,TAxY" 2" ) AyAz
where Yo <V <y, tAY
and 2, <Z2" <zytAz

The sum of these two integrals is:

.[ +I =[vx(x0+Ax’y"’z”)—vx(xo,y',Z')]AyAZ
4 4
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Dividing by V' = AxAyAz:

Vi (% +Ax:y"72”)_vx(xoay,azl)
Ax

— _[ n'vda =
A1+A2

Letting Ay and Az tend to zero:

lim

— nvda ; =
Ay,Az—> 0|V I

Al + A2

_ vx(xo +Ax:y0720)_vx(xoayoazo)
Ax

Finally, we take the limit as Ax tends to zero:

lim |1
V—->0|V

_[ n-vda ; = vy
A1+A2 ax

X0->Y0%0

Similarly, from the two y=const surfaces, we obtain:

lim |1 ov
v ol I nvda p = —=
%
A3+4y X0>YoZ0
and from the two z=const surfaces:
lim |1 0
v ooly I mwvdap="=
- As+4g ‘ X0:Y05%0
Summing these three contributions yields the
divergence:
V'V - % + al + %

ox oy Oz

Evaluation of Vxv and Vv in R.C.C.S.

In the same way, we could use the definition to
determine expressions for the curl and the gradient.

0
Vrve| e Dy [P O,
oy Oz 0z Ox

The formula for curl in R.C.C.S. turns out to be
expressible as a determinant of a matrix:
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i j k
o 2 2 [6_8_}[6_6_}
Oox Oy Oz oy Oz oz Ox
Ve Yy Yz

ov
+ _y_% k
ox Oy
But remember that the determinant is just a

mnemonic device, not the definition of curl. The
gradient of the vector v is

ov;

7
% ox;

1

Vv=3Y

=1 j=1

ee;

where x1 = x, xy =y, and x3 =z, v{ = v, etc.

Evaluation of Vv, Vxv and Vv in Curvilinear
Coordinates

Ref: Greenberg, pl175

These surface-integral definitions can be applied
to any coordinate system. On HWK #2, we obtain
V - v in cylindrical coordinates.

More generally, we can express divergence, curl
and gradient in terms of the metric coefficients for
the coordinate systems. If u,v,w are the three scalar
coordinate variables for the curvilinear coordinate
system, and

x=x(uy,w)  y=yuyw)  z=zuy,w)
can be determined, then the three metric coefficients
— hy, hy and hy — are given by

2

Iy (u,v,w)z X, +y5 + 22

u

2

hy (u,v,w): xg +y3 +z;

2

hy (u,v,w) =4/X}, +y3v + 22

w

where letter subscripts denote partial differentials
while numerical subscripts denote component, and
the general expressions for evaluating divergence,
curl and gradient are given by

gradient of scalar:

Vf =L1e
hl ou

i1 Ly LI

—¢€
hy ov > 3

! hy ow
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divergence of vector:

= 1 X
hihyis
0 0 0
—(hyh +—(hh +—(hh
{au( 2h3vy) av( 1 3"2) aw( 1 2%)}
curl of vector:
hiey hyey hses
1
-_ - |0 0 0
va_h1h2h3 éu Av /Gw
vy hyvy  h3vs

These formulas have been evaluated for a number of
common coordinate systems, including R.C.C.S.,
cylindrical and spherical coordinates. The results are
tabulated in Appendix A of BSL (see pages 738-741).
These pages are also available online:

rectangular coords.

cylindrical coords:

spherical coords:
Physical Interpretation of Curl

To obtain a physical interpretation of Vxv, let’s
consider a particularly simple flow field which is
called solid-body rotation. Solid-body rotation is
simply the velocity field a solid would experience if it
was rotating about some axis. This is also the
velocity field eventually found in viscous fluids
undergoing steady rotation.

14
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side view

e—————
e.(0(2)

e,(6(0))

e,(6(0))

top view

Imagine that we take a container of fluid (like a can
of soda pop) and we rotate the can about its axis.
After a transient period whose duration depends on
the dimensions of the container, the steady-state
velocity profile becomes solid-body rotation.

A material point imbedded in a solid would move
in a circular orbit at a constant angular speed equal to
Q) radians per second. The corresponding velocity is
most easily described using cylindrical coordinates
with the z-axis oriented perpendicular to the plane of
the orbit and passing through the center of the orbit.
Then the orbit lies in a z=const plane. The radius of
the orbit is the radial coordinate » which is also
constant. Only the ©-coordinate changes with time
and it increases linearly so that d6/dt = const = Q.

In parametric form in cylindrical coordinates, the
trajectory of a material point is given by

r(f) = const, z(f) = const, O(f) = Q¢

The velocity can be computed using the formulas
developed in the example on page 8:

do d:
V= —dr(t) e, + r—(t) ey + —Z(t) e, =rQeg
dt dt dt
& N A
0 Q) 0
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69(9+A9)
€g (9+A76
As =r AO

e (0)

Alternatively, we could deduce v from the definition
of derivative of a vector with respect to a scalar:

Dr Ar rdOey do
v=—2=lim —=
Dt At—0 At dt dt

More generally, in invariant form (i.e. in any
coordinate system) the velocity profile corresponding
to solid-body rotation is given by

v(rp):gxrp (5)

where Q is called the angular velocity vector and p
is the position vector whose origin lies somewhere
along the axis of rotation. The magnitude of Q is the
rotation speed in radians per unit time. It’s direction
is the axis of rotation and the sense is given by the
“right-hand rule.” In cylindrical coordinates, the
angular velocity is

Q=Qe

z

and the position vector isr, =re,. + ze,

Taking the cross product of these two vectors
(keeping the order the same as in (5)):

v(r)=rQe, xe, +zQe_ xe, =rQe
— —
€p 0
To obtain this result we have used the fact that the
cross product of any two parallel vectors vanishes

(because the sine of the angle between them is zero
— recall definition of cross product on p1).

=

) A

The cross product of two distinct unit vectors in any
right-handed coordinate system yields a vector

15
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parallel to the third unit vector with a sense that can
be remembered using the figure at right. If the cross
product of the two unit vectors corresponds to a
“clockwise” direction around this circle, the sense is
positive; in a “counter-clockwise” direction, the sense
is negative. In this case, we are crossing e, with e,
which is clockwise; hence the cross product is +eg.

Now that we have the velocity field, let’s compute the
curl. In cylindrical coordinates, the formula for the
curl is obtained from p739 of BSL:

V)(V :(l%_%]er +(al_ aVZ jee

r 00 oz 0z oOr
1) 1w
r or roe |-
Substituting V=0 vg=rQ v,=0
we obtain Vxv=2Qe, =2Q

Thus the curl turns out to be twice the angular
velocity of the fluid elements. While we have only
shown this for a particular flow field, the results turns
out to be quite general:

Vxv=20
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