06-703 Fluid Mechanics Fall, 2000

Key to Final Exam

1.) Re<<1

2.) An ideal fluid deforms isentropically, which means that viscous dissipation is negligible.
For flow around submerged objects, this occurs when Re >> 1. A fluid can also be
treated as ideal when it is not being deformed (e.g. solid-body rotation of a fluid).

3.) For steady flow, the criterion is that the largest velocity is small compared to the speed of

sound in the fluid: | |Vmax| <<c |

4.) We derived Bernoulli’s equation for potential flow of an ideal incompressible fluid. For
flow around submerged objects, this occurs when Re >> 1 andl |Vmax| <<c |

5.) The sphere itself is undergoing rigid-body rotation at an angular velocity Q = Qe,:
v = QXr

where the position vector in spherical coordinates is r = re,. Expressing e, in terms of the
unit vectors in spherical coordinates:

e, = (cosb)e, + (sinb)(-eg)
Crossing the two vectors gives: v =rQ(sinb)e,

At the outer surface of the rotating sphere, no slip requires that the fluid move with the
same speed as the solid sphere:

at r=R: vy = RQ(s1n0) (1)
whereas no slip on the surface of the socket requires:

at r=R+3: Ve =0

For linear shear flow in the gap we estimate:

dvy, ~AV¢ _0-RQsin® _ RQsinb @)
dr  Ar (R+8)—R 0

The torque on any closed surface A is

nggrx(n-l)da 3)
A
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The unit normal to the sphere is e,

n-T=(e, )-{ZZTijeieJ-] =T e, +Togeg +T,4€
i

The lever arm drawn from the center to any point on the surface of the sphere is r = Re,,
SO

rx(n-T)=(Re,)x(T, e, +Trpeq +Tryey ) = ~RT,¢eq + R,
We anticipate that the net torque vector will be parallel to angular velocity vector, which

in turn is parallel to e,. So we will focus our attention on computing the z-component of
the torque:

e, -[r x (n : 1)} = [(cos 0)e, —(sin 6)e9] : (—RT,,d)ee + RTreed)) = R(sin8)T,,
The z-component of (3) becomes

e, T= Rd}(sin G)Trd,da 4)
A

The stress is related to the velocity profile by:

of(v oV, Y
Trp = Trg ZW—[—d)]:H—(I)—H—(I)

or\ r or 7

Substituting (1) and (2) for r=R:

RQsinG_ RQsin0
5 R

Ty =—n —u(§+lesin9z—uQ§sin6

Since the integrand depends only on 6, we choose da to be 2rn(Rsin6)(Rd6). (4) becomes

4
T, =R| (sin O)(—uﬂﬁsin e}(an sin 8)(Rd6) = —2mpQ [ "sin® 0a0
0 5 690
a3
4
TZ :§anR—
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6a.) False

6b.) False

6¢.) False

6d.) True

7.) In this problem the equation of the lower surface (the plate) is just
hi(r)=0
The equation of the upper surface is  /y(r) =8 + mr
The total gap between the two surfaces is
h=h+h =d+mr (5
For Reynolds equation, we also need
Ah=hy-hy=8+mr
The velocity of the upper surface is
Uy=0 V=0 W,=-U
while the lower surface is stationary:
Uy=0 =0 w-=0
The following quantities appear in Reynolds equation becomes

AU=0 AV=0 AW=-U
Reynolds equation becomes V -(h3 V, p) =—-12uU (6)

Because the upper surface is a surface of revolution, we expect squeezing flow to be
axisymmetric in cylindrical coordinates. In other words, we expect that p = p(r) (i.e. no
0-dependence). In cylindrical (7,0,z) or polar coordinates (#,0), (6) becomes

li(r}ﬁ fi—p] = —12uU

rdr r

Multiplying through by » and integrating:
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i L dp 6uUr +c

A
Dividing by r43: P _ eyl C
dr Koo

When this is integrated a second time, the second term will lead to a logarithmic
singularity at 7=0. To keep the force from becoming infinite for all >0, we need to
choose ¢=0. To integrate this, we note that (5) requires dh = m dr and r = (h-6)/m.

h 5 dh 6 U 8
P(r)= po ——6MUJ.—dr——6uUJ- —/m il el J. 3
hR h m m h h

h
B 6pU(8—2hR +2h—8)

h(r) m? 2h123 2h?

ouU [ 1 1
for 6=0: p(r _pw:_(___j

To get the force, we integrate the pressure over the lower plate:

R R
~F, = 2n[ rp(r)dr = 12nuUJ-(8—2hR +2h—8]
(h

&

2 2 2
m 2h 2h -5
0 0 K ) an

2
m

_ 2muU hf[S_ZhR (h_5)+2h2 —38h+82th

m* 5\ 2hf 21?

hg

~ 2
:12nitU 5 2th (lhz—ﬁhj fh—5mn-
- m2 2 2 2h

)

:12nZLU 351 h_R_L(hR 5)(th+5hR5 52)
mt |28 and

Substituting 6=0:

o o | tim (R} =0(3°)
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8a.) In the limit of very high Reynolds number, the flow around a submerged object becomes
potential flow. In potential flow, the pressure profile is calculated from the velocity
profile using Bernoulli’s equation:

2
Py _ const, say Po
p 2 p
where p, is the pressure at the stagnation point, where v2 = 0. Solving for p at an
arbitrary point:
2 2
P P22 e P[4 RY:
prz)=po="——=po 2(Vr +v7 )= po 2[&?} +(-4z2) ]
20(r? 2
or rz)—pg=—-A" | —+z
p(r.2z) = po AW
2(.2
U WU~ | r 2
Substituting 4 =3—: p\r,z)=po == ——tz 7
ubstituting 4 =3 (r.2) S22 ( 4 j ()
8b.) Prandtl’s boundary-layer equation for 2-D flow are
2
vxﬁ&vay&&—v—a v2x __Ldppr
ox oy dy p dx

where x is the distance from the stagnation point, measured along the surface and y is the
normal distance from the surface. In the homework problems, we obtained the very same
equation for the boundary-layer equation for a sphere. In cylindrical coordinates, the
distance from the stagnation point is », while the normal distance from the surface is z.
So we make the following substitutions: x—7 and y—z:

2
ov, oy ov, _v6 v, :_ldpPF

"or %oz 022 p dr

v

The ppr in this equation is the pressure profile from potential flow, evaluated at the
surface z=0. Evaluating (7) at z=0 and differentiating with respect to 7:

ov, ov,. 0? v, U 2
v, +v, V=T
or 0z 0z 4R

The second of Prandtl’s boundary-layer equations is just continuity (with no
approximations):
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1) ove
r or oz

=0

8c.) The two boundary-layer equations can be reduced to one using the stream function. The
single nonlinear PDE for the streamfunction can be solved using a similarity transform.

8d.) The overall problem of uniform flow around a sphere is axisymmetric, with the axis of
symmetry passing through the two stagnation points at the north and south poles of the
sphere. This symmetry implies that the velocity and pressure profiles should be even
functions of 6 in spherical coordinates. Even functions have the property that f{-6) =
f(+0) and df /d6 = 0 at 6 = 0. In terms of our cylindrical coordinates centered at the

forward stagnation point, this implies that 0/0r = 0 at 7=0. Thus we anticipate that:

a5

D0
dr




