06-703 Fluid Mechanics Fall, 2001

Homework Set #7
(due November 12, 2001)

1.) A sphere of radius R is rotating about an axis drawn through the sphere's center at a
steady angular velocity Q in a viscous fluid.

a. Find the velocity profile.

HINT: let the direction of rotation be the ¢-direction. Let your guess for the form of
the solution be guided by the form of the boundary conditions.

b. Find the torque required to rotate the sphere in a viscous fluid.
ANSWER: magnitude is 8tuQR3

2.) A Couette-Hatschek viscometer consists of two concentric cylinders of radii R; and R,
and length L, with the fluid (whose viscosity is to be measured) completely filling the
space between them (see BSL p94). Suppose that R;<R,<<L so that end effects are
negligible.

a. Find the velocity profile if the two cylinders turn with angular velocities Q; and Q,,
which are parallel to the axes of the two cylinders.
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Answer: vg(r)

b. Find the torques (T; and T,) which must be applied to each of the two cylinders to

rotate the inner cylinder at speed €; while keeping the outer cylinder stationary (Q, =
0).

3.) Obtain the general solution to E2(E2y)=0 for creeping flow around a sphere of radius R in
terms of the stream function y(7,0) = f{r)sin20.

Answer: y(r,0) = (clr_l +cyr + C3r2 + c4r4)sin2 0

4.) Consider the problem of uniform flow (with v—>U = Ue, as r—) normal to the axis of a
circular cylinder in the limit of Re—0. Let the axis of the cylinder coincide with the z-
axis. Then we have 2-D flow (v,=0 and 0/0z=0).

a. Proceeding as we did in class for creeping flow around a sphere (start with curl3v =
0), show that the streamfunction y(»,0) must satisfy

V2(V2y)=0
Also show that the appropriate boundary conditions are
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Try to find a solution of the form

y(7,0) = f(r)sin®

In particular, show that this form satisfies the differential equation but cannot
simultaneously satisfy both boundary conditions at »—oo and at »=R. This is known
as “Stokes Paradox.”

Hint #I: The solution of the associated 4th order Cauchy-Euler problem has a repeated
root in this case. Thus only three solutions are of the form #” (n turns out to be —1, +1 or
+3); the 4th linearly independent solution of the O.D.E. has the form rlnr as determined
from “variation of parameters” (see p445 of Greenberg).

Hint #2: rlnr behaves like r17¢ as r—>o0, where ¢ is an arbitrarily small positive number.
In other words, rInr tends to “blow up” faster than » as r—>oo.

Evaluate the integration constants from Prob. 3) so as to satisfy each of the following set
of boundary conditions:

a.

Uniform flow over a rigid sphere:

F—>00: v — (1/2)Ur?sin20

=R: v, =vg=0

Answer: see 2000 Notes p104, eqn 76.

Exterior problem (p=p, for >R) for uniform flow over a spherical fluid drop (where
Vg at =R is unknown):

F—>00: WO — (1/2)Ur?sin20

=R: v,0=0

where the superscript “o0” is used to denote the solution to the outer problem. This is

same as part a) except that we do not require vy = 0 at 7=R since a fluid drop is not
rigid. You will have one integration constant remaining.

o o
Answer: f"(r)zc_1+ dppoa | 12
r 2 R? 2

Interior problem (u=p; for <R) for uniform flow over a spherical fluid drop:
r=R: vri:()

r=0: v, 4, vy are bounded
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where the superscript “7” is used to denote the solution to the inner problem. Again
you will have one integration constant remaining.

Answer: fi(r) - ci (—Rzr2 + r4)

Complete problem (0<r<co with p#p,) for uniform flow over a spherical fluid drop.
Evaluate the two remaining integration constants (from parts b and c¢) by matching:

vl = vg? at r=R
and T,9' = T,4° at r=R

This was first accomplished by Rybczynski in 1911 (see L&L, p69-70).

Answer: yi(r0)= (o I)RZU{(%T _ (%)4]sin2 0

e R R

where o=p/(+1) and B=p,;/1,,.

Hint: intermediate results can be checked by comparing with part a): note that as
B—w (i.e. as a—1), we should get the same results a for a rigid sphere (part a).
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