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Fluid Mechanics Fall, 2000

Key to Exam #1

la.)

1b.)

Ic.)

T - v = (Sii-ik+3jk-+2Ki) - (4i)

T-v=20i(i-i)—4i(k-i)+12j(k-i)+8k(i-i)
- — — — —
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2a.)

For a potential to occur, Theorem III states that Vxv must vanish everywhere. For linear
shear flow:

as r—»oo; Vxv = -Fey

which differs from zero. Thus a velocity potential does not exist.

2b.)

Flow far from sphere is two-dimensional, but flow near sphere is expected to have z-
component (not 2D).  Flow is neither axisymmetric everywhere nor two-dimensional
everwhere. Thus none of the usual relationships between stream function and
velocity apply.

2c.)

Assuming that the sphere acts like a tracer of the fluid, and therefore rotates at the same
angular velocity, we estimate its angular velocity as half the curl:

%|VXV|= %

2d.)

In linear shear flow in the xz-plane, fluid elements rotate around the y-axis. Using the
right-hand rule, the direction of the angular velocity is H

3a.)

The rate of strain tensor is given by

g:

N =

I:VV + (VV)I:| (1)
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In linear shear flow, we have only a z-component of flow, which depends only on x, so
Vv has only one non-zero component:

3 0Ov;
w=y 3 —]e,-ejzavzikzl"ik
i1 j=1 0% Ox
taking the transpose: (VV)t =I'ki
substituting into I@ d= %F(ik +ki)

3b.) The viscous stress tensor is given by Newton’s law of viscosity:

1= 2“g= F(lk-i—kl)

4.) The pressure inside the hut will equilibrate to the local
value of pressure outside the opening at 6. So we first
decide what pressure inside the hut will create a 4.
downward force which will offset the upward lift. we
are looking for the net force on the roof of the hut:

Froor == I npda:—j npda—f np, da (2)
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Notice that we have decomposed the force on the roof into an inner and an outer
contribution. There are two methods to evaluate the force on the outside of the roof: 1)
direct evaluation of the surface integral using the known pressure profile, or 2) use the
result from our homework solution:

2
Fp:— I npda:—f npda—f npda:%pU LRey 3)
Ahwk Aro Afo
%f__/ *
Fro Ffo
Method #1: F,,=— [ npda (4)
A

ro

The pressure profile on the outer surface of the roof is given by:
p(R,9)=p0+%pV2(l—4sin2 e) (5)

while the unit normal can be decomposed into Cartesian components according to



06-703

page 3 of 4 Fall, 2000
n = (cosb)e, + (sinb)e,
We expect the net force to act solely in the y-direction, so we dot both sides of y e

T

T
Frpy=—[(n-e,)p(8)LRAO=~LR[ | po+1pV? (1—4sin26) $in0.d0
N 0 ? T |-dcos0=—du

sin © 4cos” 0-3

-1 -1
= LRpy [ du+1pV2LR j(4u2 —3)du = ~2LRpy +3 pV2LR
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Method #2: This integration can be avoided by making use of

~ [ npda=3pU°LRe, + [ npda =(—2p0+§pU2)LRey (6)
Aro Afo
| —
(=ey)po 4
2R

The pressure on the bottom of the half cylinder (in the homework problem) equals p (the
pressure in the fluid far from the cylinder). Note that the result from @ is identical to
that from Method #1.

In addition, we know the net force on the hut caused by a uniform pressure p, inside
vanishes:

—j npsda—J.npsdaz()

A, Ay
_— %f_/
Fri F fi

We can use this result to evaluate F,; without integrating over the curved surface:

- I npg da = _[ np da =2RLpge, (7)
A, Ay
—_—
F, (ey)ps 4z
2RL

and into
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5 2 5 2
Froor = (2P0 +2pV? | LRe, +2RLpse, =| 2(py — po)+3pV 7 | LRe,
F, Fri

ro

Setting this equal to 0 and solving for p,:
2
Py =po =PV 8)

Now the question which remains is “at what 6 is the outside pressure equal to this value?”

Comparing|(8)[to
Ds =D —%sz = Do +%pV2 (1—4sin2 9)
_5 _1(1_44in2
6_2(1 4sin 6)

.20 1_5
4sin“ 0 1—3

sin2 0 :% or 0=54.7° or 06=0.995 radians
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